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Preface

Supersymmetry was discovered by physicists in the 1970s. The mathematical treatment
of it began much later and grew out of the works notably of Berezin, Kostant, Leites,
Manin, Bernstein, Freed, Deligne, Morgan, Varadarajan and others. These works are
all in what one may call the differential category and contain many additional references
to the subject.

This monograph has grown out of the desire to present a moderately brief and
focussed account of the mathematical foundations of supersymmetry both in the dif-
ferential and algebraic categories. Our view is that supergeometry and super Lie theory
are beautiful areas and deserve much attention.

Our intention was not to write an encyclopedic treatment of supersymmetry but to
supply only the foundational material that will allow the reader to penetrate the more
advanced papers in the wide literature on this subject. For this reason we do not treat the
differential and symplectic supergeometry and we are unable to give a comprehensive
treatment of the representation theory of Lie supergroups and Lie superalgebras, which
can be found in more advanced papers by Kac, Serganova, Penkov, Duflo, Cassinelli
et al. and so on.

Our work is primarily directed to second or third year graduate students who have
taken a one year graduate course in algebra and a beginning course in Lie groups and Lie
algebras. We have provided a discussion without proofs of the classical theory, which
will serve as a departure point for our supergeometric treatment. Our book can very
well be used as a one-semester course or a participating seminar on supersymmetry,
directed to second and third year graduate students.

The language used in this monograph is that of the functor of points. Since this lan-
guage is not always familiar even to second-year graduate students we have attempted
to explain it even at the level of classical geometry. Apart from being the most natural
medium for understanding supergeometry, it is also, remarkably enough, the language
closest to the physicists’ method of working with supersymmetry.

We wish to thank professor V. S. Varadarajan for introducing us to this beautiful
part of mathematics. He has truly inspired us through his insight and deep under-
standing of the subject. We also wish to thank Dr. L. Balduzzi, Prof. G. Cassinelli,
Prof. A. Cattaneo, Prof. M. Duflo, Prof. F. Gavarini, Prof. A. Kresch, Prof. M. A. Lledo,
Prof. L. Migliorini, Prof. 1. M. Musson, Prof. V. Ovsienko, Dr. E. Petracci, Prof. A. Vis-
toli and Prof. A. Zubkov for helpful remarks. We also want to thank the UCLA De-
partment of Mathematics, the Dipartimento di Matematica, Universita di Bologna, and
the Dipartimento di Fisica, Universita di Genova, for support and hospitality during
the realization of this work.






Introduction

Supersymmetry (SUSY) is the machinery mathematicians and physicists have devel-
oped to treat two types of elementary particles, bosons and fermions, on the same
footing. Supergeometry is the geometric basis for supersymmetry; it was first dis-
covered and studied by physicists, Wess and Zumino [80], Salam and Strathdee [65]
(among others), in the early 1970s. Today supergeometry plays an important role in
high energy physics. The objects in super geometry generalize the concept of smooth
manifolds and algebraic schemes to include anticommuting coordinates. As a result,
we employ the techniques from algebraic geometry to study such objects, namely
A. Grothendieck’s theory of schemes.

Fermions include all of the material world; they are the building blocks of atoms.
Fermions do not like each other. This is in essence the Pauli exclusion principle which
states that two electrons cannot occupy the same quantum mechanical state at the same
time. Bosons, on the other hand, can occupy the same state at the same time.

Instead of looking at equations that simply describe either bosons or fermions sep-
arately, supersymmetry seeks out a description of both simultaneously. Transitions
between fermions and bosons require that we allow transformations between the com-
muting and anticommuting coordinates. Such transitions are called supersymmetries.

In classical Minkowski space, physicists classify elementary particles by their mass
and spin. Einstein’s special theory of relativity requires that physical theories must be
invariant under the Poincaré group. Since observable operators (e.g. Hamiltonians)
must commute with this action, the classification corresponds to finding unitary repre-
sentations of the Poincaré group. In the SUSY world, this means that mathematicians
are interested in unitary representations of the super Poincaré group. A “‘super” rep-
resentation gives a “multiplet” of ordinary particles which include both fermions and
bosons.

Up to this point, there have been no colliders that can produce the energy required
to physically expose supersymmetry. However, the Large Hadron Collider (LHC)
in CERN (Geneva, Switzerland) became operational in 2007. Physicists are plan-
ning proton—proton and proton—antiproton collisions which will produce energies high
enough where it is believed supersymmetry can be seen. Such a discovery will solidify
supersymmetry as the most viable path to a unified theory of all known forces. Even
before the boson—fermion symmetry which SUSY presupposes is proved to be physical
fact, the mathematics behind the theory is quite remarkable. The concept that space is
an object built out of local pieces with specific local descriptions has evolved through
many centuries of mathematical thought. Euclidean and non-Euclidean geometry, Rie-
mann surfaces, differentiable manifolds, complex manifolds, algebraic varieties, and
so on represent various stages of this concept. In Alexander Grothendieck’s theory of
schemes, we find a single structure that encompasses all previous ideas of space. How-
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ever, the fact that conventional descriptions of space will fail at very small distances
(Planck length) has been the driving force behind the discoveries of unconventional
models of space that are rich enough to portray the quantum fluctuations of space at
these unimaginably small distances. Supergeometry is perhaps the most highly de-
veloped of these theories; it provides a surprising application and continuation of the
Grothendieck theory and opens up large vistas. One should not think of it as a mere
generalization of classical geometry, but as a deep continuation of the idea of space
and its geometric structure.

Out of the first supergeometric objects constructed by the pioneering physicists
came mathematical models of superanalysis and supermanifolds independently by
F. A. Berezin [10], B. Kostant [49], D.A. Leites [53], and De Witt [25]. The idea
to treat a supermanifold as a ringed space with a sheaf of Z/27Z-graded algebras was
introduced in these early works. Later, Bernstein [22] and Leites [53] used techniques
from algebraic geometry to deepen the study of supersymmetry. In particular, Bern-
stein and Leites accented the functor of points approach from Grothendieck’s theory
of schemes. Interest in SUSY has grown in the past decade, and most recently works
by V.S. Varadarajan [76] and others have continued exploration of this beautiful area
of physics and mathematics and have inspired this work. Given the interest and the
number of people who have contributed greatly to this field from various perspectives,
it is impossible to give a fair and accurate account of all the works related to ours. We
have nevertheless made an attempt and have provided bibliographical references at the
end of each chapter, pointing out the main papers that have inspired our work. We
apologize for any involuntary omissions.

In our exposition of mathematical SUSY, we use the language of T -points to build
supermanifolds up from their foundations in Z /27Z-graded linear algebra (superalge-
bra). The following is a brief description of our work.

In Chapter 1 we begin by studying Z/2Z-graded linear objects. We define super
vector spaces and superalgebras, then generalize some classical results and ideas from
linear algebra to the super setting. For example, we define a super Lie algebra, discuss
supermatrices, and formulate the super trace and determinant (the Berezinian). We
also discuss the Poincaré—Birkhoff—Witt theorem in full detail.

In Chapter 2 we provide a brief account of classical sheaf theory with a section
dedicated to schemes. This is meant to be an introductory chapter on this subject and
the advanced reader may very well skip it.

In Chapter 3 we introduce the most basic geometric structure: a superspace. We
present some general properties of superspaces which lead into two key examples of
superspaces, supermanifolds and superschemes. Here we also introduce the notion of
T -points which allows us to treat our geometric objects as functors; it is a fundamental
tool to gain geometric intuition in supergeometry.

Chapters 4-9 lay down the full foundations of C®°-supermanifolds over R. In
Chapter 4, we give a complete proof of foundational results like the chart theorem
and the correspondence between morphisms of supermanifolds and morphisms of the
superalgebras of their global sections. In Chapter 5 we discuss the local structure
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of morphisms proving the analog of the inverse function, submersion and immersion
theorems. In Chapter 6 we prove the local and global Frobenius theorem on super-
manifolds. In Chapters 7 and 8 we give special attention to super Lie groups and their
associated Lie algebras, as well as look at how group actions translate infinitesimally.
We then use infinitesimal actions and their characterizations to build the super Lie sub-
group, subalgebra correspondence. Finally in Chapter 9 we discuss quotients of Lie
supergroups.

Chapters 10, 11 expand upon the notion of a superscheme which we introduce
in Chapter 3. We immediately adopt the language of T-points and give criteria for
representability: in supersymmetry it is often most convenient to describe an ob-
ject functorially, and then show that it is representable. We explicitly construct the
Grassmannian functorially, then use the representability criterion to show that it is a
superscheme. Chapter 10 concludes with an examination of the infinitesimal theory of
superschemes.

We continue this exploration in Chapter 11 from the point of view of algebraic
supergroups and their Lie algebras. We discuss the linear representations of affine
algebraic supergroups; in particular we show that all affine supergroups are realized as
subgroups of the general linear supergroup.

We have made an effort to make this work self-contained and suggest that the reader
begins with Chapters 1-3, but Chapters 4-9 and Chapters 10—11 are somewhat disjoint
and may be read independently.
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1

Z /27 -graded linear algebra

The theory of manifolds and algebraic geometry are ultimately based on linear algebra.
Similarly the theory of supermanifolds needs super linear algebra, which is linear
algebra in which vector spaces are replaced by vector spaces with a Z /27 -grading,
namely, super vector spaces. The basic idea is to develop the theory along the same
lines as the usual theory, adding modifications whenever necessary. We therefore first
build the foundations of linear algebra in the super context. This is an important starting
point as we later build super geometric objects from sheaves of super linear spaces.
Let us fix a ground field k, char(k) # 2, 3.

1.1 Super vector spaces and superalgebras

Definition 1.1.1. A super vector space is a Z /27 -graded vector space
V=Ved®d W
where elements of V}, are called “even” and elements of V7 are called “odd”.

Definition 1.1.2. The parity of v € V, denoted by p(v) or |v|, is defined only on
non-zero homogeneous elements, that is elements of either Vj or V;:

0ifv € Vp,

p) = v = {1 ifve V.

Since any element may be expressed as the sum of homogeneous elements, it suffices
to consider only homogeneous elements in the statement of definitions, theorems, and
proofs.

Definition 1.1.3. The superdimension of a super vector space V is the pair (p,q)
where dim(Vy) = p and dim(V}) = ¢ as ordinary vector spaces. We simply write
dim(V) = plq.

From now on we will simply refer to the superdimension as the dimension when it
is clear that we are working with super vector spaces. If dim(}') = p|q, then we can

find a basis {ej,...,e,} of V, and a basis {¢1, ..., €4} of V7 so that V' is canonically
isomorphic to the free k-module generated by the {e;,...,ep, €1,...,€4}. We denote
this k-module by kP14 and we will call (e1,....ep.€1,...,€q) the canonical basis of

kP4 The (e;) form a basis of k? = ké’lq and the (¢;) form a basis for k9 = kflq.
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Definition 1.1.4. A morphism from a super vector space V' to a super vector space W
is a linear map from V to W preserving the Z/27Z-grading. Let Hom(V, W) denote
the vector space of morphisms V' — W.

Thus we have formed the category' of super vector spaces that we denote by (smod).
It is important to note that the category of super vector spaces also admits an “inner
Hom”, which we denote by Hom(V, W); for super vector spaces V, W, Hom(V, W)
consists of all linear maps from V to W it is made into a super vector space itself by
the following definitions:

Hom(V,W)o ={T:V — W | T preserves parity} (= Hom(V, W));

Hom(V, W), ={T:V — W | T reverses parity}.

If V = k™" W = kP4 we have, in the canonical basis (ei.€)):

Ho_m(MW)o={(f)1 g)} and Ho_m(v,W)l={(g ’3)}

where A, B, C, D are respectively (p x m), (p x n), (g x m), (¢ X n)-matrices with
entries in k.
In the category of super vector spaces we have the parity reversing functor TI(V —
I1V') defined by
(IV)o = V1, (MV)1 = W.

The category of super vector spaces admits tensor products: for super vector spaces
V,W,V ® W is given the Z /27 -grading as follows:

VoW =o® W) ® (V1 ® W),
VW) =0o® W) e (e W).

The assignment V, W +— V ® W is additive and exact in each variable as in the
ordinary vector space category. The object k functions as a unit element with respect
to tensor multiplication ®; and tensor multiplication is associative, i.e., the two products
U(V®W)and (U ®V)® W are naturally isomorphic. Moreover, V QW =~ WV
by the commutativity map

CV’W2V®W—>W®V

where v @ w > (—1)PIvly @ v.

The significance of this definition is as follows. If we are working with the category
of vector spaces, the commutativity isomorphism takes v ® w to w ® v. In super linear
algebra we have to add the sign factor in front. This is a special case of the general

'We refer the reader not accustomed to category language to Appendix B.1.
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principle called the “sign rule” that one finds in some physics and mathematics litera-
ture. The principle says that in making definitions and proving theorems, the transition
from the usual theory to the super theory is often made by just simply following this
principle, which introduces a sign factor whenever one reverses the order of two odd
elements. The functoriality underlying the constructions makes sure that the definitions
are all consistent.
The commutativity isomorphism satisfies the so-called hexagon diagram:
Ugvew rew VeW®U

‘U, v cu.w

VoaUuew

where, if we had not suppressed the arrows of the associativity morphisms, the diagram
would have the shape of a hexagon.

The definition of the commutativity isomorphism, also informally referred to as the
sign rule, has the following very important consequence. If Vq, ..., V}, are super vector
spaces and o and 7 are two permutations of n elements, no matter how we compose
associativity and commutativity morphisms, we always obtain the same isomorphism
from Vo) ® -+ ® Vo) 10 V() @ -+ @ V() namely:

Vo) ® - @ Vo) = Vo) ® - ® Ve,
Vo)) ® *+* ® Vo(ny = (=DM (1) ® -+ ® vy

where N is the number of pairs of indices i, j such that v; and v; are odd and 61 (i) <
o~ 1(j)with 7 (@) > 7 1(j).
The dual, V*, of V is defined as

V* := Hom(V, k).

Notice that, if V' is even, that is V' = Vj, we have V* is the ordinary dual of V,
consisting of all even morphisms V' — k. If V is odd, thatis V' = V1, then V* is also
an odd vector space and consists of all odd morphisms V! — k. This is because any
morphism from V; to k = k'1° is necessarily odd since it sends odd vectors into even
ones.

The category of super vector spaces thus becomes what is known as a tensor category
with inner Hom and dual. We start by recalling the universal property of the tensor
product.

Proposition 1.1.5. Let V and W be two super vector spaces and f a bilinear map
of V x W into a third super vector space Z. Then there exists a unique morphism
g: VW — Z such that

gho®w)= fv,w) eV, weW).
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Proof. See [51], Ch. XVL O

Remark 1.1.6. The object V®" =V ® --- ® V (n times) for a super vector space V/
is perfectly well defined. We can extend this notion to make sense of V®"1" via the
parity reversing functor I1. Define

yrim e — Y x Vox e x Vx (V) x TI(V) x -+ x TI(V),
~———

n times

m times

from which the definition of ¥ ®"1 follows by the universal property. In other words,
we have:

yerm =y Ve Ve l(V) (V) ®- ® (V)
where the parity is coming from the tensor product.

In the ordinary setting, an algebra is a vector space A with a multiplication which
is bilinear. We may therefore think of it as a vector space A together with a linear map
A ® A — A. We now define a superalgebra in the same way:

Definition 1.1.7. A superalgebra is a super vector space A together with a multiplica-
tion morphism7: A ® A — A.

We then say that a superalgebra A is (super)commutative if
TocC4a =T,
that is, if the product of homogeneous elements obeys the rule
ab = (—1)l4Plpg

This is an example of the sign rule mentioned earlier. Note that the signs do not
appear in the definition; this is the advantage of the categorical view point which
suppresses signs and therefore streamlines the theory.

Similarly we say that A is associative if

ToT®id=10id® T

on A® A® A. In other words if (ab)c = a(bc). We also say that A has a unit if there
is an even element 1 so that

1(1®a)=1(a®1) =a

foralla € A, thatisifa-1=1-a =a.
The tensor product A ® B of two superalgebras A and B is again a superalgebra,
with multiplication defined as

(a ®b)(c®d)=(—1)?l(ac @ bd).

As an example of associative superalgebra we are going to define the tensor super-
algebra.
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Definition 1.1.8. Let V' be a super vector space. We define tensor superalgebra to be
the super vector space

T(V) = @ V®n’ T(V)o = @ V®n’ T(V) = @ V®n,

n>0 n even n odd

together with the product defined, as usual, via the ordinary bilinear map ¢, s: V& x
Vs V®(r+s)’

¢r,s(vi1 ®...®vir7wj1 ®...®sz) =’Ui1 ®...®vir ®wj1...®sz.

One can check that 7'(V) is a well-defined associative superalgebra with unit, which
is noncommutative except when V' is even and one-dimensional.

From now on we will assume that all superalgebras are associative and with unit
unless specified. Moreover we shall denote the category of commutative superalgebras
by (salg).

If we take a super vector space and mod out the odd part, we obtain a classical (that
is, purely even) vector space. In a superalgebra the corresponding object is defined
by taking the quotient by the ideal generated by the odd elements. This allows one to
always refer back to the classical setting.

We denote by J4 the ideal in the commutative superalgebra A generated by the odd
elements in A.

Example 1.1.9 (Grassmann coordinates). Let

A=klty,....tp,01,...,04]

where the #1, . .., #, are ordinary indeterminates and the 61, ..., 6, are odd indetermi-
nates, i.e., they behave like Grassmann coordinates:
0;0; = —0;0;.

(This of course implies that 91.2 = 0 for all i.) In other words we can view A as
the ordinary tensor product k[t1,...,1,] ® A(01,...,0,), where A(0,...,0,) is the
exterior algebra generated by 6,,...,6,.

As one can readily check, A is a supercommutative algebra. In fact,

Ao = {f0+2|1|evenf191 | I = {ll << lr}}
where 0y = 0;,0;,...0;,, |I| =rand fo, f1 € k[t1,...,1p], and

AL ={ Y oaa f101 | T = {j1 <+ < js}}.

Note that although the {6 } € A, there are plenty of nilpotents in A¢; take for example
91 92 € AO.

This example is important since any finitely generated commutative superalgebra
is isomorphic to a quotient of the algebra A by a homogeneous ideal.

As one can readily check, J4 = (61,...,0;) and A/J4 = k[t1,...,1p].
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Another important example of commutative superalgebra is the symmetric algebra
over a super vector space V.
Consider the natural action of the permutation group S, on the tensor product V ®”:

NEROS K- QR Uy = (—l)p(s)vs—l(l) XX Us—l(n), NS Sn,

where
ps) =k, )| k>1, vg,v; 0dd, s(k) < s(l)}].

Let a, be the subspace generated by the elements
VMR- Qu,—S5 V1 ®---Quv, foralls € S,andallv; € V.
Observe that a = P, an is anideal in (V) = P,5¢ yen,

Definition 1.1.10. Let V' be a super vector space. We define the symmetric n-power
Sym” (V') as the super vector space

Sym" (V) = V®/a,.
We also define the symmetric superalgebra Sym(V') as the superalgebra
Sym(V) =T(V)/a.
The next proposition is a simple exercise.
Proposition 1.1.11. Let V' be a super vector space.
Hom 1) (Sym(V'), A) = Hom goq) (V, A)

for any commutative superalgebra A. In other words any linear morphism V. — A
extends uniquely to a superalgebra morphism Sym(V) — A.

In a similar way we can also define the exterior algebra.
Definition 1.1.12. Let V be a super vector space. We define the exterior n-power
A" (V) as the super vector space
n
AV) = V& /by,
where b, is the subspace of V' ®" generated by the elements
VM ® - ®uy— (—1)PPs- v, ®---®v, forallseS,andallv; €V,

where p(s) denotes again the parity of the permutation s. We also define the exterior
superalgebra /\(V') as the superalgebra

AV)=T(V)/b,
with b = @, by
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Example 1.1.13. If V = k?l4,

Sym(V) = klt1,....t5) ® N\[s1,-...54]

AV) =kls1,....50] ® Alt1,- .-, 1p],
where the #; and s; are just (even) indeterminates.

Observation 1.1.14. We have the following:

(1) Sym(V) = Sym(Vp) ® A\ (V1), where /\ (V1) denotes in this case just the usual
exterior algebra of the ordinary vector space V.

2) A(V) = A(Vo) ® Sym(V1), where Sym(V7) denotes in this case just the usual
symmetric algebra of the ordinary vector space V;.

(3) Sym(ITV) = A(V), AOL(V)) = Sym(V).

Our next goal is to define derivations in the super context. An even derivation of
a superalgebra A is a super vector space homomorphism D: A — A such that for
a,b € A, D(ab) = D(a)b + aD(b). We may of course extend this definition to
include odd linear maps:

Definition 1.1.15. Let D € Hom;, (A, A) be a k-linear map. Then D is a derivation
of the superalgebra A if

D(ab) = D(a)b + (—1)!Pl4la D(b) (1.1)
fora,b € A.

This definition itself is an instance of the sign rule; since @ and D are being inter-
changed, the sign factor appears.

The derivations in Homp,q) (A, A) are even (as above) while those contained in
Hom .4y (A, A)1 are odd. The set of all derivations of a superalgebra A4, denoted
Der(A), is itself a special type of superalgebra called a super Lie algebra which we
describe in the following section.

Example 1.1.16. Consider the k-linear operators {0/0¢; } and {0/06;} of the polyno-
mial superalgebra A = k[t1,...,1p, 01, ..., 04] toitself defined as

3/01; (tx) = 8. 9/t (6;) =0,
9/00; (1) =0,  3/06;(6)) =87

and extended to the whole of A according to (1.1). Then {d/9¢;,9/06;} € Der(A4), and
we have

d 0
DCI'(A) = Spany {W’ ﬁ} .
1 J

d/00; is to be viewed as an odd derivation.
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1.2 Super Lie algebras

An important object in supersymmetry is the super Lie algebra.

Definition 1.2.1. A super Lie algebra L is an object in the category of super vector
spaces together with a morphism [, |: L ® L — L, often called the super bracket, or
simply, the bracket, which satisfies the following conditions.
(1) Anti-symmetry
[.1+[.]ecLL =0
which is the same as [x, y] + (—=1)*!?I[y, x] = 0 for x, y € L homogeneous.
(2) The Jacobi identity

LD+ eo+ L[ leo? =0

where o € S3 is a three-cycle, i.e., it takes the first entry of [, [, ]] to the second,
the second to the third, and the third to the first. So for x, y, z € L homogeneous,
this reads:

br. . 21) + (DI 2] 4 ()P 2 ey = o

It is important to note that in the super category, these conditions are modifications
of the properties of the bracket in a Lie algebra, designed to accommodate the odd
variables.

We shall often use also the term super Lie algebra instead of Lie superalgebra since
both are present in the literature.

Remark 1.2.2. We can immediately extend this definition to the case where L is an
A-module for A a commutative superalgebra, thus defining a Lie superalgebra in the
category of A-modules that we shall discuss in detail in Section 1.3.

Example 1.2.3. Define the associative superalgebra End(1/) as the super vector space
Hom(V, V):
End(V) = Hom(V, V)¢ @ Hom(V, V),

with the composition as product. It is a Lie superalgebra with bracket
[X,Y]= XY — ()X ¥yx,

where the bracket as usual is defined only on homogeneous elements and then extended
by linearity.

Example 1.2.4. In Example 1.1.16 above,

ad 0
Der(A) = Spany {5, ﬁ}
i J

is a super Lie algebra where the bracket is defined, for Dy, D, € Der(A), to be
[Dy, D3] = D1 D, — (—1)IP1lP2Ip, Dy
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In fact, we can make any associative superalgebra A into a Lie superalgebra by
taking the bracket to be
[a.b] = ab — (=1)\41Plpg,

i.e., we take the bracket to be the difference t — 7 o ¢4, 4 where we recall 7 is the mul-
tiplication morphism on A. We will discuss other examples of super Lie algebras after
the following discussion of superalgebra modules. In particular we want to examine
the super version of a matrix algebra.

Remark 1.2.5. If the ground field has characteristic 2 or 3 in addition to the antisym-
metry and Jacobi conditions, one requires that [x, x] = O for x even if the characteristic
is 2 and [y, [y, ¥]] = 0 for y odd if the characteristic is 3. For more details on super-
algebras over fields with positive characteristic see [3].

1.3 Modules for superalgebras

Let A be a superalgebra, associative, but not necessarily commutative, in this section.

Definition 1.3.1. A left A-module is a super vector space M with a morphism AQM —
M, a ® m — am of super vector spaces obeying the usual identities; that is, for all a,
b e Aand x, y € M we have

(1) a(x +y) =ax + ay,
(2) (@ +b)x = ax + bx,
(3) (ab)x = a(bx),

@) 1Ix = x.

A right A-module is defined similarly. Note that if A is commutative, a left A-
module is also a right A-module if we define (the sign rule)

m-a = (=1)mlelg . m

form € M, a € A. Morphisms of A-modules are defined in the obvious manner:
they are super vector space morphisms ¢: M — N such that ¢ (am) = a¢p(m) for
alla € A,m € M. So we have the category of A-modules. For A commutative, the
category of A-modules admits tensor products: for M;, M, A-modules, M1 ® M, is
taken as the tensor product of M) as a right module with M5 as a left module.

Let us now turn our attention to free A-modules. We already have the notion of the
super vector space k?!7 over k, and so we define AP := A ® k”!4 where

(AP7)g = Ag ® (kP19)o @ Ay ® (kP17)y,
(A7) = A; @ (kP19)o @ Ag. ® (KP1);.
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Definition 1.3.2. We say that an A-module M is free if it is isomorphic (in the category
of A-modules) to A?! for some (p, q).

This definition is equivalent to saying that M contains p even elements {eq, ..., ep}

and g odd elements {€y, ..., €4} such that

My = spany {e1,...,ep} @ spany {e1,..., €},

My = spany {ei,...,ep} @ spany {e1,..., €}
We shall also say that M is the free module generated over A by the even elements
ei,...,ep and the odd elements €1, . . ., €.

Let T: AP14 — A’IS be a morphism of free A-modules and write ep41, .. .,€p+q
for the odd basis elements €;,...,€4. Then T is defined on the basis elements
{e1,....eprq} by

ptq '
T(ej) =Y _ eit]. (1.2)

i=1

Hence T can be represented as a matrix of size (r + 5) x (p + q):

I T,

T = (T3 T4)’ (1.3)
where T is an r X p matrix consisting of even elements of A, T3 is an r X g matrix of
odd elements, 73 is an s X p matrix of odd elements, and T} is an s X ¢ matrix of even
elements. We say that 77 and T4 are even blocks and that T, and T3 are odd blocks.
Note that the fact that 7" is a morphism of super A-modules means that it must preserve
parity, and therefore the parity of the blocks is determined. Note also that when we
define T on the basis elements, in the expression (1.2) the basis element precedes the
coordinates t]’ This is important to keep the signs in order and comes naturally from
composing morphisms. In other words if the module is written as a right module with
T acting from the left, composition becomes matrix product in the usual manner:

(S T)ej) = S(Zeit}) =3 skl
i ik

Hence for any x € A”19, we can express x as the column vector x = " e;x* and so
T (x) is given by the matrix product T x.

1.4 The language of matrices

Let A be a commutative superalgebra.
Let us now consider all endomorphisms of M = AP e, Hom(M, M). This is
an ordinary algebra (i.e., not super) of matrices of the same type as 7 above. Even
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though in matrix form each morphism contains blocks of odd elements of A, each
morphism is an even linear map from M to itself since a morphism in the super category
must preserve parity. In order to get a truly supergeometric version of the ordinary
matrix algebra, we must consider all linear maps M to M, i.e., we are interested in
Hom(M, M). Now we can talk about even and odd matrices. An even matrix 7T takes
on the block form from above. But the parity of the blocks is reversed for an odd matrix

S; we get
(St S
5= (5 5)

where S; isa p x p odd block, S4 is a g x g odd block, S5 is a p xq even block, and S3 is
a g x p even block. Note that in the case where M = k? 4. the odd blocks are just zero
blocks. We will denote this superalgebra of evenand odd (p+¢q) x(p+¢q) = plgxplg
matrices by Mat(A?!9). This superalgebra is in fact a super Lie algebra where we define
the bracket [, ] as in Example 1.2.4:

[T,8] =TS — (-)\TISIsT
for S, T € Mat(A?19).

Remark 1.4.1. Note that Mat(4?!7) = Hom(A?!9, A?9). We do not want to confuse
this with what we will later denote as M, ;(A4), which will functorially only include
the even part of Mat(AP17), i.e.,

Mat(AP17)g = M,|,(A4) = Hom(AP!, 4719).
We shall come back to this key model in Example 3.1.5.

We now turn to the supergeometric extensions of the trace and determinant. Let
T: APY — AP be a morphism (i.e., T € (Mat(4?!9))y) with block form (1.3).

Definition 1.4.2. We define the super trace of T to be
str(T) := tr(Ty) — tr(Ty),
where “tr”” denotes the ordinary trace.

This negative sign is actually forced upon us when we take a categorical view of
the trace. We will not discuss this here, but we later motivate this definition when we
explore the supergeometric-extension of the determinant.

Remark 1.4.3. The super trace is actually defined for all linear maps. For § €
Mat(A?19); an odd matrix,

str(S) = tr(Sy) + tr(Sy).

Note the sign change. Note also that the trace is commutative, meaning that for even
matrices A, B € Mat(A4717)y, we have the familiar formula

str(AB) = str(BA)
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that we shall prove in Observation 1.5.8 after we have introduced the notion of Bere-
zinian.

Definition 1.4.4. If M is an A-module, then GL(M) is defined as the group of auto-
morphisms of M and we call it the super general linear group of automorphisms of
M. If M = APY the free A-module generated by p even and g odd variables, then
we write GL(M) = GL,|,(A4). We may also use the notation GL,4(A) = GL(AP19).

1.5 The Berezinian

We want to define the generalization of the determinant, called the Berezinian, on
elements of GL(A”!7). We may say that this is the point where linear supergeometry
differs most dramatically from the ordinary theory.

Proposition 1.5.1. Let T: AP14 — APV pe a morphism with the usual block form
(1.3). Then T is invertible if and only if T\ and T4 are invertible.

Proof. Let J4 C A be the ideal generated by the odd elements and let A = A/J4.
There is a natural map M|, (4) — M, (A), T — T, where T is obtained from the
matrix 7' by applying to its entries the map A — A. We claim that 7 is invertible if and
only if T isinvertible. One direction s obvious, namely the case in which 7' is invertible.
Now assume that T is invertible. This implies that there exists S € M4 (A) such that
TS = ST = I, where I denotes the identity (both in Mp;(A) and in M,|,(A)).
Hence there exists S € M, 4(A) such that TS = I + N, with N € Mp,(4) (we
consider only the case of a right inverse since the left inverse is the same). To prove T’
is invertible it is enough to show that N is nilpotent, i.e., N” = 0 for some r. Since
the entries of N are in A" for m sufficiently large they are all zero. O

Definition 1.5.2. Let T be an invertible element in M, (4), i.e., T € GL(A” l7) with
the standard block form (1.3) from above. Then we formulate the Berezinian Ber:

Ber(T) = det(Ty — ToT; ' T3) det(Ty) ! (1.4)
where “det” is the usual determinant.

The Berezinian is named after Berezin, who was one of the pioneers of superalgebra
and superanalysis.

Remark 1.5.3. The first thing we notice is that in the super category, we only define
the Berezinian for invertible transformations. This marks an important difference with
the determinant, which is defined in ordinary linear algebra for all endomorphisms of a
vector space. We immediately see that it is necessary that the block 7} be invertible for
the formula (1.4) to make sense, however one can actually define the Berezinian on all
matrices with only the T4 block invertible (i.e., the matrix itself may not be invertible,
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but the 7, block is). There is a similar formulation of the Berezinian which requires
that only the 7 block be invertible:

Ber(T) = det(Ty — T3 T; ' T>) ™" det(T?).

So we can actually define the Berezinian on all matrices with either the T or the Ty
block invertible. Note that in the case where both blocks are invertible (i.e., when the
matrix 7T is invertible), both formulae of the Berezinian give the same answer as we
shall see after the next proposition.

Proposition 1.5.4. The Berezinian is multiplicative: For S, T € GL(AP7),
Ber(ST) = Ber(S) Ber(T).

Proof. We will only briefly sketch the proof here and leave the details to the reader.
First note that any 7 € GL(A”!?) with block form (1.3) may be written as the product
of the following “elementary matrices”:

1 X Y, 0 1 0
T+=(o 1)’ T"Z(o1 Yz)’ T—Z(z 1)'

If weequate T = T TyT—, we get a system of equations which lead to the solution

X =101, ",

Y1 =T — T, 'Ts,
Y, =Ty,
Z=T,'Ts.

It is also easy to verify that Ber(ST) = Ber(S) Ber(T') for S of type {T+, Ty}
forall T or T of type {T_, To} for all S. Let G C GL|,(A) be the set of elements
S such that Ber(S7) = Ber(S) Ber(T) for all T. One can check right away that G
is a subgroup of GL,4(A). To prove our result is it enough to show that matrices of
type Ty, T, Ty € G since they generate GL,|,(A4). By our previous discussion 77,
Ty € G, hence we only need to show that Ber(ST) = Ber(S) Ber(T) for S of type
T_ for all T. Notice that

Ber(ST4+ToT-) = Ber(ST4+) Ber(Tp) Ber(7-)

as we have already seen. Hence, the last case to verify is for

1 0 1 X
S—(Z 1) and T—(O 1).

We may assume that both X and Z each have only one non-zero entry since the product
of two matrices of type 7 results in the sum of the upper right blocks, and likewise
with the product of two type T_ matrices. Let x;;, zx; # 0. Then

1 X
st=(7 1 %x)
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and Ber(ST) = det(1 — X(1 4+ ZX)"'Z)det(1 + ZX)~'. Since both X and Z have
only one non-zero entry, (1 + ZX)™! = (1 — ZX), hence

det(1 — X(1 4+ ZX)™'Z) = det(1 — X(1 — ZX)Z) = det(1 — X Z).

This is because all the values within the determinants are either upper triangular or
contain an entire column of zeros (X, Z have at most one non-zero entry), the values
Xij, Zk; contribute to the determinant only when the product ZX has its non-zero term
on the diagonal, i.e., only wheni = j = k = [. Ber(ST) = det(l — XZ) det(1 —
ZX) = (1 — x;izi;)(1 + x4;z;;) = 1. A direct calculation shows that Ber(S) =
Ber(T) = 1. |

Corollary 1.5.5. Let T € GL,4(A). Then
Ber(T) = det(Ty — T3T; ' T>) ™! det(Ty).

Proof. Consider the decomposition

s (T B\ _( 1 0\(T 0 1 T7T,
“\n )T\t 1)\o n-n1in)lo 1)

By multiplicativity of the Berezinian, we obtain the result. |
Corollary 1.5.6. The Berezinian is a homomorphism
Ber: GL(A?9) — GLyjo(A) = A}
into the invertible elements of A.
Proof. This follows immediately from the multiplicativity property. O

Remark 1.5.7. In the course of the proof of Corollary 1.5.5 we have seen the decom-
position
GL,4,(A) =UHYV,

St GO B (A B (T

This very much resembles the big cell decomposition in the theory of ordinary algebraic
groups, however here the decomposition holds globally.

where

Observation 1.5.8. The usual determinant on the general linear group GL, induces
the trace on its Lie algebra, namely the matrices M,, (see Remark 1.4.1). Let € be an
even indeterminate, €2 = 0 and let us compute the value Ber(1 + €T) € Ale]:

Ber(1+€T) =det(1+€Ty)det(1—eTy) = (1+etrTy)(1—etr Ty) = 1 +€ste(T).
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We are now going to see that str(S7T) = str(7'S).

Ber(1+€eST) =1+ €etr(ST)1)(1 —etr(ST)4)
=14+ etr($17T1 + S273))(1 —etr(S3T2 + S4T4))
=14+ etr(T1S1) —etr(T382))(1 + etr(T2S3) — € tr(T4S4))
=14 etr(TyS; + TS5 — T552 — T4 S4)
=1+ estr(TS),

Hence
Ber(14+€eST) =1+ estr(ST) =1+ estr(TS),

thus proving our claim.

This of course leads to the question of how the formula for the Berezinian arises.
The answer lies in the supergeometric version of integral forms on supermanifolds
called densities. In his pioneering work in superanalysis, F. A. Berezin calculated the
change of variables formula for densities on isomorphic open submanifolds of R?!9
([10]). This led to an extension of the Jacobian in ordinary differential geometry; the
Berezinian is so-named after him.

We are ready for the formula for the inverse of a supermatrix.

Proposition 1.5.9. Let
r=(I T2\ cqL (A)
N\ Ty plq
(hence Ty and Ty are invertible ordinary matrices). Then

1 (T) — T, ' T5)™! —T ' (Ts — T3 T ' To) 7!
T7-1 —
—T, ' T5(Ty — T T ' T5) ™! (Ty — T:T ' To) ™!

Proof. Direct check. O

We finish our summary of superlinear algebra by giving meaning to the rank of an
endomorphism of A?!9. We shall return to this concept and an important variation of
it in Chapter 5, Section 5.2.

Definition 1.5.10. Let 7 € End(A?!9). Then the rank of T, rank(T), is the superdi-
mension of the largest invertible submatrix of 7" (obtained by removing columns and
TOWS).

Proposition 1.5.11. Again, let T € End(AP'9) with block form (1.3). Then rank(T) =
rank (7 )| rank(7y).

Proof. Assume that rank(7') = r|s. Then there is an invertible r|s x r|s submatrix
of T and it is clear that r < rank(7}), s < rank(7}3). Conversely, if rank(77) = r/,
rank(T4) = s’ it is also clear that there exists an invertible 7’|s’ x r’|s’ submatrix of 7.
Therefore we must have r =1/, s = s’. O



16 1 Z/27Z-graded linear algebra

1.6 The universal enveloping superalgebra

Given a Lie superalgebra g, possibly infinite-dimensional, we would like to introduce
an associative superalgebra U(g), called the universal enveloping superalgebra of g
(UESA for short) with a natural universal property with respect to the Lie superalgebra
structure of g. The universal enveloping superalgebra is the main tool to convert Lie
superalgebra problems into associative superalgebra ones. For example we will see
that a representation of g can be uniquely extended to a representation of its UESA
U(g). The main results regarding the UESA are the existence and uniqueness of the
UESA and the Poincaré-Birkhoff—Witt Theorem and we will discuss them in full detail.
In order to keep the exposition simple, we shall treat the case when g has a linearly
ordered basis (e.g., when it is countable dimensional) as most applications fall in this
framework. By the well-ordering principle this hypothesis is unnecessary, but we shall
not press the point.

Definition 1.6.1. Let g be a Lie superalgebra, 7'(g) the tensor superalgebra over the
underlying super vector space of g, i : ¢ — T (g) the natural immersion. Let I C T'(g)
be the two-sided ideal in T'(g) generated by

iX)®i(Y)— DXy i(X)—i([X.Y]) € T(q) forall X,Y €g.

(As usual in the super setting we give relations only for homogeneous elements.)
We define U(q) the universal enveloping superalgebra (UESA) of g as

U(g) :=T(g)/I.
We denote the product of two elements X,Y € U(g) by XY.

As any associative superalgebra, U(g) has a natural Lie superalgebra structure:
[X,Y]=XY — ()X ¥Iyx,

Let j : g — U(g) be the composition of the injective linear map i : ¢ — T'(g) and
the surjective superalgebra morphism 7 : T (g) — U(g) = T(g)/I. We shall see later
that this j is injective.

We are now ready to state the universal property of U(g).

Proposition 1.6.2. The UESA U(g) has the following properties:

(1) j(g) generates U(g) (as an associative superalgebra).
2) j(X.Y]) = j(X)j(¥)— (=D)XWYI(Y)j(X); in other words, j is a Lie su-
peralgebra morphism.

(3) If A is any associative superalgebra and €: g — A is a Lie superalgebra mor-
phism, i.e, E([X.Y]) = EX)EQX) — (—D)XIVIg(Y)E(X), then there exists a
unique morphism o of associative superalgebras such that the following diagram
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is commutative:

U(g)

.

g——A.

Proof. (1) j(g) generates U(g) since j = m oi and i(g) generates 7(g).
(2) Since w (1) =0,

JIX. YD) = j(X)j(¥) + (DX j(x)
=a((X.Y]) —i(X)i(Y) + ()X Ti(v)i(x)) = o.

(3) Define the superalgebra morphism &’: T(g) — A, £&({(X)) = &(X) for all
X € g. Since by definition £§’(I) = 0 we have that & factors as ¢ o 7 for some
o0:U(g) = T(g)/I — A. The uniqueness of o comes from (1). |

We give now an important application of this result: we prove that a representation
of a Lie superalgebra extends uniquely to a representation of its UESA.

Definition 1.6.3. We define a representation of a Lie superalgebra g in a super vector
space V, as a linear morphism p: ¢ — End(V) preserving parity and the bracket.
We say also that V' is a g-module. A g-module V' is irreducible if it does not have
non-trivial submodules. We also define a representation of an associative superalgebra
A in V as a superalgebra morphism p’: A — End(V).

Theorem 1.6.4. Let g be a Lie superalgebra and U(g) its UESA. Let p be a represen-
tation of g in a super vector space V. Then p extends uniquely to a representation o’
of U(g)inV.

Proof. Take A = End(V) in Proposition 1.6.2. In fact a representation of g in V' is a
morphism of Lie algebras p: g — End(V'). By the universality, p extends uniquely to
a representation p': U(g) — End(V). |

We turn now to the Poincaré—Birkhoff—Witt Theorem, which allows us to construct
explicitly a basis for the UESA U(q) starting from a basis of g.

Let {X%,k € K} be a homogeneous basis of g, K a linearly ordered set. To
simplify the proof and the notation we assume without loss of generality that the
indices corresponding to even elements are smaller, in the given order, than the indices
corresponding to the odd elements. Moreover we will use the same symbol to denote
an element in g and its image via i in 7'(g).

U(g) is spanned by 1 and j(Xg,),..., j(Xg,), forall ky,... k; € K. Since

J(X)j(Xp) = (=D)PERPED j (X)) j(Xp) + [ (Xe). j(X1)]
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for Xy, X; € g we expect U(g) to be spanned by

Lo J(Xey) + J X )] X yy) - T (X )s
ki <o <ky <kpgy1 <-r <krgs,

Xy, even, 1=<i=r, ijodd, r+1<j<r+s.

The fact that an odd element X appears only with exponent 1 is due to the relation
j([X, X]) = 2j(X)?. The Poincaré—Birkhoff-Witt Theorem says that these monomi-
als form a basis for U(g).

Let T° C T(g) denote the linear super space of the standard monomials, that is,
the monomials of the form

Xy @@ X, @ X, | @+ ® X,
ki <o <kr <kpp1 <--- <kpys,

Xi, even, 1=<ic=<r, ijodd, r+1<j=<r+s.

Theorem 1.6.5 (Poincaré—Birkhoff—Witt). Let g be a Lie superalgebra, U(g) its UESA,
{Xk,k € K} a homogeneous basis of g, K a linearly ordered set as above. Then

Lo jXey) o T (X, ) J KXy ) - T (X )
kl Efkr <kr+1 <"'<kr+S7

Xi; even, 1=<i=r, ij. odd, r+1=<j<r+s
is a basis for U(g).

Proof. The proof is very similar to the one in the ordinary setting. The only important
difference comes from the fact that in a Lie superalgebra for X odd [X, X] may not be
zero, hence the relation holding in the UESA 2X?2 — [X, X] will have to be examined
separately.

The statement of the theorem is equivalent to the two statements:

(1) I +T°=T(g).
) INTO = (0).

(1) Let T3, denote the span of the monomial tensors of degree m and T,g =T°NT,.

It is enough to prove that
TmCIl+ Y T
O0<g=<m

We do this by induction on m. The cases m = 0, 1 are clear. If 1 = X3, ® --- ® Xg,,,
we denote by ind(¢) the number of pairs (p,q) with 1 < p,q < u such that p < ¢,
but k, > kg if Xi, and Xy, are both odd, p < g but kj, > k, otherwise. Clearly the
elements 1 € T° have ind(¢) = 0. Let T,j’: ={t € T, | ind(t) = d}. It is enough
to show that ¢ C I + Y o p<m 7). We use induction on d. The case d = 0 is
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clear. Fixt = Xp, ® --- ® Xy, € T,Z. Ifd > 0, thereexists v, ] <v <m—1,
such that ky, > ky41, if Xg, and Xk, are odd, ky > ky41 otherwise. Assume first
that Xy, # Xk, . Let t'=X;, ®---® Xy, be defined as follows: [; = k; for all
i Zv,v+ land [y = kyt1, ly+1 = ky. Thent' € T,Z_l C I + T°, by induction
hypothesis. Since

ka ® ka-H _ (_I)P(ka)P(Xku+1)ka+l ® ka = [ka’ka-',-l] mod /

wehaver —t' € I + Trum1 C 1+ Y| _em—1 T,0, which by induction concludes our
argument in case Xy, # Xy Assume now that Xk, = Xk, 0dd. Since Xi, ®
Xk, = (1/2)[Xk,  Xx,] mod I, we have thatt € I + Ty C 1 4+ D 1 cpamer T
which again by induction concludes our argument. o

(2) Our strategy is the following. We shall construct an endomorphism L: 7' (g) —
T (g) such that:

(i) L(t) = t for all standard monomials.

(i) f1<v<p—1,p>2 ky> kys1, then

L(Xk1 - ® Xk, ®ka+] ®---®ka)
= (_l)levHXkuﬂ‘L(Xkl R ® ka+l ® Xk, ® - ® ka)
+ L(Xkl ® ® [kas ka+1] ® ® ka)

fl<v=<p-1p=>2ky =kys1 and X, odd, then

L(Xkl ®...®ka ®ka+1 ®...®ka)
= %L(Xkl R ® [Xkquk,,Jr]] ®...®ka)'

If we succeed in building such an endomorphism we are done since L is the identity
on T° and it is zero on /. We will define L by induction on p, the degree of the
monomials in 7'(g). Define L to be the identity on Ty and 7T7. Now assume that p > 1.
We want to define L on? = Xy, ®---® X, in such a way that (i) and (ii) are satisfied.
We proceed by induction on d = ind(¢). If d = 0 we define L(¢) = ¢. Assume that
d > 0 and that we have defined L on every monomial s of degree p and ind(s) < d.
Since d > 0 there exists an integer r, | < r < p — 1 (not unique) such that k, > k4
ork, = k,4+ with X}, odd. We can then use the right-hand side of (ii) (after choosing
the appropriate case) to define L(¢) and clearly such L is what we want and is defined
by induction on d and on p. We have now to show that such an L is well defined,
i.e., the definition is independent from the choice of the integer r. Assume that we
first choose the integer r and then another integer / and obtain, following our recipe, a
certain expression a for L(¢). Then we proceed by first choosing the integer / and then
the integer r and obtain another expression b for L(z). We want to show that a = b.
Whenever |r —[| > 2 it is easy to convince ourselves that @ = b, since there will be no
“interference” between the two definitions of L. The problems appear when |r—I| = 1.
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Assume without loss of generality that r = [/ — 1. To ease the notation let X;, = X,
Xi,, =Y, Xi,,, =Z,sothatwehave = Xz, ® - QX QY ®Z Q- ® Xi,,.
Let us first assume that no two of X, Y, Z are odd and equal. After some calculations
one finds that the two possible ways of defining L(¢) give the following two results:

a= (_I)IXIIY|+\Z||X|+|Y||Z|L(‘ LZRY®X...)
+ (=D)IXIVHZIXT iy, Zz1@ X )
+ (DXL Y ®[X. Z].. )+ L(...[X.Y]® Z...),

b= (—)XITHZIXFYIZIp 7@y X...)
+ (—nYNZHZIXI L Z @ [X,Y]...)
+(DEYILC X, Z21®Y .. )+ L(..X®[Y.Z]...).

Hence we have
a—b=L(—[X.[Y.Z]] + [[X.Y]. Z] + (—D)XYl[y,[x, Z]]...) =0

because of the Jacobi identity. Hence there is no ambiguity in our definition of L.

Let us now assume that two of X, Y, Z are equal and odd. We can assume without
loss of generality to have 7 = Xz, ® --- @ X @ X ® ¥ ® --- ® Xk, the other cases
being the same. After some calculations we have

a=31L(..Y®X.X]..)+D*YILC X v]®Xx...)
+L(...XQ®[X,Y]...),

b=3L(..YQ[X.X]...)+ IL(...[[X.X].Y]...).

Hence
a—b=L(..[X [X.Y]]-3[X X].Y]...)=0.

Again by the Jacobi identity it follows that [X,[X, Y]] + (-DXIW¥I[x [y, X]] +
[Y,[X, X]] = 2[X,[X.Y]] - [[X,X].Y] = 0. O

Corollary 1.6.6. The Lie superalgebra morphism j: ¢ — U(g) described above is
an injection.

To ease the notation, from now on we identify g with its image j(g) in U(g).

Corollary 1.6.7. We have the linear isomorphism

U(g) = U(go) ® A(g1).

where /\(g) is the exterior algebra over the (ordinary) vector space g;.
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Next we show that U(g) has a filtered algebra structure and we relate it to Sym(g)
the symmetric algebra over the super vector space g.

From now on assume that g is finite-dimensional. Let us first recall some basic
definitions.

Definition 1.6.8. An associative superalgebra A is graded if for all integers n > 0, we
have a subspace A,y C A such that

(1) 1€ A,
(2) Am)yA@m) C Am+n)s
B) A=B,z04m):

The elements in A ) are said to be Z-homogeneous of degree n or just homogeneous
when there is no ambiguity. We also say that the grading is compatible with the
superalgebra structure if A9 = @D, cyen Am)> A1 = D, 0aa An)- All gradings we
consider have this property.

We say that an associative superalgebra B is filtered if for all integers n > 0, we
have a subspace B” C A such that

(i) 1 € B,
(i) B"B™ C B™*",
(iii) B C B' C--- C U, B" = B.

Any graded superalgebra A can be viewed as a filtered superalgebra defining A" =
@Do<i<n AG). though not all filtered algebras arise in this way. Vice versa to any
filtered superalgebra B, we can associate a graded superalgebra Gr(B) in the following
way. Define Gr(B)(,) := B"/B"~! and Gr(B) := @, Gr(B)(n) as vector super
spaces. Let 7, : B" — Gr(B)(y,) be the natural projection. Given a € Gr(B)y) and
b € Gr(B)n) choose a’ € B™ and b’ € B" such that 7,,(a’) = a and 7,(b') = b.
Then define the product ab := 7, 4n(a’b’) € Gr(B)@m+n). One can check this is well
defined and that Gr(B) is a graded superalgebra.

There are two examples of graded and filtered algebras that are of special interest
to us: the tensor superalgebra 7'(g) and the UESA U(g). T(g) is graded by taking
T(q)@) as the tensors of degree n. As any graded algebra, T'(g) is also filtered by
taking T(g)n = @Ogign T(g)(i)-

Since the ideal I C T'(g) generated by the elements X @ ¥ — (—1)XII¥y @ x —
[X, Y] in the tensor superalgebra T'(g) is not homogeneous (i.e. is not generated by
homogeneous elements) we cannot expect U(g) to be graded. However it is filtered
with U(g)" := w(T(g)") (recall w: T(g) — T(g)/I = U(g)). The next proposition
clarifies the structure of U(g) as filtered superalgebra.

Proposition 1.6.9. Let X1,..., Xy, Xpr+1, ..., XN be a basis for the Lie superalge-
brag, X1...Xp even, Xpp41 ... XN odd. Then:

i 1, Xkl""’Xkr’Xkr-‘,-l’""Xkr+s’ ki <--- <k, <kr+1 < e <kr+s, in
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evenfor1 <i <r, Xy, oddforr +1 < j <r+s, is a basis for U(g)",
r+s=<n.

(i) Moreover Gr(U(g)) is commutative and the natural map g — Gr(U(g)) extends
to an algebraic isomorphism of Sym(q) onto Gr(U(g)).

Proof. (i) By induction on n = r 4 s. The cases n = 0, 1 are clear. Letn > 1. Since
X;, ® - ® Xj,, | < n, generate T(g)", we have that X;, ... X;,, | < n, generate
U(g)". By PBW Theorem 1.6.5 the standard monomials are linearly independent, so
we only need to prove they generate U(g)”. While proving the PBW Theorem we
showed that

T@"cl+ ), T

1<r<n
hence U(g)" C Y _, n(T?), which is what we want.
(ii) To prove Gr(U(g)) is commutative, notice that since

XY — () XWyx =[x, Y] e g C U(q),

we have
Xk] .. ij — (—l)uXU(kl) L. Xg(kr) € U(g)r_l

for a suitable u. Hence if a € U(g)? and b € U(g)?, then
ab =ba, mod U(g)?T47!,

and this proves commutativity.

Now we build the isomorphism Sym(g) == Gr(U(g)). Since U(g)! = k-1 g, the
natural map U(g)! — Gr(U(g)) induces an injection g — Gr(U(g)). Since Gr(U(g))
is commutative, we have a superalgebra morphism ¢: Sym(g) — Gr(U(g)). The
elements Xk, , ..., Xk, are linearly independent in (g)" modulo U(g)" " (the order
on the k’s is specified above), hence ¢(Xy,,..., X,) = Xk, ... Xy, are linearly
independent and form a basis of Gr(U(g))(,). By comparing dimensions we have that
¢ is an isomorphism. O

An important application of Proposition 1.6.9 is the construction of the symmetrizer
map, when k is of characteristic 0.

Let char(k) = 0.

Consider the natural action of the permutation group S, on 7(g)):

S X1® - ® Xy = (D)X ) ® @ X

where
p@) = [{k, )| k>1, Xi,X;0dd, s(k) <s(l)}].

Notice that p(s) has the following interpretation. It is the (unique) function p: S, —
Z% such that if X1, ..., X, € Sym(qg):

X1y Xy = DPOX . X, s €S,
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Definition 1.6.10. Let 1 € T(g)(,). We say that ¢ is symmetric if s -t = t, for all
s € S,. We denote by T(g)(,) the homogeneous symmetric tensors of degree n and

with T(Q) = @nzo T(g)(n)-
Proposition 1.6.11. The linear morphism Q,: T(g) — T(g) defined as

Qo=1. 0= 3 st

tseSy

is a projection onto the symmetric tensors T(g).

Proof. Direct check. |

Lemma 1.6.12. Let the notation be as above and let w: T (gq) — U(g).
(1) w: T(gq) — U(g) is a linear isomorphism preserving the filtration, that is,

n(T(@)") =W@".
@ T(@=1+T(g).

Proof. By induction on the Z-grading of T(g). For n = 0 we have that 7 clearly
induces an isomorphism of 7'(g)°? with U(g)?. Lett = X1 ®---® X,,,t = (i,i+1) €
S,. We have

tr—1-t =X1®XL®XZ+1®®X,!
(_l)lXillXi—H\Xl R X1 XX,
=X1® - QXi.Xip1] - ® Xy +1 €T (®)" ' + 1.

Since any s € S, is the product of adjacent transpositions we have u — s - u €
T(g)" ! + I forallu € T(g)". Averaging over S, we get

u—Q0n(u) € T(g)" ' + 1.
Applying 7 to this relation we get
U(g)" C W(@)"™" + (T(g)").

By induction, comparing dimensions, we get the result.
(2) is a consequence of (1). O

Let g be an abelian Lie superalgebra with the same underlying super vector space
as g. Clearly U(g) = Sym(g). Let 7: T(g) — U(g). J = ker 7 is the ideal in 7'(g)
generated by the elements

X®Y - (-HXMy ¢ x.
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Lemma 1.6.13. Let Sym(q) ) be the space of elements of degree n in Sym(g).
Consider the filtration of the symmetric superalgebra Sym(g)" = ®i§n Sym(g) ).

Then 7: T(g) — Sym(g) is a linear isomorphism preserving the filtration, i.e.,
7(T(g)") = Sym(g)”.

Proof. Asin Lemma 1.6.12. O
We are ready to define the symmetrizer map.

Definition 1.6.14. We define the symmetrizer of Sym(g) onto U(g) as the unique linear
map S making the following diagram commute:

T(g) —— U(g)
>
Sym(g).

Theorem 1.6.15. The symmetrizer map S is a linear isomorphism and preserves the
filtration; moreover

1
SEX) .7 (Xn) = — D (DD Xer) - Xoiu-

tseS,

Proof. The fact that S is a linear isomorphism and preserves the filtration is clear by
definition. For its expression observe that

1
T(Qn(X1® @ X)) = — 3 (=D X1y . Xstny

seSy
and
T(0n(X1 ® - ® X)) = 7(X1) ... 7(Xp).
By the commutativity of the above diagram we are done. |

In conclusion of this section, we want to remark that in [22] the authors take a
radically different point of view in proving the statement of the PBW Theorem. They
use the symmetrizer linear isomorphism to transfer the product structure from U(g) to
a new product structure * in Sym(g), and then they prove that (Sym(g), *) = U(g) as
superalgebras. Their proof holds over a field of characteristic zero, however it is more
general in the sense that it holds for a Lie algebra object in an arbitrary tensor category.

Another different and more general proof than the one that we present is found also
in [76]. There, the statement is given for a Lie superalgebra over k commutative ring
with 1, where 2 and 3 are invertible elements. In this case, the technique of the proof
makes essential use of the “Diamond Lemma” by G. Bergman [12].
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1.7 Hopf superalgebras

In this section we briefly discuss Hopf superalgebras and some examples taken from
ordinary geometry. As we shall see, Hopf superalgebras are important in the under-
standing of Lie supergroups and affine algebraic supergroups since they represent an
alternative way to approach and discuss them.

Definition 1.7.1. We say that the superalgebra A (not necessarily commutative) is a
Hopf superalgebra if A has the following properties.

1. A is a superalgebra, with multiplication u: A ® A — A and uniti: k — A.

2. A is a super coalgebra, that is, we can define two linear maps called comultipli-
cation A1 A — A ® A and counit €: A — k with the following properties:

A® A% Aok A9 A2 koA AR A% 424 A

A A.
A morphism ¢: A — B of two super coalgebras with comultiplication and counit A4,
Ap and €4, €p respectively is a linear map such that (p @ ¢)- Ay = Ap-¢,ep-¢p = €4.

id
_—

E—
IR
>
n——>Q

)

3. The multiplication p and the unit i are super coalgebra morphisms.
4. The comultiplication A and the counit € are superalgebra morphisms.

5. A is equipped with a bijective linear map S: A — A called the antipode such
that the following diagrams commute:

AR AL 44 AR AL 404

A superalgebra A satisfying the first four properties is called a super bialgebra.

A Hopf superalgebra morphism is a linear map ¢: A — B which is a morphism
of both the superalgebra and super coalgebra structures of A and B, and in addition

Sp-¢ =¢S84,

where S4 and Sp denote respectively the antipodes in A and B.
We say that [ is a Hopf ideal of a Hopf superalgebra A if I is a two-sided ideal,
and moreover

ADCI®RA+ARI, €I)=0, SU)CI.
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One can check immediately that the superalgebra A/ inherits naturally a Hopf super-
algebra structure from A.
[ is a coideal of a coalgebra A if it is an abelian subgroup of A and

ANCI®A+ARI

There are many interesting examples of Hopf algebras; we refer the reader to [20],
[59], [72] for a comprehensive treatment.

In particular to any affine algebraic group in ordinary geometry, we can associate
two very important Hopf algebras: @ (G), the commutative Hopf algebra of algebraic
functions on G, and U(Lie(G)), the universal enveloping algebra of the Lie algebra
Lie(G). In the case of O(G) the comultiplication A and the counit € are given as
follows:

A)x®@y) = flxy), €(f) = f(g).

In the case of U(Lie(G)) the comultiplication A and the counit € are given on the
generators g as follows:

AX)=X®1+1® X, €X)=0 forall X €gq.

Under suitable conditions, these two Hopf algebras are in duality with each other, as
is explained in [20], Ch. 7.

1.8 The even rules

We conclude our treatment of linear supergeometry by discussing the even rules.

The even rules are a device that enables us to work with purely even objects and
has a variety of applications in supergeometry. In order to use them, however, we have
to show the functoriality of the construction we are interested in, under extension of
scalars. We shall not take advantage systematically of the even rules, to go back and
forth between super (i.e., Z,-graded) and purely even objects; however, since the even
rules are often employed in the physics literature, sometimes implicitly, we shall briefly
outline the key ideas behind them. For a more detailed account we invite the reader to
look at [22], p. 57.

Definition 1.8.1. Let I a super vector space and let A be a commutative superalgebra.
We define

Vai=AQV, V(A):=(A®V)o,
where V4 is an A-module, while V(A), the even part of Vy, is an Ag-module. We also
say that Vy is obtained by V(A) by extension of scalars.

It is clear that if we have a linear morphism f: V3 ® V5, — V, such a morphism
induces an Ap-linear map f(A4): Vi(4) ® V2(A) — V(A), (or if we prefer an Ao-
multilinear map ( f1(A), f2(A)): V1(A) x V2(A) — V(A)) which is functorial in A.
The next proposition establishes a converse for this fact.
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Proposition 1.8.2. Any Ag-multilinear map ( f1(A), f2(A)): V1(A) x Va(A) — V(A)
functorial in A comes from a unique linear morphism f: Vi @ Vo — V.

Proof (Sketch). We start by proving uniqueness. We want to determine f(v; ® v5)
by the knowledge of the multilinear morphism f(A) = (f1(A), f2(A4)), for A =
k[01, 62]. Define the element in V(A):

V; if v; even,
w; = .
O;v; if v; odd.

For concreteness assume that v; even and v, odd. Then we have

f(A) (w1, w2) = f(A)(v1,6202) = 05 f(v1 @ v2).

This formula determines uniquely f(v; ® v,). This formula moreover also gives us
existence since it provides a way to define f(v; ® vy). |

Remark 1.8.3. (1) There is an obvious generalization of the previous result to the case
of linear morphisms f: ®;jeyr Vi — V. The reasoning is similar, and we invite the
reader to consult [22] for more details.

(2) The previous result holds if A is just taken to be an exterior algebra, A =
k(&1 ...&], in other words, we can substantially weaken our hypothesis. This is clear
by looking at the proof.

(3) The same result holds also for modules over some commutative superalgebra
R replacing our field £ while A runs over commutative R-superalgebras and V(A) is
the Ag-module (A ®g V)¢ as before. The proof goes practically unchanged.

Proposition 1.8.2 has the following very useful corollary, which allows us to extend
in a straightforward manner algebraic structures from V(A) to Vy.

Corollary 1.8.4. Let the notation be as above. In order to give a superalgebra structure
on a super vector space V, it is enough to give a functorial structure of Ag-algebra on
V(A). The superalgebra will be Lie, respectively associative or commutative and so
on, if and only if the V(A) Ag-algebras are.

Proof. The first statement is clear since a superalgebra structure comes precisely from
the morphisms considered in Proposition 1.8.2. As for the Lie, associative and com-
mutative properties, they rely on commutative diagrams constructed starting from such
morphisms. Proposition 1.8.2 ensures the commutativity of such diagrams by the func-
toriality of the corresponding diagrams for V' (A). We leave to the reader all the checks
involved in this construction. |

1.9 References

All of the material appearing here is standard and can be found in one of the references
[561, [76], [10], [49].
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Sheaves, functors and the geometric point of view

Classically, sheaf theory provides an alternative and very elegant way to look at the-
ories, like differentiable manifolds and algebraic varieties, which originally were in-
troduced using very different methods. On the other hand, in supergeometry, its use
is unavoidable since at the very start we need sheaves in order to define properly any
supergeometric object in differential or algebraic category.

We start our treatment by discussing sheaves of functions in the familiar setting of
differentiable manifolds and algebraic varieties and then we go on to the more abstract
definition of sheaves in general, arriving finally at ringed spaces and locally ringed
spaces, which is our starting point for the development of supergeometry, as we shall
see in the next chapter.

We also give a brief introduction to schemes and their functor of points, discussing
the examples of projective space and Grassmannian variety. The language of the functor
of points and its generalization to supergeometry are extremely important to us since
they provide geometric intuition to an otherwise very abstract setting. In the end, we
recall some results on coherent sheaves, that we shall need in the sequel.

We do not present here proofs for most of our statements, which are all classical and
well known; a treatment of sheaf theory and ringed spaces can be found. for example.
in [43], Ch.1I, or in [29], Ch. I, while a comprehensive functorial treatment of algebraic
geometry, via the functor of points, is found in [23].

2.1 Ringed spaces of functions

A ringed space is a broad concept in which we can fit most of the interesting geometrical
objects. It consists of a topological space together with a sheaf of functions on it. Let
us examine some familiar and important examples.

Let M be a differentiable manifold, whose topological space is Hausdorff and
second countable. For each open set U C M, let C*°(U) be the R-algebra of smooth
functions on U .

The assignment

U C®W0)

satisfies the following two properties:
() If U C V are two open sets in M, we can define the restriction map, which is
an algebra morphism:

tyu: COWV) - C®WU), f+ flu.
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which is such that
@) rou =1id,
(i) rwu =rvu erw,y.

(2) Let {U;}ies be an open covering of U and let { fi}ics, fi € C*(U;), be a
family such that f;|y;nu;, = fjlu;nu, foralli, j € I. In other words the elements of
the family { f; };es agree on the intersection of any two open sets U; N U;. Then there
exists a unique f € C*°(U) such that |y, = fi.

We leave to the reader, as an exercise, to check that indeed the assignment satisfies
the two given properties. As for property (1), the existence of the restriction map
satisfying equations (i) and (ii) is clear while for the property (2), also-called the
gluing property, it is a simple exercise.

Such an assignment is called a sheaf. The pair (M, C ), consisting of the topo-
logical space M, underlying the differentiable manifold, and the sheaf of the C*°
functions on M is an example of locally ringed space (the word “locally” refers to a
local property of the sheaf of C*° functions we shall discuss in the next sections). We
shall examine in detail locally ringed spaces and their properties in the next section.

Remark 2.1.1. It is customary to denote a differentiable manifold and its underlying
topological space with the same symbol. In this section, we follow this convention,
however starting from the next section, we shall mark the difference between the
manifold M and its underlying topological space |M |. We shall also do the same for
algebraic varieties.

Given two manifolds M and N, and the respective sheaves of smooth functions
Cyr and C5°, a morphism f from M to N, viewed as ringed spaces, is a morphism
|f|: M — N of the underlying topological spaces together with a morphism of
algebras,

[ CRW) = CR (). 1 @) = ¢(f1(x)), V openin N,

compatible with the restriction morphisms.

Notice that, as soon as we give the continuous map | f| between the topological
spaces, the morphism f* is automatically assigned. This is a peculiarity of the sheaf
of smooth functions on a manifold. Such a property is no longer true for a generic
ringed space and, in particular, as we shall see, it is not true for supermanifolds.

A morphism of differentiable manifolds gives rise to a unique (locally) ringed space
morphism and vice versa.

Moreover, given two manifolds, they are isomorphic as manifolds if and only if they
are isomorphic as (locally) ringed spaces. In the language of categories, we say we
have a fully faithful functor from the category of manifolds to the category of locally
ringed spaces.

Before going to the general treatment, let us consider another interesting example
arising from classical algebraic geometry. As we shall see in the next chapters, the gen-
eralization of algebraic geometry to the super-setting comes somehow more naturally
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than the similar generalization of differentiable geometry. This is because the machin-
ery of algebraic geometry was developed to take already into account the presence of
(even) nilpotents and consequently, the language is more suitable to supergeometry.

Let X be an affine algebraic variety in the affine space A" over an algebraically
closed field k and let O(X) = k[x1, ..., Xx,]/I be its coordinate ring, where the ideal
I is prime. This corresponds topologically to the irreducibility of the variety X. We
can think of the points of X as the zeros of the polynomials in the ideal / in A”. X isa
topological space with respect to the Zariski topology, whose closed sets are the zeros
of the polynomials in the ideals of @ (X) (see [43], Ch. I, for a complete discussion of
the Zariski topology). For each open U in X, consider the assignment

U Ox (),

where Ox (U) is the k-algebra of regular functions on U. By definition, these are the
functions f: X — k that can be expressed as a quotient of two polynomials at each
pointof U C X.

As in the case of differentiable manifolds, our assignment satisfies the properties
(1) and (2) described above. The first property is clear while for the second one we
refer the reader to [43], Ch. II, Section 2.

The assignment U — Ox (U) is another example of a sheaf and we shall call it the
structure sheaf of the variety X or the sheaf of regular functions. (X, Ox) is another
example of a (locally) ringed space.

2.2 Sheaves and ringed spaces

We are now going to formulate more generally the notion of sheaf and of ringed space
that we have described in two specific examples of the previous section.

Definition 2.2.1. Let | M | be a topological space. A presheaf of commutative algebras
F on X is an assignment

U~ FU), Uopenin|M|, F (U)acommutative algebra,

such that the following holds:

()IfU C V are two open sets in |M |, there exists a morphism 1y, : F (V) —
F (U), called the restriction morphism and often denoted by ry,y (f) = f|u, such
that

(@) row =1id,
() rwu =rvu erw,y.
A presheaf ¥ is called a sheqf if the following holds:
(2) Given an open covering {U; }iey of U and a family { f; }icr, fi € ¥ (U;) such
that filv;nu; = filu;nu; forall i, j € I, there exists a unique f € ¥ (U) with

flo; = fi.
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The elements in  (U) are called sections over U; when U = |M | we call such
elements global sections.

The assignments U +— C°°(U), U open in the differentiable manifold M and
U — Ox(U), U open in the algebraic variety X, described in the previous section,
are examples of sheaves of functions on the topological spaces | M | and | X | underlying
the differentiable manifold M and the algebraic variety X respectively.

Observation 2.2.2. In the language of categories, property (1) in Definition 2.2.1 says
that we have defined a functor, ¥, from top(M ) to (alg), where top(M ) is the category
of the open sets in the topological space |M |, the arrows given by the inclusions of
open sets while (alg) is the category of commutative algebras. In fact, the assignment
U +— ¥ (U) defines ¥ on the objects while the assignment

UCVierwyy: FV)—>FU)
defines ¥ on the arrows.

Hence we can give the following equivalent definition of presheaf and sheaf of
commutative algebras.

Definition 2.2.3 (Alternative definition of presheaf and sheaf). Let | M | be a topological
space. We define a presheaf of algebras on |M | to be a functor

F: top(M)? — (alg).

The suffix “op” denotes as usual the opposite category; in other words, ¥ is a con-
travariant functor from top(M ) to (alg). A presheafis a sheaf if it satisfies the property
(2) of Definition 2.2.1.

If ¥ is a (pre)sheaf on |M | and U is open in |M | we define ¥ |y, the (pre)sheaf ¥
restricted to U, as the functor ¥ restricted to the category of open sets in U (viewed as
a topological space itself). In other words, we restrict our attention to the assignment
V = F (V) for just the open sets V in U.

We have defined sheaves as functors with values in the category of commutative
algebras, however, in the same way, we can also define sheaves with values in commuta-
tive rings, groups, sets or other algebraic structures and their super correspondents. Of
course, depending on the structure of the category of arrival, the restriction morphisms
have to be taken as the appropriate morphisms.

From now on, we shall speak only of “presheaf” and of “sheaf”, without further
specifications, whenever our statements are independent of the category of arrival.

A most important object associated to a given presheaf is the stalk at a point.

Definition 2.2.4. Let ¥ be a presheaf on the topological space | M | and let x be a point
in |[M|. We define the stalk ¥, of ¥, at the point x, as the direct limit
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where the direct limit is taken for all the U open neighbourhoods of x in |[M|. ¥
consists of the disjoint union of all pairs (U, s) with U open in |M|, x € U, and
s € F(U), modulo the equivalence relation: (U, s) = (V, ) if and only if there exists
a neighbourhood W of x, W C U NV, such that s|w = t|w.

The elements in F, are called germs of sections.

Definition 2.2.5. Let ¥ and § be presheaves on |M|. A morphism of presheaves
¢: F — § isacollection of morphisms ¢y : F(U) — §(U), for each open set U in
|M |, such that for all V' C U the following diagram commutes:

F(U) 2 g )

rU.V\L \LrU.V

F) gy,

Equivalently and more elegantly, one can also say that a morphism of presheaves is a
natural transformation between the two presheaves ¥ and § viewed as functors (see
the alternative definition of sheaf in Definition 2.2.3).

A morphism of sheaves is just a morphism of the underlying presheaves.

Clearly any morphism of presheaves induces a morphism on the stalks: ¢, : £ —
9. The sheaf property, i.e., property (2) in Definition 2.2.1, ensures that if we have
two morphisms of sheaves ¢ and v such that ¢, = v, for all x, then ¢ = .

We say that the morphism of sheaves ¢ is injective (resp. surjective) if ¢ is injective
(resp. surjective).

On the notion of surjectivity, however, one should exert some care, since we can
have a surjective sheaf morphism ¢: & — § such that ¢y : F(U) — §(U) is not
surjective for some open sets U. This strange phenomenon is a consequence of the
following fact. While the assignment U + ker(¢(U)) always defines a sheaf, the
assignment

U~ im(¢U)) =5 U)/5U)

defines in general only a presheaf and not all the presheaves are sheaves. A simple
example is given by the assignment associating to an open set U in R the algebra of
constant real functions on U. Clearly this is a presheaf, but not a sheaf.

We can always associate, in a natural way, to any presheaf a sheaf called its sheafi-
fication. Intuitively, one may think of the sheafification as the sheaf that best “approx-
imates” the given presheaf. For example, the sheafification of the presheaf of constant
functions on open sets in R is the sheaf of locally constant functions on open sets in R.

We construct the sheafification of a presheaf using the éralé space, which we also
need in the sequel, since it gives an equivalent approach to sheaf theory.

Definition 2.2.6. Let ¥ be a presheaf on |M|. We define the éralé space of ¥ to be
the disjoint union ]_[xe|M\ F%. Foreachopen U C |M|and eachs € ¥ (U) define the
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map Sy : U — [,y Fx, Su(x) = 5x. We give to the étalé space the finest topology
that makes the maps §y continuous, for all open U C |M | and all sections s € ¥ (U).
We define ¥, to be the presheaf on |M|:

Ut Fa(U) = Bu: U — e Fx» Sux) = sx € Fx}.

As we shall see, the presheaf ¢ is actually a sheaf and it provides an explicit
construction of the sheafification of the presheaf ¥ .

Definition 2.2.7. Let ¥ be a presheaf on |M|. A sheafification of ¥ is a sheaf F,
together with a presheaf morphism «: ¥ — ¥, such that

(1) any presheaf morphism ¢ : ¥ — §, § a sheaf, factors via a, i.e., ¥: F %

F -8,

(2) F and 7 are locally isomorphic, i.e., there exists an open cover {U; }ies of | M|
such that ¥ (U;) =~ ¥ (U;) via a.

The next proposition establishes the existence of the sheafification of a presheaf.

Proposition 2.2.8. Let ¥ be a presheaf on |M |.
(1) The sheafification ¥ of ¥ always exists and it is unique.

(2) The presheaf Fo is a sheaf and it is the sheafification of the presheaf ¥ with
a: F — Fydefinedas ay(s)(x) =sx, s € F(U), x € U.

In particular ¥ is a sheaf if and only if ¥ =~ F = Fu.
Proof. See [43], p. 64. |
The previous discussion enables us to properly define the quotient of sheaves.

Definition 2.2.9. Let ¥ and § be sheaves of rings on some topological space |M|.
Assume that we have an injective morphism of sheaves ¥ — % such that §(U) C
F (U) for all U open in |M|. We define the quotient ¥ /G to be the sheafification of
the image presheaf: U — ¥ (U)/§(U).

In general, (¥ /8)(U) # ¥ (U)/g(U), however they are locally isomorphic by
Definition 2.2.7.

There is a most effective way to define a sheaf and a sheaf morphism, which proves
to be very useful for applications. We just state the results, referring to [29], Ch. I, for
more details.

Definition 2.2.10. Let 8 be a base for the open sets in the topological space | M |. The
assignment U +— F (U), forall U € B, is called a B-sheaf if it satisfies the condition
(1) as in Definition 2.2.1 for the open sets in 8 and the following modification of the
condition (2). For all open U in 8B, let {U;};er be a covering in B of U and { f; }ies a
family such that f; € ¥ (U;). If fi|lv = fi|v forall V. C U; NU;, V € B, then there
exists a unique f € ¥ (U) such that f|y, = f;.
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Proposition 2.2.11. Let B be a base for the open sets in the topological space |M |.
(1) Every B-sheaf extends uniquely to a sheaf on |M |.

(2) If § and H# are two sheaves on |M | and for all U in B we have a collection of
morphisms
Yy:§U) — H(U)

commuting with restrictions, then there is a unique sheaf morphism ¢: § — JH such
that oy = Yy forall U € B.

Proposition 2.2.12. Let {U; }ics be an open covering of the topological space |M |.
Assume the following:

(1) We have defined sheaves ¥y, for all i.

() ¢v,u; - Fuilu;nu; = Fu, lu;nu; are isomorphisms satisfying the compatibility
conditions

$v,u; duu; = Quu; on Ui N U N Uy forall i,j, kel
Then there exists a unique sheaf ¥ on |M| such that ¥ |y = Fu,.

We are ready to define ringed spaces.

Definition 2.2.13. We define ringed space to be a pair M = (|M |, F) consisting of
a topological space |M | and a sheaf of commutative rings & on |M|. We say that the
ringed space (|M |, ¥) is a locally ringed space, if the stalk ¥ is a local ring for all
x € |M|.

A morphism of ringed spaces ¢: M = (|M|,F) - N = (|N|,§) consists of a
morphism |¢|: |M| — | N | of the topological spaces (in other words, |¢| is a continuous
map) and a sheaf morphism ¢*: O — ¢« Ops where ¢, Oy is the sheaf on | N | defined
as follows: (¢+On)(U) = Op (¢~ (U)) forall U openin |N|. A morphism of ringed
spaces induces a morphism on the stalks for each x € [M|: ¢x: On p/(x) = Om.x-
If M and N are locally ringed spaces, we say that the morphism of ringed spaces
¢ is a morphism of locally ringed spaces if ¢y is local, i.e., ¢ (mpx) = Mu,1p|(x)
where m y,||(x) and mpy, are the maximal ideals in the local rings O n|¢|(x) and Opy .,
respectively.

Observation 2.2.14. In the previous section we have seen differentiable manifolds
and algebraic varieties as examples of ringed spaces. Actually both are also examples
of locally ringed spaces, as one can readily verify. Moreover, one can also check that
their morphisms, in the differential or in the algebraic setting respectively, correspond
precisely to morphisms as locally ringed spaces.

At this point it is not hard to convince ourselves that we can take a different point of
view on the definition of differentiable manifold. Namely we can equivalently define
a differentiable manifold as a locally ringed space M = (|M |, Oyr) as follows.
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Definition 2.2.15. Alternative definition of differentiable manifold. Let M be a topo-
logical space, Hausdorff and second countable, and let Qs be a sheaf of commutative
algebras on M, so that (M, Oyy) is a locally ringed space. We say that (M, Oyy) is
a real differentiable manifold if it is locally isomorphic to the locally ringed space
(R", Cgr), where Cgy, is the sheaf of smooth functions on R".

In the same way we can define analytic real or complex manifolds as locally ringed
spaces locally isomorphic to (R”, #gn) or (C", Hcn), where Hrn and Hcrn denote
the sheaves of analytic functions on R” or C” respectively (we leave to the reader as
an exercise their definition, see [37] for more details).

It is important to keep this point of view in mind since this is the path we are going
to take to define supermanifolds.

At this point, it is clear that we could also give an equivalent definition of algebraic
variety in order to fitit into the framework of locally ringed spaces. However, as we shall
see in the next section, we prefer to give a far reaching generalization of this picture,
namely the notion of scheme, which turns out to be the best for our supergeometric
applications.

2.3 Schemes

The concept of scheme is a step towards a further abstraction. We shall start by defining
affine schemes and then we proceed to the definition of schemes in general. Our
treatment is necessarily very short, for all the details and the complete story, we refer
the reader to [29], Ch. I, and [43], Ch. I

Let us start by associating to any commutative ring A its spectrum, that is the
topological space Spec A. As a set, Spec A consists of all the prime ideals in A. For
each subset S C A we define as closed sets in Spec A:

V(S):={p€SpecA|S C p} C Spec A.

One can check that this actually defines a topology on Spec A called the Zariski topol-
0gy.

If X is an affine variety, defined over an algebraically closed field, and O (X) is
its coordinate ring, we have that the points of the topological space underlying X
are in one-to-one correspondence with the maximal ideals in @(X). So we notice
immediately that Spec @ (X) contains far more than just the points of the topological
space of X; in fact it contains also all the subvarieties of X, whose information is
encoded by the prime ideals in @ (X). This tells us that the notion of scheme, we are
about to introduce, is not just a generalization of the concept of algebraic variety, but it
is something deeper, containing more information about the geometric objects we are
interested in.



36 2 Sheaves, functors and the geometric point of view

We also define the basic open sets in Spec A as
Ur :=Spec A\ V(f) = Spec Ay with f € A,

where Ay = A[f™!] is the localization of A obtained by inverting the element f.
The collection of the basic open sets Uy, for all f € A, forms a base for the Zariski
topology.

Next, we define the structure sheaf (94 on the topological space Spec A. In order
to do this, it is enough to give an assignment U +— (O 4(U) for each basic open set
U = Uy in Spec A, by Proposition 2.2.11.

Proposition 2.3.1. Let the notation be as above. The assignment
U f — A f

defines a B-sheaf on the topological space Spec A and it extends uniquely to a sheaf of
commutative rings on Spec A, called the structure sheaf and denoted by Q4. Moreover
the stalk at a point p € Spec A, O4p is the localization Ay of the ring A at the prime p.

Proof. Direct check. (See also [29], I-18.) O

Hence, given a commutative ring A, Proposition 2.3.1 tells us that the pair
(Spec A, O4) is a locally ringed space that we call Spec A, the spectrum of the ring A.
By an abuse of notation we shall use the word spectrum to mean both the topological
space Spec A and the locally ringed space Spec A, the context making clear which one
we are talking about. o

We are finally ready for a definition of scheme. While the differentiable manifolds
are locally modelled, as ringed spaces, by (R”, Cgy), the schemes are geometric objects
modelled by the spectrums of commutative rings.

Definition 2.3.2. We define an affine scheme to be a locally ringed space isomorphic to
Spec A for some commutative ring A. We say that X is a scheme if X = (| X|, Ox) is
a locally ringed space, which is locally isomorphic to affine schemes. In other words,
for each x € | X|, there exists an open set Uy C |X| such that (Uyx, Ox|y, ) is an affine
scheme. A morphism of schemes is just a morphism of locally ringed spaces.

Observation 2.3.3. (1) There is an equivalence of categories between the category
of affine schemes (aschemes) and the category of commutative rings (rings). This
equivalence is defined on the objects by

(rings)? — (aschemes), A > Spec A.

In particular a morphism of commutative rings A — B corresponds contravariantly to
a morphism Spec B — Spec A of the corresponding affine superschemes. For more
details see [43], Ch. II, Pro?mition 2.3, and [29], Ch. I, Theorem I-40. We are going
to discuss in detail a generalization of this result in Chapter 10.
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(2) Since any affine variety X is completely described by the knowledge of its
coordinate ring O (X), (the ring of regular functions on the whole variety), we can
associate uniquely to an affine variety X the affine scheme Spec O (X). As we noted
previously, the two notions of X as algebraic variety or as a scheme are different,
however they describe the same geometrical object from two different points of view.
Similarly to any algebraic variety (not necessarily affine) we can associate uniquely
a scheme. Moreover a morphism between algebraic varieties determines uniquely a
morphism between the corresponding schemes. In the language of categories, we say
we have a fully faithful functor from the category of algebraic varieties to the category
of schemes. For more details see [43], Ch. II, Proposition 2.3, and [29], Ch. I. We shall
show this proposition in Chapter 10 in the more general setting of supergeometry.

In the next example we describe the simplest example of a non-affine scheme: the
projective space.

Example 2.3.4 (Proj S). Let S be a graded commutative k-algebra, k a field, i.e.,
S =D~ Si, SiS; C Sit+j, So = k. The elements in S; are called homogeneous
elements of degree i. We define Proj S as the set of all relevant homogeneous prime
ideals (i.e., prime ideals generated by homogeneous elements, p # ;. Si). Proj S
is a topological space with the closed sets defined as

V(II)={peProjS |pDI}.
Define Wy as the open set
Wy = [Proj S| = V().

where (f') is the ideal generated by the homogeneous element f. The points of Wy
can be identified with the homogeneous primes of S| f ~!], which in turn correspond to
the primes in the ring of the elements of degree zero in S| f '], denoted by S[f~']o.
Hence we can identify Wy with the topological space Spec S[f ']y, which has an
affine scheme structure by its very definition. If xo, ..., x, are elements of degree 1
that generate the ideal €D, Si, then the open sets

(Proj S); :=Proj S — V(x;)

cover Proj S.

It is not hard to see, using Proposition 2.2.12, that the structure sheaves on each
(Proj S); extend uniquely and compatibly to a sheaf on Proj S to give a locally ringed
space that we denote by Proj S. By its very construction the locally ringed space Proj S
is locally isomorphic to the affine schemes Spec S[x; 0, hence it is a scheme.

IfS = k[xo, ..., x,]isthe graded polynomial ring, we also write P” for the scheme
Proj S and we call it the projective space of dimension n. (For more details on this
construction see [29], p.97.)
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2.4 Functor of points

When we are dealing with classical manifolds and algebraic varieties, we can altogether
avoid the use of their functor of points. In fact, both differentiable manifolds and
algebraic varieties are well understood just by looking at their underlying topological
spaces and the regular functions on the open sets.

However, if we go to the generality of schemes, the extra structure overshadows
the topological points and leaves out crucial details so that we have little information,
without the full knowledge of the sheaf. We shall see that the same happens for
supergeometric objects. For example the evaluation of odd functions on topological
points is always zero. This implies that the structure sheaf of a supermanifold cannot
be reconstructed from its underlying topological space. For now let us continue our
treatment of ordinary geometry.

The functor of points is a categorical device to bring back our attention to the points
of a scheme; however the notion of point needs to be suitably generalized to go beyond
the points of the topological space underlying the scheme.

Grothendieck’s idea behind the definition of the functor of points associated to a
scheme is the following. If X is a scheme, for each commutative ring A, we can define
the set of the A-points of X in analogy to the way the classical geometers used to define
the rational or integral points on a variety. The crucial difference is that we do not focus
on just one commutative ring A, but we consider the A-points for all commutative rings
A. In fact, the scheme we start from is completely recaptured only by the collection of
the A-points for every commutative ring A, together with the admissible morphisms.

Let (rings) denote the category of commutative rings and (schemes) the category
of schemes.

Definition 2.4.1. Let (|X|, Ox) be a scheme and let T € (schemes). We call the T -
points of X, the set of all scheme morphisms {7 — X}, that we denote by Hom(7, X).
We define the functor of points hy of the scheme X as the representable functor defined
on the objects as

hx : (schemes)® — (sets), hx(T) = Hom(T, X).

Hence hy (T) are the T-points of the scheme X . The restriction of iy to affine schemes
is not in general representable. However, since, as we noticed in Observation 2.3.3,
the category of affine schemes is equivalent to the category of commutative rings we
have that such restriction gives a new functor 4% :

h% : (rings) — (sets), h%(A) = Hom(Spec A, X) = A-points of X.
Notice that when X is affine, X = Spec @(X) and we have
h% (A) = Hom(Spec A, (X)) = Hom(O(X), A).

In this case the functor A% is again representable.
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This is a consequence of the following proposition, which comes from Observa-
tion 2.3.3.

Proposition 2.4.2. Consider the affine schemes X = Spec O(X)andY = Spec O(Y).
There is a one-to-one correspondence between the scheme morphisms X — Y and the
ring morphisms O(Y) — O(X).

Both iy and h$, are defined on morphisms in the natural way. If ¢: T — S isa
morphismand f € Hom(S, X) we define hix (¢)(f) = fo ¢. Similarlyify: A — B
is a ring morphism and ¢ € Hom(O(X), A) we define h% (¥)(g) = ¥ o g.

The next proposition tells us that the functors hx and h%, for a given scheme X,
are not really different, but carry the same information.

Proposition 2.4.3. The functor of points hx of a scheme X is completely determined
by its restriction to the category of affine schemes or equivalently by the functor

h%: (rings) — (sets), h%(A) = Hom(Spec 4, X).
Proof. See [29], Ch. VL. O

Example 2.4.4 (The affine space). Let A" be the affine space over a field k; its co-
ordinate ring is k[x1,...,Xy], the ring of polynomials. Its functor of points is by
definition A%, : (rings) — (sets), h,(A) = Hom(Spec A, A"). Since a morphism
of two affine varieties corresponds contravariantly to a morphism of their coordinate
rings (see Observation 2.3.3), we have Hom(Spec 4, A”) = Hom(k[xy,..., x,], A).
Any morphism ¢: k[xi,...,x,] — A is determined by the knowledge of ¢(x;) =

ai,...,¢(xn) = au, a; € A. The choice of such morphism ¢ corresponds to the
choice of an n-uple (ay,...,a,), a; € A. So, we can identify han(A) with the set
of n-uples (ay,...,a,) with entries in A. If A = Z or A = Q, this is the notion we

already encounter in classical algebraic geometry.

The functor of points, originally introduced as a tool in algebraic geometry, can
actually be employed in a much wider context.

Definition 2.4.5. Let M = (|M|, Oy) be a locally ringed space and let (rspaces)
denote the category of locally ringed spaces. We define the functor of points of the
locally ringed space M as the representable functor:

hag - (rspaces)®® — (sets), hpy(T) = Hom(T, M).
As before, hyys is defined on morphisms as follows: A (¢)(g) = g o ¢.

If the locally ringed space M is a differentiable manifold, we have the following
important characterization of morphisms.

Proposition 2.4.6. Let M and N be differentiable manifolds. Then
Hom(M, N) = Hom(C*°(N), C*(M)).



40 2 Sheaves, functors and the geometric point of view

We are going to see a proof of this result in the more general setting of supergeometry
in Chapter 4, Section 4.5.

We are now going to state Yoneda’s lemma, a basic categorical result. As an imme-
diate consequence, we have that the functor of points of a scheme (resp. differentiable
manifold) does determine the scheme (resp. differentiable manifold) itself.

Theorem 2.4.7 (Yoneda’s lemma). Let € be a category and let X, Y be objects
in € and let hy : €°° — (sets) be the representable functor defined on the objects
as hx(T) = Hom(T, X) and, as usual, on the arrows as hx (p)(f) = f - ¢, for
¢: T — S, f € Hom(T, X).

(1) If F: €°° — (sets), then we have a one-to-one correspondence between the
sets:
{hx - F} &= F(X).

(2) The functor
h: € — Fun(€%, (sets)), X — hy,

is an equivalence of € with a full subcategory of functors. In particular, hy = hy
if and only if X =~ Y and the natural transformations hxy — hy are in one-to-one
correspondence with the morphisms X — Y.

Proof. We briefly sketch it, leaving the details to the reader. Let a: hy — F. We
can associate to o, ay (idy) € F(X). Vice versa, if p € F(X), we associate to p,
o hxy — F such that

ay: Hom(Y, X) — F(Y), [f F(f)p. |

Corollary 2.4.8. Two schemes (resp. manifolds) are isomorphic if and only if their
functors of points are isomorphic.

The advantages of using the functorial language are many. Morphisms of schemes
are just maps between the sets of their A-points, respecting functorial properties. This
often simplifies matters, allowing us to leave the sheaves machinery in the background.
The problem with such an approach, however, is that not all the functors from (schemes)
to (sets) are the functors of points of a scheme, i.e., they are representable. The next
theorem establishes an important criterion. We shall state the theorem for functors from
(rings) to (sets) leaving to the reader, as a simple exercise, to write a similar statement
for functors from (schemes) to (sets).

Theorem 2.4.9. A functor ¥ : (rings) — (sets) is of the form ¥ (A) =Hom(Spec A4, X)
for a scheme X if and only if: o

(1) ¥ islocal or is a sheafin the Zariski topology. This means that for each ring R
and for every collection a; € ¥ (Ry,), with (f;,i € I) = R, so that a; and aj map to
the same element in  (Ry, s, ) for all i and ], there exists a unique element o € ¥ (R)
mapping to each o;.
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(2) ¥ admits a cover by open affine subfunctors. This means that there exists
a family U; of subfunctors of ¥, i.e., Ui (R) C F(R) for all R € (rings), U; =
hspecU;» With the property that for all natural transformations f: hspeca — F, the
functors f~Y(U;), defined as £~ (U;)(R) = f~1(U;(R)), are all representable,
e, {71 (U;) = hy,, and the V; form an open covering of Spec A.

Proof. See [29], p. 259 or [23], Ch. L. O

In Chapter 10 we are going to see a complete proof of this statement in the more
general setting of superschemes.

This theorem states the conditions we expect for F to be the functor of points of a
scheme. Namely, locally, F' must look like the functor of points of a scheme (property
(2)), moreover F' must be a sheaf, that is F' must have a gluing property that allows
us to patch together the open affine cover we are given in the hypothesis (property (1)
and (2) together).

A similar criterion holds for the functor of points in the differential category and
more general for a locally ringed space and we are going to discuss it in Chapter 9.

We conclude this section by examining the two important examples of projective
space and Grassmannian variety using the functorial point of view.

Examples 2.4.10. (1) Projective space. Letusrevisit Example 2.3.4 of projective space
as a scheme using the functor of points point of view. Define the functor /: (rings) —
(sets), where /1(A) is the set of projective submodules of A”*! of rank n. Equivalently,
by duality, we have that 7(A) consists of the morphisms a: A”*! — L, where L has
rank 1, modulo the equivalence relation @ ~ &’ if and only if ker(«) = ker(a’).

To complete the definition we need to specify # on morphisms ¥ : A — B.

Given a morphism i : A — B, we can give to B an A-module structure by setting

a-b=vy()b, acA beB.

Also, given an A-module L, we can construct the B-module L ®4 B. So given i and
the element of 2(A), f: A™ — L, we have an element of /(B),

h(Y)(f): B" =~ A" ®4 B — L ®4 B.

We want to show that /4 is the functor of points of the projective space, in other
words h = hp,,. We briefly sketch how to check property (2) in Theorem 2.4.9; as for
property (1) and in general for more details, we refer the reader to [23], Ch. 1, §1.

Property (2) says that we need to cover / by open affine subfunctors v;. The functors
v; are defined as follows. For A4 local, v; (A) is the set of « such thatx (0, ..., a;,...,0)
isinvertible. As an exercise one can show that v; corresponds to an open affine subfunc-
tor of /1, and it corresponds to the functor of points of an affine space of dimension n. If
A is local we have the following nice characterization of the A-points of the projective
space (see [29], Ch. 111, §2).
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Proposition 2.4.11. The A-points of P", for A local, are in one-to-one correspondence
with the set of n + 1-uples [ay, . . .,ay] € A" such that at least one of the a; is a unit,
modulo the equivalence relation [ay, . . ., an] = [Lao, ..., Aay] for any unit A in A.

(2) Grassmannian scheme. Classically the Grassmannian variety is a natural gen-
eralization of the projective space: its points are the set of r vector spaces inside an
m-dimensional vector space (r < m). It is a projective variety and now we want to
describe the functor of points of its associated scheme.

Define the functor Gr: (rings) — (sets) as follows. Gr(A) is the set of projective
quotients of rank r of A™, that is,

Gr(A) = {a: A™ — L, with L a projective A-module of rank r}/==.

« is a surjective morphisms, L’ is the kernel of @ and A™ = L @ L’, = means up to
isomorphism of L. Equivalently this is the set

Gr(A) = {A™/L’', with L' a projective submodule of A™ of rank m — r}
= {projective submodules L of A™ of rank r}.

As before we have the following characterization of Gr(A) in case A is a local ring
(projective A-modules are free). Gr(A) is the set of all free A-modules of rank r in A™
modulo isomorphism. If we have a ground field k and A = k we can see immediately
that Gr(k) are the points of the classical Grassmannian variety of r subspaces in k.

To complete the definition we need to specify Gr on morphisms ¥ : A — B the
same way we did before.

Given a morphism ¥ : A — B, we can give to B the structure of an A-module by
setting

a-b=vy(@b, acA beB.

Also, given an A-module L, we can construct the B-module L ®4 B. So given i and
the element of Gr(A), f: A™ — L, we have an element of Gr(B),

Gr(¥)(f): B" = A" ®4 B — L ®4 B.

The fact that Gr is the functor of points of a superscheme is again an application
of Theorem 2.4.9. For the property (1), namely the fact that Gr is local, we send the
reader to [23], Ch. I, §1. For the property (2), we have to give explicitly a cover by open

affine subfunctors. Consider the multi-index I = (iy,...,i;), 1 <i; <---<i, <m,
and the map ¢y : A” — A™ defined by setting ¢r(x1,...,x,) = (V1,-.., Vm), With
Vi, = X fork =1,...,mand y; = 0 otherwise.

Let us define subfunctors v; of Gr for A local as follows:
vy (A) = {a: A™ — L | a o ¢y is invertible}.

We leave it to the reader, as an exercise, to verify that the v; correspond to open
affine subfunctors of Gr isomorphic to the functor of points of affine spaces. In any
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case, we are going to study in detail this same example in the supergeometric setting in
Chapter 10. For more details on this and the previous example in the ordinary setting,
see [23], Ch. I, §1, and [29], Ch. VI.

2.5 Coherent sheaves

In this section we briefly give the definition and some basic properties of coherent
sheaves. This notion is introduced in ordinary algebraic geometry in order to charac-
terize sheaves which have good properties and in general are well behaved. As we shall
see in the next chapter, it is one of the building blocks for our definition of superscheme.

Let A be a commutative ring and M an A-module. We want to define a sheaf M on
Spec A, which has an @ 4-module structure, i.e., for all open sets U in Spec A, we want

M (U) to have an O4 (U)-module structure compatible with the restriction morphisms.
We are going to define the sheaf on the basic open sets Uy introduced in the previous
section; by Proposition 2.2.11, this will suffice.

Let us consider the assignment

Uf = Mf,

where My = M[f~!'] is the Ar-module obtained by M by inverting just the ele-
ment f € A. This assignment defines a B-sheaf that, by Proposition 2.2.11, extends
uniquely to a sheaf on Spec A that we denote by M. The next proposition summarizes

the properties of M.

Proposition 2.5.1. Let M be a module for a commutative algebra A. The sheaf M
defined above has the following properties:
)] M is an O 4-module;
2) (1\71)p =~ M, for all p € Spec A, i.e., the stalk at any prime p of the sheaf M
coincides with the localization of M at p;

(3) (M)(Spec A) = M, i.e., the global sections of the sheaf coincide with the A-
module M.

Proof. See Proposition 5.1, Ch. IT in [43]. |

Definition 2.5.2. Let X = (] X|, Ox) be a scheme, ¥ a sheaf on | X | of Ox-modules.
In other words, ¥ (U) is an Ox (U )-module for all U open in | X | and the restriction
morphisms behave nicely with respect to the Ox-module structure. We say ¥ is
quasi-coherent, if there exists an open affine cover {U; = Spec 4; };e; of X such that

Flu, = Mi for a suitable A;-module M;. ¥ is coherent if the affine cover can be

chosen so that the M;’s are finitely generated A;-modules.
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We are going to give an example of a quasi-coherent sheaf, which is most important
for our algebraic supergeometry applications.

Example 2.5.3. Let R be a commutative super ring. Ry is a commutative ring in the
ordinary sense. Since R; is an Ro-module, the whole of R is also an Ro-module,
hence we can construct the quasi-coherent sheaf R on the topological space Spec Ry.
One can easily check that (Spec Ry, E) is a locally ringed space. We shall see in more
detail in Chapter 10 that this is the local model for our definition of superscheme.

The next proposition establishes an important equivalence of categories.

Proposition 2.5.4. Let A be a commutative ring. The functor M +> M gives an
equivalence of categories between the category of A-modules and the category of
quasi-coherent sheaves of O 4-modules. The inverse of this functor is the functor ¥ +—
F (Spec A). If A is noetherian, the same functor gives an equivalence of categories
between the category of finitely generated A-modules and the coherent sheaves which
are O 4-modules.

Proof. See Corollary 5.5, Ch. Il in [43]. |

2.6 References

For the theory of sheaves and schemes see [37], [43], [29], [38] and the fundamental
paper by Serre that originated the theory [70]. For a complete treatment of the functor
of points of a scheme see [23]; however, a good summary of most of the properties
needed is found in [29]. As for all the algebraic statements (e.g. the definition of
localization, its properties and so on), we refer to the classical textbooks [51], [2].



3

Supergeometry

In this introductory chapter, we begin our discussion on the foundations of superge-
ometry. We give an overview on some fundamental supergeometric objects, namely
supermanifolds and superschemes, that we shall discuss in detail in the forthcoming
chapters. Here, we also want to stress how the functorial treatment allows the simul-
taneous treatment of both the differential and the algebraic categories at once.

The most basic supergeometric object, the superspace, is first introduced, from
which the concepts of supermanifolds and superschemes are then built. We leave
for later chapters the full development of all of these notions. We also give a brief
description of the functor of points approach in supergeometry, which will be mas-
sively employed, both in the differential and algebraic category, in all of the following
chapters. We illustrate the definitions and the basic concepts with some key exam-
ples, including supermatrices and the general linear supergroup, which turn out to be
fundamental in the later development.

3.1 Superspaces

A unified way to look at the categories of ordinary differentiable manifolds or algebraic
schemes, is to think of an object as a pair, consisting of a topological space together
with a sheaf of functions defined on it. Such a pair is often referred to as a ringed
space. For ordinary manifolds, for example, the sheaf of functions is the sheaf of the
C*° functions while for ordinary algebraic varieties it is the sheaf of regular functions,
as we have seen in the previous chapter. We are going to generalize this point of
view, discussed in detail for the ordinary setting in the previous chapter, introducing
supermanifolds and superschemes in the framework of ringed spaces.

Definition 3.1.1. As in ordinary algebraic geometry, a super ringed space S is a
topological space | S| endowed with a sheaf of commutative super rings, called the
structure sheaf of S, which we denote by Og. Let S denote the super ringed space
(S, Os).

Notice that S¢ := (||, Os,0) is an ordinary ringed space as in Definition 2.2.13,
where Ogs,0(U) := Ogs(U)y is a sheaf of ordinary rings on |S|. Notice also that
Os5,1(U) := Os(U); defines a sheaf of O o-modules on |S|, i.e., for all open sets U
in | S|, we have that Og ;(U) is an Ogs,0(U)-module and this structure is compatible
with the restriction morphisms.
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Definition 3.1.2. A superspace is a super ringed space S with the property that the
stalk O is a local super ring for all x € |S].

As in the ordinary setting a commutative super ring is local if it has a unique
maximal ideal. Notice that any prime ideal in a commutative super ring must contain
the whole odd part since it contains all nilpotents.

As we have seen in the previous chapter, ordinary differentiable manifolds and
algebraic schemes are examples of superspaces, where we think of their sheaves of
functions as sheaves of commutative super rings with trivial odd part.

Let us now see an example of a superspace with non-trivial odd part.

Example 3.1.3. Let M be a differentiable manifold, |M| its underlying topological
space, C,r the sheaf of ordinary C* functions on M. We define the sheaf of super-
commutative R-algebras as (for V' C |M| open)

Vs Oy (V) = CRIH,....09],

where CR(V)[01,...,09] = CP(V) ® A(OL,...,609) and the 67 are odd (anticom-
muting) indeterminates. As one can readily check, (|M |, Opr) is a super ringed space;
moreover (|M |, Opr) is also a superspace. In fact Oy x is a local ring, with maximal
ideal m s , generated by the maximal ideal of the local ring C A(’f . and the odd elements
6',...,09. One can check immediately that all the elements in Oumx \ mpx are
invertible.

In the special case M = R?, we define the superspace

R7 = (R?, Co[0".....09)).

From now on, with an abuse of notation, R? 19 denotes both the super vector space R? &
R? and the superspace (R?, Co [0, .. .. 69]), the context making clear which one we
mean. R?9 plays a key role in the definition of supermanifold since it is the local model.
IfzY, ..., ¢t? are global coordinates for R? we shall speak oft!,....t?7, 0, ...,07as
a set of global coordinates for the superspace R?17.

We are going to study the example of R?! in detail in the next chapter.

Definition 3.1.4. Let S = (|.S|, Os) be a superspace. Given an open subset |U| C |S],

the pair (|U|, Os|jy)|) is always a superspace, called the open subspace associated to
U1

The next example is very important for our applications.

Example 3.1.5 (Supermatrices M, and the general linear supergroup GL,|;). Let

My, = RP>+4*2P4_ This is the superspace corresponding to the super vector space
of (plg x p|q)-matrices, the underlying topological space being M,, x M, the direct
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product of p x p and (¢ X ¢)-matrices (see also Remark 1.4.1). As a super vector space
we have

= () s[4 D o= (2 2)

where A, B, C, D are respectively p X p, p X ¢, q X p, (¢ X q)-matrices with entries
in R.

Hence as a superspace M|, has p? + ¢ even global coordinates t*/, 1 <i,j < p
orp+1<i,j<p+gq,and2pgoddones 0% 1<k <p,p+1<I<p+gqgor
p+1=<k=<p+q,1 =<1 < p. Thestructure sheaf of M, is the assignment

Vi Om,, (V) = Cﬁiqu(V)[le] for all VV open in M, x M.

The superspace M|, = (Mp X Mg, Owm,,,, ) is called the superspace of supermatrices.

Now let us consider in the topological space M, x M, = [RP2+‘12, the open set U
consisting of the points for which det(#;;)1<i,j<p 7# 0 and det(t;;)p+1<i,j<p+q F
0. We define the superspace GL,|; := (U, Owm,,,|u), the open subspace of My,
associated to the open set U. As we shall see, this superspace has a Lie supergroup
structure and it is called the general linear supergroup.

Next we define morphisms of superspaces, so that we can talk about the category
of superspaces.

Definition 3.1.6. Let S and 7 be superspaces. Then a morphism ¢: § — T is a
continuous map |¢|: |S| — |T'| together with a sheaf morphism ¢*: O — ¢4«Os so
that ¢} (m7,|y|(x)) C Mg, x, Where mg  is the maximal ideal in O, while M7 |¢|(x)
is the maximal ideal in O7,¢|(x) and ¢} is the stalk map.

Remark 3.1.7. Recall from the previous chapter that the sheaf morphism ¢*: O —
@« O corresponds to the system of maps ¢7; : O (U) — Os(|p|~}(U)) for all open
sets U C |T|, compatible with the restriction morphisms. To ease notation, we also
refer to the maps ¢, as ¢*.

Essentially the condition ¢} (m1)4|(x)) C M means that the sheaf homomorphism
is local. Note also that ¢* is a morphism of supersheaves, so, as usual, it preserves
the parity. The main point to make here is that when we are giving a morphism of su-
perspaces the sheaf morphism must be specified along with the continuous topological
map, since sections are not necessarily genuine functions on the topological space as
in ordinary differential geometry. An arbitrary section cannot be viewed as a function
because commutative super rings have many nilpotent elements, and nilpotent sections
are identically zero as functions on the underlying topological space. Therefore we
employ the methods of algebraic geometry to study such objects. We will address this
in more detail later. Now we introduce two types of superspaces that we examine in
detail in the forthcoming chapters: supermanifolds and superschemes.
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3.2 Supermanifolds

A supermanifold is a specific type of superspace, which we describe via a local model.
Because we always keep an eye on the physics literature from which supersymmetry
springs, the supermanifolds of interest to us are the C °°-supermanifolds over R. Nev-
ertheless, all the definitions we give here hold also in the context of analytic real or
complex supermanifolds, as we shall see more explicitly at the end of the next chapter.

Let C° be the sheaf of C*°-functions on the domain U C R”. We define the su-
perdomain UPM to be the superspace (U, CR[01, ..., 89]) where CP[6, ..., 09] =
Clu ® A(6,....0%). Most immediately, the superspaces R?!4 are superdomains
with sheaf C29[61, ..., 69].

Definition 3.2.1. A supermanifold M = (|M |, Q) of dimension p|q is a superspace
that is locally isomorphic to R?!4. In other words, given any point x € | M|, there
exists a neighborhood V' C |M| of x with ¢ odd indeterminates 6/ so that

V = Vyopenin R?, Oply = C®@Y,....tP)[O,...,09. (3.1
——
Crrlvo
We call t1,...,t?7,0',...,09 the local coordinates of M in V and p|q the su-

perdimension of the supermanifold M.

Morphisms of supermanifolds are morphisms of the underlying superspaces. For
M, N supermanifolds, a morphism ¢: M — N is a continuous map |¢|: |M| —
|N| together with a local morphism of sheaves of superalgebras ¢*: On — <Oy,
where local, as before (see Chapter 2), means that ¢ (mpx) = m N,lol(x)> Where
¢x: ON,jol(x) = Om,x is the stalk morphism, for apoint x € |M |, and mps x, mn,|o|(x)
are the maximal ideals in the stalks. Note that in the purely even case of ordinary C *°-
manifolds, the above notion of a morphism agrees with the ordinary one.

We may therefore talk about the category of supermanifolds. The difficulty in deal-
ing with C*°-supermanifolds arises when one tries to think of “points” or “functions”
in the traditional sense. The ordinary points only account for the topological space and
the underlying sheaf of ordinary C °°-functions, and one may truly only talk about the
“value” of asection f € Oy (U) for U C |M | an open subset; the value of f atx € U
is the unique real number ¢ so that f — ¢ is not invertible in any neighborhood of x.
For concreteness, let us consider the example of M = R, with global coordinates #
and 6. Let us take the global section f = 10 € Ops(R). For any non-zero real num-
ber ¢, we have that 10 — ¢ is always invertible since 6 is nilpotent, its inverse being
—¢72t0 — ¢~'. Hence the value of #6 at all points x € R = |R!/'| is zero. What this
says is that we cannot reconstruct a section by knowing only its values at topological
points. Such sections are then not truly functions in the ordinary sense, however, now
that we have clarified this point, we may adhere to the established notation and call
such sections “functions on U”. We shall return to the delicate notion of value of a
section at a point in Chapter 4, Section 4.1.
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Remark 3.2.2. Let M be a supermanifold, U an open subset in |M |, and f a function
onU.IfOy(U) = C®(@t!,...,t7)[0',...,09] asin (3.1), there exist even functions
fr e C®@) (t =t',...,tP)) so that

q
f@.0) = fo)+) i)'+ fij()6°67 +--- = fo)+ D fr()6", (3.2)

i<j 11]=1

where [ = {i; <ip <--- < ir}‘f:l.

So in some sense, we can expand f(¢, 8) in power series, with respect to the odd
coordinates §/’s. We are going to discuss this important point further in the next
chapter.

Let us establish the following notation. Let M be a supermanifold, then we write
the nilpotent sections (i.e., the sections in the nilpotent part of Q) as

Iv = Oma + Oy = (Op1) 0, -

’Ihis is an ideal sheaf in ()4 and defines a natural subspace of M we shall call Mg
or M (not to be confused with the notation for coherent sheaves in Proposition 2.5.1),
the reduced manifold associated with M where

M = (M|, Om/Im).

Note that M isa completely even superspace, and hence lies in the ordinary category
of ordinary C °*°-manifolds, i.e., it is locally isomorphic to R?. The quotient map from
Oy — Op/Jpr defines the inclusion morphism M < M. The subspace M should
not be confused with the purely even superspace (|M |, Op,0), which is nor a C*°-
manifold, since the structure sheaf still contains nilpotents.

We now examine closed submanifolds in the super category.

Definition 3.2.3. Let M = (|M|,Op) be a supermanifold. We say that N =
(|N|, On/ I) is a submanifold of M if:

(1) N is a supermanifold,
(2) |N|is aclosed subset of | M|,

(3) I is an ideal sheaf of Oy with the following property: for all x € |N|, there
exists a neighbourhood Uy of x in | M | and an appropriate choice of coordinates
in M and N such that !, ... ¢™ 61, ..., 6" are coordinates for x in the open
subspace (Uy, Opr|y,) of M while ¢!, ..., tP, 01, ..., 04 are coordinates for x
in the open subspace (Ux N |N|, (Op/D)y.nn)) of N (where p <m, q < n).

One sees immediately that M = (M|, Opr/Jar) is a submanifold of M while
there is no natural way to realize (|M |, Opr,0) as a submanifold of M.
We shall return to the concept of submanifold in Chapter 5, Section 5.3.
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3.3 Superschemes

A superscheme is an object in the category of superspaces that generalizes the notion of
an ordinary scheme, which we have introduced and discussed in the previous chapter.

Definition 3.3.1. A superspace S = (|S|, Os) is a superscheme if (|S|, Os,) is an
ordinary scheme and O ; is a quasi-coherent sheaf of O ¢-modules.

As we shall see in Chapter 10, superschemes are also characterized by local models,
called in this case affine superschemes. They are superspaces locally isomorphic to the
spectrum of superrings, in analogy with the ordinary setting.

Because any non-trivial supercommutative ring has non-zero nilpotents, we need
to redefine what we mean by a reduced superscheme.

Definition 3.3.2. We say that a superscheme S is super reduced if Og/Js is reduced.
In other words, in a super reduced superscheme, we want that the odd sections generate
all the nilpotents.

Example 3.3.3 (The affine superspace). Let A™ be the ordinary affine space of di-
mension m over a field k. A™ consists of the topological space k™, that is the vector
space k" with the Zariski topology, and the sheaf 9 gm of regular functions on k. On
k™ we define the sheaf @ ymi» of superalgebras in the following way. Given U C k™
open,

Opmin(U) = Ogm (U) ® N1, .., 6n)

where &1, ..., &, are odd (anticommuting) indeterminates. One may readily check that
(k™, @ pmin) is a reduced superscheme, which we here denote by Amin

Let us now revisit the Example 3.1.5 taking the algebraic point of view.

Example 3.3.4 (Algebraic supermatrices M;l‘gq and the algebraic general linear super-

group GL;llgq). Let M;llgq = AP°+4%12P4 be the affine superspace corresponding to the

super vector space of (p|g x p|g)-matrices with entries in the field k. The underly-
ing topological space of M;ng is the product M5% x M4¢, where M3¢ denotes the set
of (p x p)-matrices with entries in k, with the Zariski topology. The super ring of
global sections of M;llgq is k[t 0K, with1 <i,j <porp+1<i,j<p+4gq
andl <k <p,p+1 <l <p+qgorp+1<k<p+gq,1 <1< p. The
conditions det(;j)1<i,j<p 7# 0and det(#;;)p+1<i,j<p+q 7 O define a Zariski open set
U in M32 x M52, hence we have a superspace GL;lf’; = (U, Owm,,,|v)- One can check
immediately that this is a superscheme. From now on we shall drop the suffix alg to
improve readability, the context making clear if we are considering the general linear
supergroup GL,, in the algebraic or in the differential context.

Morphisms of superschemes are just morphisms of superspaces, so we may talk
about the subcategory of superschemes. The category of superschemes is larger than the
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category of schemes; any scheme is a superscheme if we take a trivial odd component
in the structure sheaf. We will complete our exposition of the category of superschemes
in Chapters 10-11.

3.4 The functor of points

The presence of odd coordinates steals some of the geometric intuition away from the
language of supergeometry. For instance, we cannot see an “odd point” — they are
invisible both topologically and as classical functions on the underlying topological
space. We see the odd points only as sections of the structure sheaf. To bring some of
the intuition back, we turn to the functor of points approach from algebraic geometry.

Definition 3.4.1. Let S and T be superspaces. A T -point of S is a morphism 7" — S.
We denote the set of all T-points by S(7"). Equivalently,

S(T) = Hom(T, S).
We define the functor of points of the superspace S to be the functor

S: (sspaces)® — (sets), T +— S(T), S(@)(f)= f oo,

where (sspaces) denotes the category of superspaces and the superscript op as usual
refers to the opposite category (see Appendix B for more details).

By a common abuse of notation the superspace S and the functor of points of S are
denoted by the same letter. Whenever it is necessary to make a distinction, we shall
write i g for the functor of points of the superspace S.

We have defined the functor of points of a superspace; clearly we can also define the
functor of points of a supermanifold or a superscheme, just by changing the category
we start from.

Definition 3.4.2. Let (smflds) and (sschemes) denote respectively the categories of
supermanifolds and superschemes introduced above. We define the functor of points
of the supermanifold M to be the functor

M : (smflds)® — (sets), T +— M(T), M) f = f o¢.
Similarly we define the functor of points of the superscheme X to be the functor
X : (sschemes)® — (sets), T X(T), X()f = foo.

The importance of the functor of points is a consequence of the following lemma,
which is one of the many versions of Yoneda’s lemma (see also Theorem 2.4.7).
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Lemma 3.4.3 (Yoneda’s lemma). Let M and N be two superspaces (resp. superman-
ifolds or superschemes). There is a bijection from the set of morphisms ¢: M — N
to the set of maps o1 : M(T) — N(T), functorial in T. In particular M and N are
isomorphic if and only if their functors of points are isomorphic.

Proof. Givenamap ¢: M — N, for any morphism¢: T — M, ¢ ot is a morphism
T — N. Conversely, we attach to the system (@7 ) the image of the identity map from
oM M(M) — N(M). For more details see Appendix B. O

Yoneda’s lemma allows us to replace a superspace (resp. a supermanifold or a
superscheme) S with its set of T'-points, S(7"). We can now think of S as arepresentable
functor from the category of superspaces (resp. supermanifolds or superschemes) to the
category of sets. In fact, when constructing a superspace, it is often most convenient
to construct first its functor of points and then prove that the functor is representable
in the appropriate category. In fact in Chapter 9 we shall give a criterion for the
representability of functors from the category of supermanifolds to the category of sets
while in Chapter 10 we shall prove the same result for superschemes. As in the ordinary
case (see Theorem 2.4.9), it turns out that representable functors must be local, i.e.,
they should admit a cover by open affine subfunctors, which glue together in some
sense that we shall specify.

The following proposition, that we shall prove in the next chapter, is very useful
when we want to explicitly describe the functor of points of a supermanifold or a
superscheme. Its very formulation shows how the functorial treatment allows us to
deal at once with both the differential and algebraic categories.

Remark 3.4.4. To ease the notation we write @7 (T') or simply @ (T) for the global
sections of a superspace T .

Proposition 3.4.5. Let M = (|M|,Op) and T = (|T|, Or) be supermanifolds or
affine superschemes. Then

Hom(7T, M) = Hom(O (M), O(T)).
Let us give some examples of 7-points.

Examples 3.4.6. (i) Let T be just an ordinary topological point viewed as a super-
manifold, i.e., T = R%% = (R®, R). By definition a T-point of a manifold M is a
morphism ¢ : R%® — M. ¢ consists of a continuous map |¢|: R® — | M|, which cor-
responds to the choice of a point x in the topological space | M |, and a sheaf morphism
¢*: Oy — ¢«(R), which assigns to a section its value in x. Then a T-point of M is
an ordinary topological point of | M |.

(ii) Let M be the supermanifold R” 9 andlet T be a supermanifold. By the previous
proposition we have that a 7-point of M corresponds to a morphism

OM) =C@!,....tP)[0L,....09 — O(T).
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Then, in this case, a T-point of M is a choice of p even and ¢ odd global sections
on T. This is made more clear in Chapter 4 by Theorem 4.1.11. Thus R?14(T) =
(9;,0(T) (&) (9%1(T).

(iii) Let X be the superscheme A" ag in Example 3.3.3 and let T be an affine
superscheme. By definition, a T-point of X is a morphism of schemes ¢: T —
A™I" which again, by the previous proposition, corresponds to a super ring mor-
phism ¥ : Q(A™") — O(T), that is ¥ : k[x1,...,Xm. 1. ... Ex] = O(T), where
k[x1,...,Xm,€&1,...,E] denotes the polynomial algebra in the even (commuting) in-
determinates x1, ..., X, and in the odd (anticommuting) ones &1, ..., &,. Hence, as
before, ¥ amounts to a choice of m even global sections in @(7T') and n odd ones:

AT = O(T)g & O(T)}
={(ar,....am,a1,....0n) | a; € O(T)o, aj € O(T)1}.

We already see the power of T -points in these examples. The first example (7 =
R°I%) gives us complete topological information while the second (M = R?!%) allow us
to talk about coordinates on supermanifolds. The third example shows how remarkably
the differential and the algebraic categories resemble each other under the functorial
treatment.

We plan to fully explore all these topics in the next chapters.

3.5 References

For our brief introduction and overview of supergeometry we send the reader to the
works by Berezin [10], Kostant [49], Manin [56] and the notes of Bernstein [22]. In
such papers, especially at the beginning, such exposition is done with more details. In
particular in [56] there is a discussion of what a superscheme is, and, though implicitly,
the problem of representability makes its appearance. In [49], in 2.15, there is a
discussion of Proposition 3.4.5.
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Differentiable supermanifolds

In this chapter we come to a more systematic and detailed study of supermanifolds. We
shall be mainly interested in smooth supermanifolds, briefly discussing, only towards
the end of the chapter, some aspects of real and complex analytic supermanifolds.

As we have seen in the previous introductory chapter, a smooth supermanifold is a
superspace locally isomorphic to the superspace R™" which is an example of super-
domain. We start by discussing various results and local properties of superdomains;
the most important is the Chart Theorem, which allows us to characterize morphisms
of superdomains.

We then proceed to a thorough description of the category of supermanifolds and
their morphisms, introducing the concepts of tangent space and differential of a super-
manifold morphism.

In analogy with ordinary differential geometry, we shall see that we can reconstruct
a supermanifold starting from the superalgebra of the global sections of its structure
sheaf. This is a fundamental result, and for this reason we devote a good part of
this chapter to proving it in all details. As a consequence of this result we have a
bijective (contravariant) correspondence between morphisms of supermanifolds and
morphisms of the superalgebras of their global sections. This is the main tool we are
going to employ to discuss supermanifold theory via the functor of points approach.

4.1 Superdomains and their morphisms

In this section we collect a few fundamental results on superdomains that we shall need
in the sequel to develop the theory of smooth supermanifolds. The main result here
is the Chart Theorem, which allows us to identify a morphism between superdomains
of dimension m|n and p|g with p even and ¢ odd functions in m even and n odd
indeterminates. This is a very natural generalization of a similar result for ordinary
differentiable manifolds.

Let us start by recalling a few definitions from Chapter 3.

Definition 4.1.1. We say that S = (|S|, Os) is a super ringed space if |S| is a topo-
logical space and Oy is a sheaf of super rings. If the stalk O , is a local super ring
for all points x € |S| we say that S is a superspace.

Definition 4.1.2. We define the smooth superdomain of dimension (p|q) to be the super
ringed space Urld = (U, Oy piqa), where U is an open subset of R? and Oy p14 (V) =



4.1 Superdomains and their morphisms 55

C>®(V)® A foreach V open subset of U, with A? = A(9!,...,09). p|q is called
the superdimension of the superdomain. We denote by O (U ?!7) the global sections of
the sheaf Oy piq.

A morphism between two superdomains V" and UP!? is a morphism of super
ringed spaces.

Remark 4.1.3. It is a consequence of Lemma 4.1.9 or of a similar ordinary result
(see Example 3.1.3) that each superdomain is actually a superspace. Moreover we
will show that morphisms between smooth superdomains are automatically superspace
morphisms (see Lemma 4.2.3).

In the following we will make frequent use of the multi-index notation. An n-

tuple I = (iy,...,i,) of non-negative integers is called a multi-index. We define
1] := Z;?:l ijand I'! :=ii!...i,!. Moreover we will use the shorthand

ol ol

oxI - Bxil . ..ax,i,” .

If f € Oyria(V), we can speak of the value f(x) of f atapointx € V.

Definition 4.1.4. Let f = fy + le\zl f167 be a section in Oy e (V), fo, f1 €
C®((V). If x € V, the value f(x) of f at xis fo(x).

Remark 4.1.5. When we speak of the value of a section we mean a real number
J(x) € R. We may however use the same notation to mean just a section in O piq (V),
to stress its dependence on x, which hence in this case is not assumed to be a point,
but just a set of coordinates. This ambiguity is already present in the ordinary setting,
and we shall make an effort to warn the reader whenever confusion may arise.

The next lemma gives an intrinsic characterization of f(x).

Lemma 4.1.6. Let f = fo + Z\Ilzl 167 be a section in Ouyria(V). If x € V, then
f(x) is the unique number such that f — f(x) is not invertible in any neighborhood
of x contained in V.

Proof. Classically, thatis when f = fy, the resultis true, hence fo(x) is the unique real
number for which fy — fo(x) is not invertible in any neighbourhood of x. We have f —
fo(x) = fo— fo(x)+ n, with n nilpotent. Since invertibility is not changed by adding
a nilpotent element, we have that f — f,(x) is not invertible in any neighbourhood of
x. Uniqueness also comes from the classical result. |

If UP! is an ordinary domain, that is ¢ = 0, the value of a section f, now a true
function on the topological space U, is f(x), that is, the function f evaluated at the
point x as one usually intends this.

RP14 denotes the superdomain whose reduced space is R? and whose sheaf of
sections is given by Oppis (U) := C*®°(U) ® A9 for each U open subset of R?.
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Remark 4.1.7. The reader should notice that here R?19 denotes a completely differ-
ent object than the super vector space R?? introduced in Chapter 1. We will see in
Example 4.6.3, in what sense these two objects can be identified.

If {t"}f’=1 are coordinates in C*°(U), and {Qj }?zl is a system of linearly inde-
pendent algebraic generators of /\?, then the set {¢?, 6/} is called a system of (super)
coordinates on UP!9. The assignment of a superdomain U?!4 together with a system
of super coordinates is called a superchart or chart for short. We notice that on U 714
there is a canonical chart, consisting of the canonical coordinates inherited from R?!4.

We now want to discuss morphisms between superdomains in more detail. We start
with an example, that will lead us to the formulation of the Chart Theorem.

Example 4.1.8. Consider the supermanifold R!? with a morphism ¢: R'? — R1I2,
On R'? we have global coordinates 7, 8!, #2 and so we may express any section
f asin (3.2):

f=71.0"0%) = fol) + (D" + f()0? + fr2(1)6' 6.

Then fo € C°°(R) sits as a function on the C°°-manifold R. By definition the
morphism ¢ is described by a continuous map |¢| and a sheaf morphism ¢*.
Let us first prescribe the images of the global coordinates under ¢*:

1% =1+ 0162,
! > 61* := 0!, 4.1)

6% > 0%* == 9.

We claim that knowing ¢* on only these global coordinates is enough to completely
describe ¢. Indeed, we first see that t > ¢ + 0162 tells us that |@| is just the identity
map. Next, let £ € C®(¢)[0!, 0?] be as above. Then f > ¢*(f) := f* can be
written formally as

f* — f(t*,el*’QZ*)
= ot +0'0%) + fit +0'6%)0" + fo(t + 6'02)0% + fia(t + 0160162,

And so we must only make sense of f7 (¢ 4+ 6162). The key is that we take a formal
Taylor series expansion; the series of course terminates due to the nilpotence of the the
odd coordinates:

fi(t +010%) = fr(t) + 616 f; ().

It is easy to check that this in fact gives a homomorphism of superalgebras. For
g, h € C®(R), (gh)* = gh + 0'0%(gh)’ = g*h*. Notice moreover that in order to
determine the sheaf morphism, it is enough to specify the images of the global sections
since the full sheaf map is determined by restrictions of the global coordinates, as we
shall see in complete and detailed generality later. So in this example, in fact, the
morphism induced by equations (4.1) is unique via the above construction.
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This fact is indeed true in general. As we shall see, the Chart Theorem states that
a morphism ¢ between superdomains is determined by images of local coordinates
under the sheaf morphism ¢*. Its proof requires a preliminary result on polynomial
approximations of smooth sections, which is of interest by itself.

Lemma 4.1.9 (Hadamard’s lemma). Let UP!9 be a superdomain, f € O(UPM) and
x € |UPM| = U. Then for each k € N there exists a polynomial Py x of degree k in
th—tY(x), ..., tP —tP(x), 0, ..., 09, such that

f_Pk,xe])I:—H

where I, = {f € O(UP1) | f(x) =0l
Moreover if f and g are such that for a given k > q, f — g € I)’f'H for each
x € |UPM| then f = g.

Notice that I, is the ideal generated by 6!, ...,69 and by the maximal ideal of
sections in C*°(U) vanishing at x.

Proof. Consider x € U with coordinates #,...,tf. Let f =Y ; 10! e C®U) ®
Y. For each given integer r, f; € C*°(U) can be expanded using Taylor series:

1 /ol f
10 = fitw) + Y () =) b0 -0
e VPN I a0
Here hy, e C*®U), t = (t',...,tP), and we are using a multi-index notation.

Notice that in this expression f7(fp) is the value of the C*° function f7 in ¢y in the
ordinary sense.

Define
1 s
Pr.(t)= f1(t —( ) t—1to)?,
() = fi(to) + Y ) o)
lyl<r
Rpys1(t) = hr e (1)t — 1)
Clearly Py, is a polynomialin ! —¢1(x),..., 17 —t?(x) of degree r, while Ry ,+1 €

I7*1. Now define
Prex(t.0) = Pri—ip(n6”.
1

One can readily check that this satisfies the requirements of the statement.

Now we turn to the second part of the statement. Leth = f —g € | )]C‘H for all
x € [UPM| with k > g. We want to show that 4 = 0. Since 87 = 0 for |I| > ¢ for all
x, it follows that & = Zl,lllsq hr6!, where h; € I for some r > 0. By definition,
hy(x) = 0forall x € U, hence hy is identically zero and we have & = 0. O
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Remark 4.1.10. Before turning to the proof of the Chart Theorem we stress that the
above lemma has a number of consequences that deserve attention, and that will be
discussed more deeply in Section 4.3.

Theorem 4.1.11 (Chart Theorem). Let U C RP14 and V C R™" be open superdomains
(with canonical charts). There is a bijection between

(1) the set of morphisms ¢: V — U and

(ii) the set of systems of p even functions t'* and q odd functions 87* in O (V) such
that (t'*(m), ..., tP*(m)) € |U| forallm € |V|.

Proof. 1tis clear that if we have a morphism ¢ we can uniquely associate to it a set of
p even and ¢ odd functions in @(V). In fact, we take t'* := ¢*(¢?), 6/* := ¢*(07),
where {t, 6/} is the canonical chart in O (U).

Assume now that (i) holds. We denote by {t*, 67} and {x", £°} coordinates on U
and V, respectively. Itis clear that we have a continuous map |¢|: |V| — |U|. We now
need to show that there exists a unique superalgebra morphism ¢*: C®(|U|)®@ A\? —
C®(|V]) ® \" such that ¢*(t') = t** and ¢*(67) = 6/*. Let us start with the
existence of such ¢*. It is enough to show that there exists a superalgebra morphism
¢*: C®(|U|) = C>(|V]) ® /\", since we know the image of the polynomial odd
generators 7. Lett* = t* 4n' witht* € C®(|V|),n’ := =1 171 €7 and define
the pullback, through a formal Taylor expansion, by

p (=3 2]
Y

Y
T 4.2)

where we are using a multi-index notation as in Lemma 4.1.9 and by |z we mean to

substitute any instance of #; with t?‘.
We show that it is a superalgebra morphism. Indeed,

LV )
0=

-> ()5

Ot<y
B Z 10*f
ol 0t®

We now come to uniqueness. Suppose that ¢ and ¢ are two morphisms C*°(|U|) ®
A? — C®(|V]) ® A" such that ¢} (t') = ¢p3 (1) = 1*, ¢F(07) = ¢p3(07) = 07*.
They clearly coincide on polynomial sections. If x € |U|, f € C®(|U]) ® A\?, due
to Lemma 4.1.9, we can write, for k > g, f = Py + h with h € I¥*1. Hence
(@ — ) (Prx + h) = (¢7 — ¢5)(h). It is easily checked that ¢;“(1)’f) - If with y
such that |¢|(y) = x, so that the result follows in view of Lemma 4.1.9.

14

z*

07 g
t* 817’ o
L, 1 0Pg
-; ﬂt 3,13

v

1
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Given the superalgebra morphism ¢*: C®(|JU)) ® A? — C®(|V|) ® /\" and an
opensubset |W| C |U|, reasoning as before we can define amorphism ¢y, : C(|W|)®

A= C>(lp|7 (W) ® A" by
Clw = ™ lg1qwpys 07 lw = 07 g-1qw))-

In this way it is easy to check that we have a sheaf morphism. We leave to the reader
the easy check of all details. O

Remark 4.1.12. Equation (4.2) in the proof of the previous proposition gives the
recipe for calculating the pullback of a generic section from the pullback of the super
coordinates.

Notice also that because the expansion (4.2) involves an arbitrary number of deriva-
tives, there is no straightforward way to make sense of C¥-supermanifolds.

4.2 The category of supermanifolds

In this section we introduce the category of supermanifolds. A supermanifold is es-
sentially a super ringed space locally modelled by superdomains. Since, as we have
seen in the previous section, smooth superdomains are superspaces, we have that also
supermanifolds are superspaces.

We also define the important technical notion of partition of unity in the super
context, which we shall use in many proofs, and we discuss the reduced manifold
associated with a supermanifold.

Definition 4.2.1. A superspace M = (|M |, Opy) is called a supermanifold if
(i) |M| is a (locally compact) second countable Hausdorff topological space
(ii) foreach x € |M | there exists an open neighborhood U > x such that there exists
an isomorphism
U, Op|v) 25 umin ¢ rin
for fixed (i.e., independent of x) m|n, where U™ is a superdomain in R™/".

A morphism between supermanifolds is a morphism between the corresponding
superspaces. The pair m|n is called the superdimension (or dimension for short) of M.

We denote by (smflds) the category of supermanifolds. Clearly each superdomain
is a supermanifold. The pair (U, ¢y ) is called a superchart (or chart) around x € U.

In analogy with Lemma 4.1.6, we can prove the following lemma that enables us
to give precise meaning to the evaluation of a section in the structure sheaf.

Lemma 4.2.2. Let M be a smooth supermanifold, U be an open subset of |M |, and
f € Op(U). There exists a unique real number f(x) such that f — f(x) is not
invertible in any neighborhood U C V containing x. Moreoverif (V' t*,07) isa chart
containing x and containedin'V, and f|y: = fo+ 31 s1 /1 01, then f(x) = fo(x).
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The next lemma shows that a morphism of supermanifolds as super ringed spaces
is automatically a morphism of superspaces, hence of supermanifolds. This result is
especially important for applications.

Lemma 4.2.3. Let M and N be supermanifolds, andlet p: M — N, ¢ := (|¢p|, $*)
be a super ringed spaces morphism. Then

M) ¢*(NH(x) = f($l(x)) for all f € On(U),

(il) ¢ defines a supermanifold morphism.

Proof. Let us start with the proof of (i). Suppose that ¢*(f)(x) # f(|¢|(x)). If
g = f— f(¢l(x)) € On(U), this means that ¢p*(g)(x) # 0. g is not invertible
in any neighbourhood of |¢|(x), however, since ¢* is a superalgebra morphism and
¢*(g)(x) # 0, we have a contradiction.

In order to prove (ii), we only need to prove that ¢* is a local morphism in the sense
that if Jig|(x) denotes the maximal ideal of the stalk Opy,|¢|(x) then

" (Jipix) S Jx-

Since J, identifies with the germs of sections that evaluated at x are zero, (ii) follows
directly from (i). O

Remark 4.2.4. We can state the following more general version of the Chart Theorem
that is proven in the same way as its local version 4.1.11.

Theorem 4.2.5 (Global Chart Theorem). Let U C R?!9 be a superdomain and M a
supermanifold. There is a one-to-one correspondence between the morphisms M — U
and the set of p + q-uples of p even functions t** and q odd functions 67* on M such
that (t'*(x),...,tP*(x)) € |U| forall x € |M|.

Proof. One way is clear, namely the fact that for each morphism ¢ : M — U we have
the family of sections detailed above. Suppose now we are given a family of sections
t'*,67* on M such that (t'*(x),...,tP*(x)) € |U|forall x € |M|. We want to define
a morphism ¥ : M — U. For each point x € |M|, if (Vx, Op|v,) is a chart around
x, we have a morphism ¥, : Vy — U which is uniquely determined by the Chart
Theorem for superdomains. More precisely v/ is the morphism corresponding to the
assignment y*(x') = ti*|vx, Y*(&7) = 67*|y,, where x, £/ are local coordinates
for the chart V. Now, if f is a section in @ (U), we can consider the pullbacks ¥ ¥ (f)
for each x € |[M|. Clearly ¥ (f)lv.nv, = ¥, (f)|viny, for each x and y in |M].
Due to the sheaf property there exists a unique section ¥ *( /), hence we have defined
uniquely our morphism ¥ *. |

Remark 4.2.6. Any section f € Op(U) can now be interpreted as a morphism
f: U — R' thus recovering the intuitive meaning of sections as functions on open
subsets of the supermanifold. In fact as one can readily see, by the Chart Theorem an
even function f: U — R!? corresponds to the choice of an even section in Qs (U),
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while an odd function f: U — R corresponds to the choice of an odd section in
Op (U). For this reason we shall write | f|, for a section f € Ops(U), meaning the
topological function | f|: [U| — R. Clearly | f|(x) = f(x) as in Definition 4.1.1.
We shall also use f to denote | f'| whenever there is ambiguity with the absolute value.

If |U]| is an open subset of |M |, the superspace (|U|, Ops|y) is itself a superman-
ifold and it is called the open submanifold determined by |U|. We shall use the term
“submanifold” instead of the more cumbersome, though more precise, “subsuperman-
ifold”. In particular if M and N are supermanifolds, U is an open submanifold of
N, and |¢|: |[M| — |N| is a continuous map, then we denote by |¢|~!(U) the open
submanifold of M determined by |¢|~1(|U|).

In the next sections we shall investigate the structure of a supermanifold at different
levels: infinitesimal, local and global. In order to do this, we need some preliminary
results. We start with a definition of partition of unity.

As in ordinary differential geometry, partitions of unity are very useful in passing
from global to local problems and vice versa.

Let M = (|M], Oypr) be a supermanifold and let f be a section over U open in
|M|. Consider the set of points x € U, for which there exists an open neighborhood
V C U such that f|y = 0. This is an open set, whose complement is called the
support of f, supp(f).

We also recall that if |M| is a topological space and {U;};es is a cover of M,
we say that {V;};c; is a refinement of {U; }; ¢ if for each V; there exists U; such that
V; C U;.The refinement is said to be locally finite if each x € | M | has a neighbourhood
intersecting only a finite number of V;.

Proposition 4.2.7. Let {U;}ic; be an open covering of |M | then there exists a family
{gj} of sections such that

(1) gj € O(M)o,

(2) {supp g;}jes is alocally finite refinement of {U;}icr and supp g; is compact for
each j,

(3) X gi =1land g; > 0" for each j.
There exists also a family {h;}iey such that
(i) hi € O(M),
(1) Supphi C U foralli €1 Of{Uj}jej,
(i) Y h; =1 and h; > 0 for each i.
Proof. 1f {U;};eg is an open cover of | M |, then there exists a locally finite refinement
{V;};jes where each V; is an open subset with compact closure (see [78]). Without loss

of generality assume that both U; and V; are supercharts coverings. Hence for each V;
there exists a superchart U;(;) containing it such that V; C Uj;(;). For each j define

ISee Remark 4.2.6 for the notation.
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an even section f; € Op (Uj(;))o such that supp f; = suppf, C V; and }7; > 0 for
each x € V;. Each f; can be identified with a global section f; € O(M) by defining
it to be zero in U l.c( j).2 By the local finiteness condition f = ) f; is a well-defined

section in @ (M )¢ such that f > 0. Hence f isinvertible and g; := fTJ is the required

partition of unity.
The second part of the proposition is proved as follows. For eachi € [ let J; :=
{j €J |V CU}anddefine g/ =} ., gk. Duetolocal finiteness the sum is well

defined and supp g; € U;. The sections h; := % do the job. |

Definition 4.2.8. Let M be a supermanifold. A family of global sections satisfying
the properties (i)—(iii) in Proposition 4.2.7 is called a partition of unity. It is customary
to use the same terminology also for a family satisfying (1)—(3) in Proposition 4.2.7,
but we shall make a comment whenever we need this stricter requirement.

Remark 4.2.9. It is worth noticing that in the previous definition, in points (1)-(3), we
require the sections forming a partition of unity to have compact support. Hence we
are forced to take for them a different index set from the one used for the open cover.
On the other hand, in points (i)—(iii) we can take the two index sets to be the same, but
then we have to abandon the compact support requirement.

Corollary 4.2.10. If U and V are open subsets of a supermanifold M such that
U C U C V, then there exists an even section f € O(M )¢ such that 0 < f(x) <1
forall x € |M| and

flo=1. flge =0.

Proof. The proof is immediate in view of the previous proposition considering the open
cover of M givenby V, U°. |

To each supermanifold M, we can associate an ordinary manifold M , whose un-
derlying topological space is | M |, and a morphism j : M — M, which (as we shall
see later) is a closed embedding.

Define the super ideal sheaf

IMU) = Jo,,w) :=1f € Ou(U) | f is nilpotent}.

A section f € Op(U) belongs to Jps (U) if and only if f(x) = O forall x € U. This
can be proven easily and we leave it to the reader as an exercise.

Definition 4.2.11. Let M = (M|, @) be a supermanifold. We define M =
(|M|, Opr/JImr) to be the reduced ordinary manifold associated to M (for the defi-
nition of quotient of sheaves, we refer the reader to Chapter 2, Section 2.2).

As we can readily, see M is an ordinary manifold.

’If A is a subset in a topological space X, then A€ denotes its complement in X, A its closure in X
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Remark 4.2.12. Even if the structure sheaf of a smooth supermanifold is isomorphic
to the sheaf of sections of an exterior bundle (see [7]), we cannot think of a super-
manifold simply as an exterior bundle over an ordinary manifold. Morphisms between
supermanifolds mix both even and odd coordinates and thus C5f cannot be realized
as a subsheaf of Oy for an open neighborhood U of a supermanifold M it follows
that there is no natural morphism M — M. The symmetries of interest in these ex-
tensions of classical manifolds are those which place even and odd on the same level.
Such symmetries are called supersymmetries and are at the foundation of the physical
supersymmetry theory which aims to treat bosons and fermions on the same footing.

Next we want to show that the quotient sheaf Opr/Jp possesses the property
Op/Im)(U) = Opr(U)/Jpr (U); in other words, we do not need to take any sheafi-
fication to obtain the quotient sheaf. (See Definition2.2.7 for the notion of sheafifica-
tion.)

Proposition 4.2.13. Let M be a supermanifold of dimension p|q and let U < |M |
be an open subset. The assignment U — Oy (U)/JIag(U) is a sheaf on |M | locally
isomorphic to C*°(R?).

Proof. The factthat U — Opr(U)/Jpr(U) is a presheaf on | M | locally isomorphic to
C*°(R?) is immediate. Hence we only have to show the sheaf property.

We need to prove that if we have a family fo, € Op(Uy)/Jp(Uy) such that
falus = fglu,» then there exists a unique f* € Op (\J Uy)/ I (U Un) with £y, =
Jfo. Let {gq} be a partition of unity in @y (U), subordinated to the open cover {Uy,}
of U. Notice that the product g, fy is a well-defined element in Oy (U)/Far (U),
and define f:x ‘= gq fo. Clearly each f:x is a smooth section over U whose support
is contained in Uy. If we now define f = ), f:x, it is very easy to check that

flug = Ja- O

We can now immediately define a natural morphism j : M — M as follows.
|jl: [M| — |M] is the identity. The pullback j;;: Op(U) — CI%IO(U) is sim-
ply the projection map Op(U) — Op(U)/ I (U). Notice that j* f is the (ordi-
nary) differentiable function on |M | whose value at each x € |M|is f(x) € R, i.e.,
(G Hx) = fx).

The correspondence between supermanifolds and their associated reduced mani-
folds can be extended to the morphisms in the following way. Let ¢ := (|¢], ¢™) be
a morphism between the supermanifolds M and N. In order to define ¢ : M — N,
notice that ¢*(Jx) C Jy. Hence ¢* descends to a well-defined map between the
quotient sheaves and we have the following proposition that we leave to the reader as
an exercise.

Proposition 4.2.14. The assignments M — M and ¢ — ¢ define a functor

(smflds) — (mflds).
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The next question we want to tackle is how to build supermanifolds by gluing
supermanifold structures on an open covering of a topological space.

Let (U;, O;) be supermanifolds such that |M| = (J; U; is a locally compact,
Hausdorff, second countable topological space, in which every U; is an open subset.
We define U;; = U; N U;j and Ujj, = U; N U; N Ug.

Suppose that we have a family of morphisms

fij+ Wi, Ojlu;;) — (Uij, Oilu;;)
such that
(1) fij is an isomorphism of ringed superspaces,
Definition 4.2.15. Letthe notation be as above. We say that a supermanifold (|M |, Opr)
is obtained by glueing the supermanifolds (U;, O;), if for each i there exists a sheaf
isomorphism
¢i: (Ui, Omlu;) — (Ui, Oy)
with |¢;| = idy, and such that (with some abuse of notation)
fi = digy
on U; N U;. The f;;’s are called transition functions.
We have the following proposition.
Proposition 4.2.16. Let (U;, O;) be as above. The f;;’s satisfy the cocycle conditions
(1) fii =idon (Ui, 0y),
(2) fij fji = id on (Uy;, Oilu;; ),
() fij fik fri = id on (Ujjk, Oilu; ;)
if and only if there exists a unique glueing of the (U;, O;).
Proof. See Proposition 2.2.12. |

Notice that if M is a supermanifold and {Uy, ¢y} is a superatlas, then M is iso-
morphic to the supermanifold obtained by glueing the U, with transition functions

¢Elfpa-

Definition 4.2.17. Let M and N be supermanifolds of dimensions p|g and r|s, respec-
tively. We define the product of the supermanifolds M and N to be the super ringed
space

M xN = (IM[x|N|.Omxn),

where the sheaf Oy« is defined by Oprxn (U x V) = C*(x, 1)[6, n] for coordinate
neighborhoods U(= (x,6)) C |M|, V(= (¢,n)) C |N|. One must show that gluing
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conditions are satisfied, but this calculation mimics that in the ordinary category and
is left to the reader. So M x N isa (p + r)|(¢ + s)-dimensional supermanifold with
M XN =M x N. As in the ordinary category, Oy xny # Oy ® Op; instead we
must take the completion of the tensor product to get an equality.

We shall return to the important concept of product of supermanifolds in Section 4.5.

4.3 Local and infinitesimal theory of supermanifolds

In Chapter 2, we have introduced the notion of stalk Qs x associated to a sheaf Oy at
apoint x € |M|. The elements in Oy, are called germs of sections at x. Formally

(9M,x = h_r)n OM(U)

where the direct limit is taken over all open sets U containing x. As for the ordinary
case, also for supermanifolds the stalk can be characterized as follows:

Omx =0OM)/~.

Here
f ~ g if there exists an open set U € M such that f|y = glu.

as one can readily check from the definitions (see [29], p. 14 for more details). This
characterization explains why the concept of a stalk at x is well suited for the study of
those properties of supermanifolds depending on the behavior of sections on arbitrarily
small neighborhoods of the point x.

If [ f] is a germ at x, it makes sense to evaluate [ /] at x in the same way as we
evaluate the sections. We need also to define the natural morphism

€x: (g(M)_>(9M,xa f'_>[f]x

The next lemma provides another useful characterization of the stalk at a point of
a supermanifold.

Lemma 4.3.1. If m,, = {f € O(M) | there exists an open neighbourhood U of x
such that fy = 0}, then
(DM,x = O(M)/mx

Proof. Consider the morphism €, : O(M) — Oy x defined above. €, is surjective.
In fact, if f is a representative of the germ [f]., we can think of it as a section in
On (U), where U is an appropriate neighborhood of x. If V' is an open subset such
that V € V C U and ¢ € O(M) is a section such that supp ¢ C U and ¢|y = 1, then
¢ - f is a global representative of [ f]. It is clear that the kernel of €, consists of the
elements of (M) that are zero in a neighborhood of x, i.e., of . O
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In Section 4.1 we have discussed Hadamard’s Lemma 4.1.9, which holds also in
the context of germs of functions. We simply restate it, leaving the proof to the reader
as a simple exercise.

Lemma 4.3.2 (Local Hadamard lemma). Let M = (M|, On) be a supermanifold,
dim(M) = (m|n), x a pointin |M |, t*, 87 a local coordinate system around x. Let f
and g be sections defined in a neighbourhood U of x.

() If [f] € Om,x, then for each k € N there exists a polynomial Py x of degree k
in [t]" —t'(x), [0) such that
[f] = P € JE!

where Jy = {[f] € Opx | [f](x) = 0}.
(2) Moreover, if [ f] and [g] are germs at x such that, for a givenk > n, [ f]—[g] €
J}f“H for each y in a neighbourhood of x, then [ f] = [g].

O, x is a local ring, that is, O x contains a unique homogeneous maximal ideal
Jx. Now we want to clarify the structure of J,.

Proposition 4.3.3. Let [f] € Opx and dim(M) = (m|n).
() If [£1(x) =0, then [ f] € ([t' — t(x)],[07]) C Op.x. In particular we have
Jo= (' ='W [67]) C Opx. Omx =R Jr.
Hence Op x is a local superalgebra with maximal ideal m, = Jx.
QIf feOM),k>nand[f]x € J)’fforallx inan open set U, then f|y = 0.
Proof. This follows immediately from Lemma 4.3.2. |

At this point one may be tempted to expand in formal power series the germs at a
point x. This is fact makes sense, provided we exert some care (as one should also do
for the ordinary case). We are going to come back to this point in Remark 4.3.12.

Remark 4.3.4. This gives another, and independent, proof of the fact that each su-
perdomain is a superspace. Indeed the lemma essentially establishes that each stalk
Oy ria x has a unique maximal ideal given by the sections whose value at x is zero.
More precisely we have the decomposition

(9Up|‘/,x =R Jx

with J, = ([t! — ' (x)].[67]) C Oy rla > Where Jy is the ideal of germs that are zero
at x.

This allows us to characterize the value of a section f € Oy p1o (V) atapointx € V
as the image of f under the natural morphism

Ouyra(V) = Ouplq,x — (DUpIq’x/J ~ R,

where J denotes the maximal ideal in the stalk O, pla x-
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The next results characterize the ideals of finite codimensions in the stalks. We
shall use them in Section 4.7.

Proposition 4.3.5. Each ideal 1 of finite codimension of a stalk Opp x contains an
ideal of the form J f for some k € N.

Proof. First let us notice that, due to Proposition 4.3.3, J, is a finitely generated Oy x-
module. Consider then the chain of ideals

Omx 2 +12JZ+12--.
Since  has finite codimension and J¥ 2 J¥+1, we have that there exists k such that

JE =gkt 4

Hence
Jkc gkt 4
So we have
JE=uHty nngk =gt L rngk
Due to Nakayama’s lemma (see Appendix B) we have I N J f = Jf . |

We are ready to define tangent spaces. Let M = (|M |, Oyr) be a supermanifold.

Definition 4.3.6. We define a tangent vector at x € |M | to be a (super) derivation of
the stalk Oy x, i.e., a linear map

v:Opx — R

such that

v(f - 8) = v(Ng) + DT Fu(e).

Remark 4.3.7. Notice that the sign (—1)"V!l/1 £ is immaterial. In fact the sign appears
only when f and v are odd, but in this case f(x) = 0.

Definition 4.3.8. The super vector space of all tangent vectors at a point x € |M | is
called the super tangent space at x and is denoted by T (M ).
Any supermanifold morphism ¢p: M — N induces a stalk morphism

o3 ONIplr) = Omox,
which in turn defines a linear morphism of the tangent spaces
(dp)x: TxM — TyyN, v > vogi.

The linear map (d¢)y is called the differential of ¢ at x.
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The differential (d¢)y is an even linear map of super vector spaces and for this
reason, once we fix homogeneous bases for such vector spaces, it corresponds to a
diagonal block matrix; in other words, it will not contain much information about
the behaviour of the odd variables. For example, if ¢ is the morphism discussed in
Example 4.1.8, one readily checks that (d¢) is the identity for all x. In order to better
study infinitesimally the odd directions, we need the concept of Jacobian that we shall
introduce in the next section and fully discuss in Chapter 5.

In the next two propositions we provide very useful characterizations of the tangent
space to a supermanifold.

Proposition 4.3.9. Let x € |M|. Suppose that v € Ty(M) and t', 67 are a super
coordinate system around x. Then:

(1) v is completely determined by v([t']), v([67]).

(2) Let {% |x}:n=1, {% x};;] be the derivations

D (D =8 ] (07D =0, 35| [F1=0. 32|16 =36.
Then they form a basis of Ty M, hence dim M = dim T, M.

Proof. Let g be a germ in Oy . Notice that if g is a constant germ or it is in J. xz then
v(g) = 0. Due to Proposition 4.3.3, we can write

g =2 (G + 2l = ' gis +hi (Ol =1 (01 ) 6]
1 i

with g; 1 € Rand 7 (1")[t" — 1*(x)]*> € J2. Hence, with a mild abuse of notation, we
have v(g) = >_ giov([t']) + gi (x)v([0']). Hence if we consider the difference

0 . d
5| (0D 5

Vi=v-=Y v(]) a7

X
it is immediate that V' is a derivation that is zero on all the polynomials in [+'] and
[67]. Since v(]ff) C Jf_l and due to Proposition 4.3.3 we can conclude that v =

Yot D g, + v D507 O
Let x € |M|. Define the super vector space
Dery (O(M),R) = {v: O(M) - R | v(fg) = v(f)gx) + (=D f(x)v(g)}.
Proposition 4.3.10. The linear morphism
a: TxM — Dery(O(M),R), v —> voey,

is an isomorphism, where €x: O(M) — Opp 5 is the natural map.
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Proof. Since € is surjective, the map « is injective. To show that it is surjective, let
us take w € Dery (O(M), R). We want to show that w(g) = 0 for all g € my, so
that w induces a derivation v: O(M)/my = Oy x — R, with «(v) = w. So let us
take g € m,. By definition of m,, there exists an open subset U < |M | such that
glu = 0. We can find a section f € @(M) such that supp f € U and f(x) = 1, by
Corollary 4.2.10. So we have

0=w(f g =w( gk + f(w(g) =w(g).

This shows that w descends to a derivation v of the stalk Ops x and that «(v) = w.
O

Observation 4.3.11. From the Propositions 4.3.9, 4.3.10 we immediately have the
following facts:

(1) For any tangent vector v € T, M and any neighbourhood U of x, there exists a
unique derivation that we still denote by v: Op (U) — R.

(2) If (', 67) are local coordinates in U, any derivation v: Oy (U) — R is deter-
mined once we know v(¢*) and v(6/).

Remark 4.3.12. Consider the filtration
Omx DJIxDJED -,

Elements of J will be denoted by O(r). Due to the Proposition 4.3.3, J is generated
as an ideal by the products

[ = oI @™ =" )] [67]. .. [67]

where iy +- -+ i, + s = r. Proceeding inductively, every [ f] € Oz, x can be written
as

f=7 )+ 01
=[O+ D i [0 = O

1<iy+-+im+s<r

L™ =) 67, [8%5] + O(r + 1)

1 9 ail dm f
iledm! 9671...007s (1) 1..9(tm)im

One should be aware that there are germs in the intersection (), J¥. These are
the germs of sections whose germ is in Fy ® A where F is the ideal of germs of flat
functions at x, i.e., those functions with zero derivatives at all orders. Of course we
cannot obtain any information about flat functions with power series expansion.

With @iy iy, jienjs =
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4.4 Vector fields and differential operators

Many concepts and results from ordinary differential geometry extend naturally to the
category of supermanifolds. If we keep the categorical language we have developed,
there is hardly any difference in fundamental differential geometry between the ordinary
and the super categories. For example, we can define the super tangent bundle on M,
where we find super extensions of the constant rank mapping theorem and the local
and global Frobenius theorem, which we will prove in the following chapters.

Definition 4.4.1. A vector field V on a supermanifold M is an R-linear derivation of
Op,i.e., itis a family of super derivations Vy : Op(U) — Opr(U) that is compatible
with restrictions.

In a similar way, we can define vector fields over open submanifolds U of M.

Observation 4.4.2. When the supermanifold M is a superdomain, one can easily
check that the vector fields on M are in one-to-one correspondence with the derivations
O(M) — O(M). Moreover, one could also check, using partitions of unity, that this
is true for generic smooth supermanifolds.

Definition 4.4.3. We define the tangent bundle Vecys of the supermanifold M to be
the sheaf consisting of all vector fields on M. This sheaf associates to each open set
U in | M | the vector superspace consisting of all derivations of Qs |y .

The sheaf Vecyy is actually locally free as a sheaf over Oy, which we establish
with the following lemma. In other words we have that there exists an open cover of
|M | such that Vecys |y = (9M|§|”7 for each U in the cover for suitable p and ¢. The
lemma also helps us to understand the local structure of a vector field.

Lemma 4.4.4. Let (', 07) be coordinates on some open submanifold U C RPY. Then

the OU-module of R-linear derivations of Ou is a rank p|q free sheaf over Oy with
basis {d/0t*, /007 } where 0/0t*, /007 are the vector fields defined in U as

3f1 (1)
W(f()f)) P W(ﬁ(r)W))—fz(r)@’

where j & 1.

Proof. Assume that X is a vector field over the superchart (U, t*,87). It is a simple
check that X (1) < P! where asusual Iy, = {f € Op(U) | f(x) = 0}. Define
=Y X(t") 3?, + > X (07)-2 597 Clearly X is also a superderivation. Consider

the difference D = X — X. This is still a superderivation and, moreover, is zero on
the polynomials in the eI If f e Ogria(U) then, due to Lemma 4.1.9, for each
x € |U| and for k > g + 1, we can write f = Py + h with & € I¥*1, Hence
D(f)= D(h) € I)’f. Since x is arbitrary in U, we can conclude using Lemma 4.1.9
that D = 0. O
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Definition 4.4.5. Let M = (|M|, Oyr) be a supermanifold. A rank p|g locally free
sheaf on M is called a super vector bundle on M .

Since U C RP! is the local model for any dimension p|g supermanifold M, the
lemma implies that Vecys is a vector bundle of rank p|g. If V is a vector field on
U, then in a coordinate neighborhood U’ C U with coordinates (¢, 8), there exist
functions f;, g; on U’ so that V' has the unique expression

Vg = Zf,(z 0)3 7 —I—Zg,(t 9) (4.3)

i=1

We have defined tangent vectors at x as R-linear derivations @, — R of the stalk
at x; we may also think of a tangent vector v € T (M) as a (not uniquely determined)
vector field on U, a neighborhood of x, composed with evaluation at x. If the open
subset U from Definition 4.4.1 is a coordinate neighborhood around x, the vector v
takes the expression

0
U_Zal + 1301
for a;, b; € R, where
0 0 0 d
— = €Vy O —, —_— = €Vy O ——
otl | T 067, * 00/

correspond to the tangent vectors we defined in Proposition 4.3.9. Notice that, contrary
to the ordinary case, a vector field IV on U is not determined by the family of tangent
vectors: evy o V.

For M and N supermanifolds, we can extend a vector on M to a @y -linear deriva-
tion on M x N, and likewise we may trivially treat any vector field on M as a vector
field on M x N. We will call these extensions extended vectors and extended vector
fields, respectively.

Definition 4.4.6. Let v be a tangent vector of M at m and U,, C |M| an open
neighborhood of m. We view v as a derivation Oy (U,,) — R and identify Oy with
Orxn. Then v extends uniquely to a O y -linear derivation

UN . (DMXN(Um X V) @N(V)

\/

Orxn (R x V)

for any open V' C |N| (this is easily seen locally by using coordinates, and then by
patching using local uniqueness) so that

vy (a ® b) = v(a)b

where a and b are local functions of M and N, respectively.
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One may similarly “extend” vector fields: let V' be a vector field on M, and denote
by 1 the identity operator on the sheaf of the supermanifold. Then we extend V' to a
derivation (V' ® 1) on M x N by forcing V to act trivially on N. If (¢, 6) and (x, £) are
local coordinates on M and N respectively, V' has the coordinate expression as in (4.3).
Then the extension (V' ® 1) has the same coordinate expression on M x N described
by coordinates (¢, x, 6, £), i.e., it is identically zero on (x, £). Again the extension is
made to be unique by patching and using local uniqueness.

The fact that we can define vy just by describing vy (¢ ® b) will be fully justified
in Section 4.5.

We now want to consider the effect of a derivation on a pullback.

Proposition 4.4.7 (Chain rule). Let UP'? and V"™V be superdomains and denote col-
lectively by u® and v® the supercoordinates over UP' and V™", respectively. If
v Urld — ymin jsq morphism, we have

* * (b
WU _ s, (38 w
b

du ou? Jvb

Proof. The proof makes use of Lemma 4.1.9 and goes along the same line as that of
Lemma 4.4.4. Let us write D(f) := W) and D’ (=2, dy (”h)lﬂ ( ) and

Toud ud
consider the derivation D — D’. Clearly D — D’ annihilates the supercoordmates v?
and hence all polynomials in them. If f is a generic section in @ (V™) and x € V
then, in view of Lemma 4.1.9, there exists a polynomial Py , with k = n 4 1 and
h € I1"*? such that f = Pi + g. Hence (D — D')(f) = (D — D’)(g). On the
other hand it is easy to check that (D — D’)(g) belongs to 17*!. Since x is arbitrary
in V', we can conclude that D = D’. |

In the ordinary setting equation (4.4) is rewritten in matrix form in terms of the
Jacobian matrix and we have that the composition of morphisms of ordinary manifolds
translates into matrix multiplication of their associated Jacobians. In the super setting
this requires some care due to the appearance of signs. Let us start with a definition of
the Jacobian supermatrix or Jacobian for short.

Definition4.4.8. Lety: M — N be amorphism of supermanifolds. Letx € |M|bea
point with a local coordinate system ¢7, 8/ and v (x) with local coordinate system s¥, ‘.
We define the Jacobian supermatrix associated with a morphism ¥ in a neighbourhood

of x as . )
al gur*
v = ((_1)(|v [+1)u?| Wau(; ))
where (u?) = (¢*,67) and (v?) = (s*, '). Explicitly we have

1 Cd BRI A 00
ot 967
W@  AramH |-

ot 367
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Proposition 4.4.9. Let ¢p: M — N, v: N — P be two supermanifold morphisms
and let u®, v2, we be local coordinate systems around points m, ¢(m) and V(¢ (m)).
Then

Jyop = Jy - Jp.
Proof. Let t := { o ¢p. By Proposition 4.4.7 we have

0T* (W) _ 9907 9y (w)

ou - ou? ¢ dvd

v ou4

b c a c a a * ¢ a * b
= (1 D1 Wa (Zv ) 097 (v7)
b

(Recall that the parity of % is|f|+ x|

So we can rewrite the expression, with some abuse of notation, as Jy.og := Jy - Jg.
Reintroducing even and odd coordinates t?, 87 and s*, ' on U and V respectively, we
get our result. O

We end this section by briefly discussing the superalgebra of differential operators
on a supermanifold M.
Let M = (|[M|, Opr) be a supermanifold.

Definition 4.4.10. Let U be an open subset of | M |. We define the differential operators
of degree k in U as the subset of Hom(Os (U), Ops (U)) defined inductively as follows.
The differential operators of degree zero Diffy(U) are the elements of O (U) acting
multiplicatively. The differential operators of degree k are
Diff(U) := {D € Hom(Opm (U),Om (U)) | [D. f] € Diff_1 (U)
forall f € Op(U)},

where [D, f] denotes the commutator in Hom(Oss (U), Ops (U)) (see Chapter 1 for
its definition).

Clearly
Diftx_,(U) € Diffx(U)

and each Diffy (U) inherits from Hom(Ops (U), Opr (U)) the obvious gradation.
We define the differential operators over U as the subalgebra

Diff (U) := (_] Diff; (V).
k=0

of Hom (O (U), Opr(U)). In particular
Diff 1 (U) = Op (U) & Vecps (U)

and, as one can easily check, if D € Diff;(U), then D(1) € Op (U) and (D — D(1)) €
Vecy (U).
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Proposition 4.4.11. The assignment U +— Diff (U) defines a sheaf on |M|. For each
positive integer k, U +— Diffy (U) is a subsheaf. For each x € |M|, there exists a
chart (U, h) containing x such that

. ol glvl

[I+y|<k

Proof. The proof goes along the same lines as the classical one and is based on
Lemma 4.4.4 together with an induction argument. We leave this to the reader as
an exercise. O

4.5 Global aspects of smooth supermanifolds

The purpose of this section is to show that a smooth supermanifold structure on a
topological space is fully encoded by the superalgebra of the global sections of the
structure sheaf of the supermanifold.

This is a technical result and we shall achieve it in several steps. We first need
the notion of Fréchet superalgebra and Fréchet supersheaf, which are very natural
generalizations of the ordinary corresponding notions and will be our technical device
for reconstructing the supersheaf. We have provided in Appendix C a brief summary
of the definitions and results concerning Fréchet spaces and superspaces that we will
need in this section.

We then study the maximal spectrum of the superalgebra @ (M) of the global
sections, consisting of all the maximal ideals. Such ideals are in one-to-one corre-
spondence with the points of the topological space |M | underlying the supermanifold
and we shall see how to define a topology on the maximal spectrum so that we get a
homeomorphism with the topological space |M|.

Finally our crucial result, Proposition 4.5.9, builds the sections of the supersheaf
On over an open set U as certain quotients of global sections, thus allowing us to
retrieve the full sheaf Oy, just by the knowledge of O (M).

This section is independent from the rest and may be skipped for a first reading,
with the one warning that the result in Proposition 4.5.4 is going to be used implicitly
in many places. The reader willing to take it for granted can very well go to the next
section.

We start by recalling two results which are proven in Appendix C using Fréchet
spaces terminology.

Proposition 4.5.1. Let M be a supermanifold of dimension m|n.

(1) Oy is a Fréchet supersheaf with respect to the family of seminorms

pr.p(f) = SUEI(D(f))(X)I, f€eOuU),
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where D is a differential operator and K a compact in U.
Furthermore, Oy is a sheaf of Fréchet superalgebras; in other words, Op (U) is
a Fréchet superalgebra for all U with respect to the submultiplicative seminorms

).

- 2a+2n

Qo ki * max (

Pki
lyl<e,|I] "

3
atv ool
where {K;; }ineN is a countable family of compact subsets covering U with each Kfl
contained in a superchart.

(2) For all open coverings {U;} of U, Op(U) has the coarsest topology that makes
the restriction Oy (U) — Op(U;) continuous.

Proposition 4.5.2. (1) If D is a super differential operator on M, then for each U,
D: Oy (U) — Op(U) is continuous.

Q) Ify: M — N is a supermanifold morphism then ¥*: O(M) — O(N) is
continuous.

As a consequence we have an important proposition which allows to construct
morphisms on cartesian products of supermanifolds in a simple way. Let us first recall
few well-known facts about the projective tensor topology.

Given two locally convex topological vector spaces V' and W, it is possible to
endow the algebraic tensor product V' ® W with several, in general inequivalent,
locally convex topologies. We do not want to enter into the details and we refer the
reader to the original references [40], [39] by Grothendieck or to [73]. The important
point is that if U € R™ and V' C R” are two open subsets, then there exists a unique
topology, called the projective tensor topology on C*°(U) ® C°°(V') such that

CPWU)RC®(V)~C®WU x V),

where C%°(U)® C (V) denotes as usual the corresponding completion. Nevertheless
it is important to stress that the precise nature of the projective topology is not essential
to our arguments, and that the topology induced by the family of seminorms in our
examination is equivalent to it. This is due to a nice property of the spaces of smooth
functions called nuclearity. We refer again to [73] for further details on this topic.

If V; and W; (i=1,2) are locally convex topological vector spacesand ¢; = V; — W;
are continuous linear maps, then the tensor product ¢p; ® ¢, uniquely extends to a
continuous map ¢ ®¢2 S VI®Vy — Wi QWs.

We are ready to give a more intrinsic definition of product of supermanifolds than
the one we have encountered in Definition 4.2.17. As one can readily see, the two
definitions are equivalent.

Definition 4.5.3. Let M and N be supermanifolds.
We define the product of the supermanifolds M and N to be the super ringed space

M x N = (M|x|N|,Omxn),



76 4 Differentiable supermanifolds

where the sheaf Qs is defined as follows. For each rectangular open set U x V C
M x N define the superalgebra

(ngN(U X V) = @M(U)®(9N(V).

Due to Proposition 2.2.11, since the rectangular sets are a base for the product topology,
it extends to a sheaf over | M| x |N| that is clearly locally trivial.

Involving again Proposition 2.2.11 (but this time item (2)), a similar reasoning can
be used for the morphisms.

The next proposition formalizes the important facts about the product of two su-
permanifolds.

Proposition 4.5.4. (1) O(M) @ O(N) is dense in O(M x N) when they are endowed
with the projective tensor topology.

Q) Ifpi: M; — N;, i =1, 2 are supermanifold morphisms, then the pullback of
the map ¢ X ¢p: My x My — Ny X N, is given by ¢ ® @5 which is in turn completely
determined by ¢7 @ ¢ .

Notice that this proposition allows us to simplify dramatically the definition of
the pullback morphism on the sheaf on the product of two supermanifolds. We have
already used this in Definition 4.4.6 and we are going to use it again many times in the
text, mostly without mention.

We now turn to the problem of how to recover the topological space |M| of a
supermanifold (|M |, Ops) by the superalgebra of its global sections. We start with a
simple proposition.

Proposition 4.5.5. Every x € |M | defines the superalgebra morphismevy : O(M) —
R given by evaluation at x, and ker evy = J is a maximal ideal in O (M), with

Fx:={f €OM) | f(x) =0}
Proof. This is immediate since O (M) /g is a field. |

Definition 4.5.6. Let A be a commutative real superalgebra. The real spectrum of A
is defined as the set of all maximal ideals in A.

MaxSpecg(A) := {M C A is a maximal ideal in A4}.

Classically, if M is an ordinary manifold, we have a one-to-one correspondence
between the points of M and the maximal spectrum of the algebra of smooth functions
on M:

MaxSpecg(C®(M)) < |M|, ker(evy) <> x.

This is a non-trivial result, playing the role of the Hilbert nullstellensatz in the context
of smooth supermanifolds and goes under the name of Milnor exercise (see [58] for
more details).
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Proposition 4.5.7 (Super Milnor exercise). All maximal ideals in O(M) are of the
form $ for some x € |M|.

Proof. We have already noticed that each J, is a maximal ideal in @ (M'). Conversely,
let  be a maximal ideal in @(M) and denote I the corresponding ideal in C (M),
ie, I :={f € C®(M) | thereexists g € I such that |g| = f}. I is a maximal ideal
in C*°(M). It cannot be the whole C °°(M) since otherwise / would contain the unit.
Due to the classical Milnor exercise (see [58]) we have that there exists x € |M| such
that J = g x> Where g » denotes the ideal of smooth functions vanishing at x. Let J
be the preimage of 3 x- Clearly I C ¢, hence due to maximality I = . (|

From now on, due to the previous proposition, we can identify the real spectrum
MaxSpecg (@ (M)) with Hom(O (M), R), hence throughout this section we shall iden-
tify a point x with a maximal ideal J, and with the morphism evy.

We now want to give to MaxSpecy (9 (M )) a topological space structure.

For each point X € |M|, for each n € N, each n-tuple of elements f1,..., f, €
(O (M) and each real number €, we define the subset

Be(evz; f1, - fn) i= {evx € MaxSpecgr(O(M)) | | fi(x) — fi(¥)| < € foralli}.

of MaxSpecyr(@(M)). As one can readily check, these subsets define a base for a
topology on MaxSpecy (O (M)).

Proposition 4.5.8. The map
Y |[M| — MaxSpecg(O(M)), x> evy,
is a homeomorphism.

Proof. This is a classical result; we nevertheless include it for completeness. The fact
that this map is a bijection follows immediately from the previous proposition. To
show that it is a homeomorphism, we need to show that it is open and the preimage of
an open set is open. It is enough to perform this check on the open sets of the basis.
Let U = Bc(evs; fi...., fu) be an open subset in MaxSpecg (O (M)); since each f;
is a smooth section, we have ¥~ (U) is open.

Let now V' be an open subset in |M|. We want to show that ¥ (V') is open. Let
evy € ¥(V) (ie., x € V). Choose U to be an open subset of |M| such that U C
U C V. Let f e OM)be asection such that f|y = 1 and flye = 0. Itis clear
that B ! (evx; f) € ¥ (V), hence any point evy, in ¥ (V') has an open neighbourhood

entirely contained in ¥ (V). |

We now want to see how it is possible to reconstruct the whole sheaf (9, starting
from the supercommutative algebra of global sections O (M ).

We will use the localization technique, borrowed from the algebraic setting. We
briefly recall a few facts about it, referring the reader to [2], Ch. 3, for all the details.
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The idea is the following: we want to invert some elements in the superalgebra of
sections of the structure sheaf of a supermanifold. Since our rings are not commutative
but supercommutative, we must exert some care.

Consider an open set U C |M | and define the subset of sections in 9 (M) that are
invertible over U. More precisely, put

Sy ={s€0OM)o|slu(x) #0forall x € U}.

The set Sy is a multiplicatively closed subset of @ (M )g, i.e., 1 € Sy, and it is closed
under multiplication. Hence we can localize O (M) as an O (M )o-module with respect
to Sy. This amounts to defining the set

S5 OM) := (Sy x O(M))/~,

where the equivalence relation is given by: (s, f) ~ (s/, f) if and only if there exists
s” € 8y such that

s"(s" f—sf)=0.
By construction Sljl O (M) is an O (M )y-module, however 851 O (M) is also a super-
algebra if we define addition and multiplication by

(. )+ =85 f+sf), ()" f) = (5" £

The next result is crucial for the reconstruction of the structure sheaf of the super-
manifold from the superalgebra of its global sections.

Proposition 4.5.9. The map

£ 551000 = 0w ). 6. ) L2
Slu
is a superalgebra isomorphism.
Proof. Let us first prove that £ is injective. Suppose hence that % is zero. This

means that /|y = 0. Let s € Sy be such that s|g5. = 0, then sf = 0, and injectivity
is proved.

We now come to surjectivity. Let f € Oy (U). We want to determine k € O(M)
and h € Sy such that f = k|y/h|ly. Let {U;} be a collection of open sets with
compact closure such that U; € U; 4 and U; Ui = U. Let {g;} be sections in O(M)
such that g; |y, = 1,suppg; € U;1+1 and 0 < |g;| < 1 (see Corollary 4.2.10).

Consider

o0

1 gif o | 8i
= — o~ = and h == Z_ ~ ~ )
=21+ Gi(8i) +4igi f) =21+ Gi(gi) +4i(gi f)

where
gi = max{qi1,...,qii}
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(For the definition of the submultiplicative seminorms g;’s refer to Proposition 4.5.1.)

We claim that they are both well-defined sections. Let us prove this fact, for example,
- : oo 1 g f

for thp sectlop .k. We prove that the series Zi=1 o T3 var e ) converges by

showing that it is Cauchy. Nevertheless this is immediate from

. ( 5 gif )< 1 Gugi)) el
T Y1+ Gig) g ) T oY

q 7 - =
N 214+ Giei) +4ilgi /)
for r, s > u. Hence the map is surjective. O

Corollary 4.5.10. Let M = (|M|, Opr) be a supermanifold. Then the superalgebra
of global sections O (M) determines the sheaf Oy

M| DU+ S;'OM) = Oy (U).

Remark 4.5.11. (1) It is important to remark that, as it happens already in the ordinary
case, Oy (U) is in general larger than @ (M) |y, that is, there are sections on U that do
not come as the restriction of global sections (e.g., 1 /x € C*°(R*) is not the restriction
of any global section on R).

(2) The superalgebra O(M) does not embed into its localization S;'O(M) =
O (U). This has nothing to do with the odd nilpotents, but it is a phenomenon we
already observe at the ordinary level. Thanks to the partition of unity, we can have
non-zero global sections which are zero on an open set.

4.6 The functor of points of supermanifolds

In the previous section we have shown that, starting from the superalgebra of global
sections of a smooth supermanifold M, it is possible to reconstruct both the underlying
topological space |M |, and the sheaf Oy .

In this section we want to give, as a fundamental application of the results of the
previous section, an effective way to compute the T'-points of a supermanifold. In fact
we will show that a morphism between the superalgebras of global sections of two
supermanifolds M and N completely determines a morphism of the corresponding
smooth supermanifolds, thus identifying the 7' -points of a supermanifold M with the
morphisms between 9 (M) and O (T), which are in general much more manageable.

Proposition 4.6.1. Let M and N be smooth supermanifolds. There is a bijective
correspondence

Hom(M, N) <> Hom(O(N), O(M)).

Proof. One direction is completely straightforward, so let us concentrate on the other
one.
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Suppose that ¥ : O(N) — O (M) is a superalgebra morphism. We define a super-
manifold morphism (|¢y |, d’:Z) in the following way. The reduced map is

|y | : MaxSpecg (O (M)) — MaxSpecp(O(N)), evy — evy o).

The sheaf morphism ¢1/*, is defined, using Proposition 4.5.9, by

$yu: ONU) = Op(py |7 U)). (5. f) = (W) ¥ ().

Let us now check that (|¢y |, ¢*) is really a supermanifold morphism .
The reduced map |¢y | is well defined since evy o ¥ is a superalgebra morphism.
It remains to prove that it is continuous. Let

U = Be(evs: f1.-... fu) = {evz € MaxSpecg (O (N)) | | fi(z) — fi(X)] < €}

be an open subset in MaxSpecg (O (N)). We have

|6y |~ (U) = {evy € MaxSpecg(O(M)) | [{evy ¥ —evs, fj)| < €}
= {evy € MaxSpecg(O(M)) | [(evy, ¥ (fj)) — i (X)] = €},

which is open due to the smoothness of the sections ¥ ( f;).
The fact that qﬁ:; defines a sheaf morphism is easy. |

Summarizing all of the results of this and the previous section, we can state the
following theorem, which is one of the main results of this chapter.

Theorem 4.6.2. The functor
F: (smflds) — (salg)

that assigns to each supermanifold M the supercommutative algebra O(M) and to
each morphism (|¢|, ¢*) the superalgebra map ¢y, is a full and faithful embedding.

Proof. The fact that F is a functor is straightforward. The bijectivity on the objects is
a consequence of Proposition 4.5.8 or in any case is coming from the classical result.
The fully faithfulness amounts to Proposition 4.6.1. |

One of the striking consequences of Theorem 4.6.2 is that morphisms of super-
manifolds can be assigned at the level of global sections. In other words, a morphism
M — N is determined by the knowledge of just the morphism induced on the su-
peralgebras of global sections O(N) — O (M). We shall use this result many times
in the remaining chapters. We are now going to see in the next examples how simple
the description of the functor of points of a supermanifold becomes with the help of
Theorem 4.6.2.
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Examples 4.6.3. (1) The super vector space R™" as superdomain. As we have seen
in Chapter 3, Section 3.4, if T is any supermanifold, we have that the T-points of the
supermanifold R are given by

R™"(T) = Hom(T, R™") = Hom(O(R™"™), O(T)).

This means that a supermanifold morphism f: T — R corresponds to a superal-
gebra morphism f*: @(R™") — ©O(T) and by Hadamard’s lemma such a morphism
is known once we know the image of the elements in the canonical chart: f*(t%),
f*(67). Vice versa, the Chart Theorem tells us that for any choice of m even elements
and n odd elements in @ (T') there is a unique corresponding morphism 7 — R”",
Hence

RPTY = {(F5E), o, 2, FHOY, o fHO) | 1T — R
= O(T) & O(T)! = (O(T) ® R"I"),,

where the first R”" is the functor of points of the supermanifold R while the second
R™I" is the real super vector space of superdimension m|n, R”1" = R™ @ R”. In other
words, a T-point of the supermanifold R™" consists of an m + n-uple of m even and n
odd global sections of @(T"). We realize that the notation R™I" is used here to denote
three different objects: the superdomain, its functor of points and the real super vector
space; however this abuse of notation is justified by the above identification, it is widely
spread, and we shall make sure that the context clarifies at each time which one we are
referring to.

(2) The general linear supergroup. Let T be a supermanifold. In Example 3.1.5, we
have described the super vector space of matrices My, |,, = R +n?[2mn, Reasoning as
in (1), we have that M,,|,,(T') can be identified with the endomorphisms of the O (T )o-
module R (T) = (O(T) ® R™"),, by rearranging the m? + n? even sections and
the 2mn odd ones in a matrix form with diagonal block matrices with even entries and
off diagonal matrices with odd entries:

Mmln(T) = {(é g)} = (Mm\n)O 2y O(T)O @ (Mmln)l & O(T)L

Here A = (aij), B = (Bi1), C = (ykj), D = (dy1) with a;;,dg; € O(T)o, and
Bit:vkj € O(T)1. (Myp)n)0 and (Myy),)1 denote respectively the even and odd part
of the super vector space of matrices M|, (again the same symbol M,,|,, has several
different meanings).

Notice that in doing this, we reobtain Mat(Am|”)0 as discussed in Chapter 1, Sec-
tion 1.4, with A = O(T).

Define F(T) as the group of automorphisms of R” (T'). Clearly F(T) C M, (T).
We want to show that F' = GL,;, |, i.e., F' is the functor of points of the general linear
supergroup, the supermanifold defined in Chapter 3, Sections 3.1-3.2. In that example,
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GL,y), is defined as the open submanifold of the supermanifold M, |,, whose reduced
space consists of diagonal block m +n xm +n real matrices with non-zero determinant:

| GL | = {(g’ g) | det(P) # 0, det(Q) # o} |

By Proposition 4.5.9 we have O(GL,,,) = S|E‘,1L,,,|,,|(9(Mm\n)‘

Hence
GLjn(T) = Hom(Sigy, 1O Muin). O(T))

- Hom(O(MmIn)’ o(T)) = Mm\n(T)-
-1
IGL
with entries in @ (7") whose diagonal blocks are invertible once reduced. We leave it to
the reader as a simple exercise to check that those correspond to (m|n x m|n)-matrices
with entries in @ (T") whose diagonal blocks are invertible (recall that  +n € O(T),
n nilpotent, is invertible if and only if ¢ is invertible).

Notice that while in general, as we pointed out in Remark 4.5.11, @(M) does not
embedinto §;; 1@ (M), itdoes in this special case, and this is because here U = |GL 2 |
is dense in M, |.

Hence

The elements in Hom (S ol OM,,1n), O(T)) correspond to (m |n xm|n)-matrices

GLpn(T) = {(é g) | A, D invertible} C My, 5 (T).

This is what we have defined as GL,,;,(A) in Definition 1.4.4 for A = O(T).

4.7 Distributions with finite support

This section generalizes the previous one and we include it since, in Kostant’s original
approach to supermanifolds, Sweedler duals play a central role. Finite support distri-
butions play an important role also in classical differential geometry (see, for example,
[26], [17]). We want, however, to remark that we shall not take this point of view
in examining the theory of supergeometry, so this section is not going to be used in
the sequel, except for those instances in which we relate our treatment with Kostant’s
original one.

Suppose that v € Ty M. Then ker v contains sz, which, due to Proposition 4.3.3,
is an ideal of finite codimension in Oz . Alternatively, using the characterization in
Observation 4.3.10, a direct computation shows that ker v 2 ¢2, where

Fxi={f € OM)| f(x) =0}

Using partitions of unity and Proposition 4.3.3, it is easy to prove that also g% is a
finite codimension ideal for each x € |[M| and p € N.
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Definition 4.7.1. Let A be a superalgebra and denote by A* the corresponding algebraic
dual. The Sweedler dual of A is defined as

A° ={X | X € A*, ker X contains an ideal of finite codimension}.

It is well known that the importance of the Sweedler dual stems from the fact that it
inherits a coalgebra structure from the algebra structure of @ (M ). Indeed if an algebra
A is not finite-dimensional then the adjoint of the multiplication

(AX,a®b) :=(X,a-b).
does not turn A* into a co-algebra since
(AR A)* 2 A" ® A™.

On the other hand, A° is a coalgebra with respect to the comultiplication A defined
above and counit

n: A° =R, X (X, 1)

The proof essentially follows the classical one (see [72]) and we are going to return to
this with more details in Chapter 7.

Following the classical notation, let @ (M)’ denote the topological dual of O (M),
that is the set of continuous linear operators @ (M) — R. We shall call such operators
distributions in analogy with the classical terminology.

Definition 4.7.2. Let ¢ be a distribution in @(M)’. A point x in | M| is said to be in
the support of ¢ if for each neighborhood U of x there exists a section f € O(M)
supported in U such that (¢, f) # 0. If the support of ¢ consists of a finite number
of points, we say that ¢ is a finite support distribution; if the support of ¢ consists
of the point x, we say that ¢ is a finite support distribution at x or a point supported
distribution.

The reader can easily check that the support of a distribution is a closed subset of
|M|. As we are going to see presently, the finite supported distributions are identified
with the Sweedler dual. Before this, we need the characterizations of the finite support
distributions and the finite codimension ideals.

Proposition 4.7.3. (1) Let ¢ be a finite support distribution at x and let (t*,67) be
local coordinates around x. Then

0 0
¢ = Zauat_’|x89_f|x'

(2) Let ¢ be a finite support distribution. Then ¢ = ), ¢x,, where ¢y, is a finite
support distribution at x;.
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Proof (Sketch). (1)Let U be adomain where the local coordinates (¢, /) make sense
and temporarily denote by Oz (U)* the space of distributions with finite support. Since
supp¢ C U, we have that ¢ is completely determined by ¢|e,,w). Since U is a
domain, O (U) = C®(U) ® A(67), hence Oy (U)* =~ C®(U)* ® A(B7)* Since
A(#7) is finite-dimensional, its topological dual coincides with its dual as a vector
space. Moreover, since by Schwarz’s theorem (see [64], p. 150) we have that finitely
supported distributions at x are identified with differential operators evaluated at x, we
immediately obtain the result.

(2) Locally at each point of its support, ¢ can be written as a point supported
distribution. Using a suitable partition of unity we obtain the global expression of ¢ as
the sum of differential operators (that is, point supported distributions) at each point of
the support. O

There is a topological interpretation of the Sweedler dual, providing its “concrete”
realization. This is the content of the next proposition. Before this however we need a
lemma characterizing ideals of finite codimension.

Lemma 4.7.4. Let I be an ideal of finite codimension in O(M). Then there exists a
finite set x1, ..., Xy in |M| and an n-tuple of integers p1, ..., pn such that

FL NN Sl S gy NN .

Proof. Let U be an open subset of | M| and write O3 (U) := O(M)|y. In particular
C®(U) = C°(M)|y identifies with the restriction of smooth functions to the closed
subset U.

If J is a finite codimension ideal in @y (U), let JccC i3 (L_/ ) denote the associated
reduced ideal. Clearly J is a finite codimension ideal in C A‘i,o(U ),and J = C 13 ) if
and only if J = Oy (U). If f € CF(U), let Zy := f71(0), and let

Z]Z=Zj2= ﬂ Zf‘
feJ

It is well known (see, for example, [58]) that Z is a finite subset {x1, ..., X, } of [M|,
that Z; = @ if and only if J = Cy7(U), and that

jg iZ_] = g)ﬁ m"'mixn-

Taking U = M, it then follows that J € g, N---N Jx,,.

We now claim that if V' is an open subset of |M | suchthat Z; € V,and f € O(M)
is such that f|y = 0, then f € [. Indeed let U be another open subset of |M |
such that Z;y € U € U C V, and denote by Op (M \ U) the supersubalgebra of
O (M) whose elements are restrictions of global sections to U¢. Clearly the restriction
p: O(M) — Op (M \ U) is surjective, moreover p(/) is a finite codimension ideal
of Opy(M \ U) with Z; = 0. Then p(I) = Op (M \ U). Hence let g € I be such
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that g|g. = flgc and let h € O(M) be such that h|;. = 0 and 2|y = 1. Then
f=f-h=g-hel.

We are now ready to end the proof by showing that there exist integers pi, ..., pn
such that g2 N--- N g2 C I. Indeed notice that 1,; := €, (1) is a finite codimen-
sional ideal of @ M.xi and hence, due to Proposition 4.3.5, contains J ff for some integer
pi- Letnow f € gZ! N---N g2 andlet g; € I be such that [f],; = [gi],i. Denote
by V; the open subsets of | M | such that /|y, = g;|v;, and let U; be another family of
open sets such that U; C U; C V;. There exists apartition of unity {1, ..., hy, h} sub-
ordinated to the open cover {V1, ..., V},, l7lc n---N (7,16}. Then f =) f-hi+ f-h
and f - hisin [ since it is zero in a neighborhood of Z, while f - h; = g; - h; is
obviously in 7. |

The next proposition identifies the finite support distributions with the Sweedler
dual.

Proposition 4.7.5. Let O(M)' be the topological dual of O(M), then
O(M)° = {¢ € O(M)' | supp ¢ consists of a finite number of points }.

Proof. (C). Let ¢ € O°(M). Then ker ¢ contains an ideal / of finite codimension
and by the previous lemma we have ker¢ D I D %! N---N g£". We now claim
that supp ¢ C {x1,...,x,}. Letx & {x1,...,x,} and choose open mutually disjoint
neighbourhoods U, U; of x and the x;’s, respectively. Let f € O(M) with supp f C
U. Then f € 5(,{’; for all i and consequently f € ker ¢, hence x is not in the support
of ¢.

(D). If supp¢p = {x1...x,}, then, due to point (1) of Proposition 4.7.3, we have
¢ = ) ¢x, Where ¢y, is a distribution with support at x;. We can hence restrict
ourselves to consider the case in which ¢ is a point supported distribution (i.e., its
support consists of just one point). In this case the result follows easily using (2) of
Proposition 4.7.3. In fact, ker ¢ D ;. O

Lemma 4.7.6. O(M)° separates the points of O(M), that is,
(f —h,¢x) =0forall ¢, € O(M)° = f =h,
where ¢y is a point supported distribution at x € |M|.

Proof. Leta = f — h. We are going to show that if @ # 0, then there exists a point
supported distribution ¢, with ¢, (a) # 0. Let U be an open coordinate neighborhood
such that

aly =Y arb’ #0.
1

Clearly there exist ay and x € U such that ay(x) # 0. Consider the element ¢, of
O(M)° given by (Mij)x, then ¢ (a) # 0. 0
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Proposition 4.7.7. Each supermanifold morphism : M — N uniquely determines
a morphism of super coalgebras ¥°: O(M)° — O(N)° given by y°(¢p) = ¢ o ™.

Proof. ¥° is well defined. In fact, suppose that ¢ € O(M)°. Then ker¢ 2 5’%‘ N
o+ N g2, the latter being an ideal of finite codimension. Since [y *(f)|(x?) =

[ _ D1 DPn
f(Yl(x*)) = 0, wehavekerp o Y™ 2 g1} NN Gt . =

The above proposition thus establishes that the map
Hom(M, N) = Hom(O(M)°, O(N)°)

is injective. However, in general, this map is not bijective.

4.8 Complex and real supermanifolds

In our description of the foundations of the theory of supermanifolds, we have limited
our discussion to the category of differentiable supermanifolds. Most of our defini-
tions, however, hold also in other contexts and in this section we are interested in a
supergeometric theory generalizing real or complex analytic (or holomorphic) mani-
folds.

Definition 4.8.1. Let k be the real or the complex field and let #» denote the sheaf
of real or complex analytic functions on k?. We define the analytic superdomain kP9
as the topological space k? endowed with the following sheaf of superalgebras. For
any open subset U C k7,

(9kp\q U) = Her(U) ® /\(91, ceey Qq),
where A(0!,...,09) is the exterior algebra generated by the ¢ variables 61, ..., 6.

Notation. In this section only, we use the symbol R?1? to denote the real analytic
superdomain instead of the C *° superdomain as in the rest of the text.

A real analytic or complex analytic supermanifold of dimension p|q is a superspace
M = (|M|, Opr) which is locally isomorphic to k714, i.e., for all x € | M| there exists
an open neighbourhood of x V,, C |M|and U C k? such that

Omlv, = Orrilu.

A morphism of real or complex analytic supermanifolds is simply a morphism of their
underlying superspaces.

Most of the results discussed in Chapters 4 and 5 hold also for real and complex
analytic supermanifolds. For example, we have the chart theorem, we can give the
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exact same definition for tangent vector and tangent bundle to a real or a complex
supermanifold and we can prove in the same way all of the theorems relative to the local
structure of morphisms, like the inverse function theorem, the submersion, immersion
and the constant rank morphism theorems.

There are however some important differences at the very core of the theory: par-
titions of unity are not available for real or complex analytic (super)manifolds, so one
must exert extreme care in generalizing all the results that make use of them. Moreover,
contrary to the smooth case, the superalgebra of the global sections of the structure
sheaf of a (super)manifold tells us very little, in general, about the structure of the
(super)manifold and in general does not allow us to retrieve all the information about
the (super)manifold itself.

The main goal of this section is to understand how it is possible to define real
structures and real forms in supergeometry. A major character in this game is the
complex conjugate of a super manifold.

Let us first review quickly the classical setting.

Let M = (|[M|, #r) be a complex manifold. The complex conjugate of M is the
manifold M = (|M|, #n) where FH), is the sheaf of the antiholomorphic functions
on M, which are immediately defined once we have s and the complex structure on
M . We have the C-antilinear sheaf morphism

Hyr — Hw, [ f. 4.5)

In the super context it is not possible to speak directly of antiholomorphic functions
and for this reason we need the following generalization of complex conjugate super
manifold.

Definition 4.8.2. Let M = (|M|, Op) be a complex super manifold. We define a
complex conjugate of M as a complex super manifold M = (|M|, Op), where now
O is just a supersheaf, together with a super ringed space C-antilinear isomorphism
with M, which is (4.5) on the reduced supermanifold. This means that we have an
isomorphism of topological spaces |M | = |[M| and a C-antilinear sheaf isomorphism

Om = Om. = f. (4.6)
By an abuse of notation we shall also write f f for the inverse of the morphism
(4.6).

Example 4.8.3. A complex conjugateof M = C!!I' = (C, Oc[f])is M = (C, Oz[A)),
where O¢ and Og denote respectively the sheaf of holomorphic and antiholomorphic
functions on C. In fact the C-antilinear isomorphism is

O —> Op, zb>1Z, 0 0.

Notice that while Z has the meaning of being the complex conjugate of z, 6 is simply
another odd variable that we introduce to define the complex conjugate.

Practically one can think of the complex conjugate super manifold as a way of
giving a meaning to f, the complex conjugate of a super holomorphic function.
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Remark 4.8.4. The underlying real manifold My of a complex manifold M is defined
via the identification of C = R? and its real dimension is double the complex dimen-
sion of M. Notice that the underlying real manifolds Mg and Mg of M and M are
isomorphic as real manifolds. If z = (z3,...,z,) are complex local coordinates for
M , by a slight abuse of notation we can give real local coordinates for both M and M
as (z, z) (where Z is the complex conjugate).

We are ready to define a real structure on a complex supermanifold.

Definition 4.8.5. Let M = (|M |, Ops) be a complex super manifold and M a complex
conjugate of M. We define a real structure on M as an involutive isomorphism of super
ringed spaces p: M — M, which is C-antilinear on the sheaves p*: Oy — p* O,
p*(Af) = Ap*(f). Wedefine the real form M, of M defined by p as the supermanifold
(IM1?, Opm,) where | M |? are the fixed points of p: |[M| — |M| = |[M| and Oy, are
all the functions f € Op||ae such that o (f) = f.

Remark 4.8.6. Observe that classically M, = (|[M|?, Opy,,) has a real manifold struc-
ture. In coordinates, the map p is z + Z. Let us look at p as a real differentiable map
from M to M, seen as real manifolds. Since this is a local question, we look at p in a
neighborhood with coordinates z and z (see Remark 4.8.4). We have

oM —> M, (z,2)— (Z,2).

We are looking at the fixed points m of p, p(m) = m or (id — p)(m) = 0. So
M, = (id — p)~1(0). The differential of (id — p) is

1T -1
-1 1)
By the ordinary constant rank theorem we have that M, is a submanifold of dimension
half the real dimension of M.

We are ready to discuss examples of real structures and forms in the super context.

Example 4.8.7. We take M = C. In this case we have |p|: C — C, |p|(z) = Z and
p*(f(2)) = f(2). Itis clear that R = C* and that the functions are f € Oc|g (Where
z = Z)suchthat f = f.

Example 4.8.8. M = C!I'. |p| is the same as above and p*: O¢c[f] — Ocld],
f(z,0) = f(z,0). Again [M|? is the same as above while the functions are those
f € Op|r such that f(Z,0) = f(z,0). For example z|g and 6 are global sections
satisfying such a requirement. Actually this example is particularly instructive since
it shows that the odd variables come out practically unchanged from this procedure.
For this reason it is immediate to see that M, is a real super manifold since it is a real
classical manifold and the local splitting is preserved.
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If M is a complex supermanifold, one can always construct the complex conjugate
M in the following way using the functor of points notation. Take |M| = |M | and as
O the sheaf Oy with the complex conjugate C-algebra structure (thatis A- f = A f).
In order to obtain a real structure on M, we need a ringed spaces morphism M — M
with certain properties. By Yoneda’s lemma this is equivalent to give an invertible
natural transformation between the functors of points:

p: M(R) — M(R)

for all super ringed spaces R satisfying the C-antilinear condition.

4.9 References

The idea of supercalculus goes back to Berezin’s seminal work [10]. The concept
of supermanifold was however introduced later by Berezin and Leites in [11] and in
the beautiful work [49] by Kostant. In particular [49] can be considered as the first
systematic and rigorous treatment of the foundations of smooth supergeometry. The
approach there is very algebraic in nature with a particular attention to the coalgebra
structure of the structure sheaf of a supermanifold. Section 4.7 provides a bridge
between Kostant’s approach and ours.

Our treatment of superdomains, in particular Lemma 4.1.9 and the Chart Theo-
rem 4.1.11, follows quite closely [53]. The content of Section 4.5 and our treatment of
the localization procedure in the super-setting is found also in [6]. In Section 4.7, we
generalize the proof of Proposition 4.7.5 given in [58].

For further reading and a more modern treatment of smooth supergeometry the
reader can consult [56], [6], [22], [76].
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The local structure of morphisms

The goal of this chapter is to study the local structure of supermanifold morphisms. As
in the ordinary setting we have the inverse function theorem and locally we can classify
the morphisms according to the rank of their differentials, so that we can formulate the
supergeometric versions of the immersion and submersion theorems. There is however
an important difference with the ordinary differentiable manifolds theory, which arises
when we discuss the constant rank morphisms, which are the natural generalization
of the immersion and submersion morphisms. There is in fact a difficulty with the
definition of rank of the Jacobian of a morphism: as we shall see this notion is not
always well defined. This is a supergeometric peculiarity, ultimately linked to the
graded nature of super vector spaces. The constant rank morphisms are crucial for a
complete treatment of submanifolds and it is the key tool for their explicit constructions
as we shall see in the section on submanifolds.

All of these are well-known results that appeared in several papers, including [53],
[56], [76]. Nevertheless we provide complete proofs of them in the effort to make the
text self-contained.

5.1 The inverse function theorem

We start by proving the super analogue of the inverse function theorem. As in the
ordinary case it is of fundamental importance. Its proof heavily relies on the classical
version of the theorem, for which we refer to [52].

Proposition 5.1.1 (The inverse function theorem). Let¢p: M — N be a supermanifold
morphism and let m € |M | such that (d¢),,, is bijective. Then there exist charts U and
V' around m and |¢|(m) respectively such that |p|(U) C V and ¢|ly: U — V isan
isomorphism of U onto V.

Proof. Since the statement is local we can assume both M and N to be superdomains
UP4 and VP14 respectively. The superdimensions must be equal since the differential
is bijective.

Denote by x*, &/ and t”, #* supercoordinates on U”!? and V2!, respectively. By
the Chart Theorem 4.1.11, ¢*: O(VP14) — O(UP?) is given by

¢*(1") =Y |pi=o bp(x'. ... xP)EF,
$*(0°) = Y gm1 PH (" xP)EC.
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Our assumption on the differential being bijective amounts to saying that

3¢1 a¢1 1 1
L e 2(10...,0) ®0,0,...1)
A= : .|, B:= : :
294 298 ord it
S0 5 (1,0,...,0) (0,0,...,1)

are non-singular. We can hence apply the classical inverse function theorem to find
an open subset W24 C UPl4 where (b, Sk B/} define a new supercoordinate
system that we denote by {x!, ;;j }. If we denote by 7 the corresponding change of
coordinates we have

{(r* 0P*)(t') = X+ Y pisa Pp (X, XP)EP,
(T 0d*)(07) =& + Y 9123 PH(E'.... . XP)EC.

Hence 7* 0¢™ has the form id + N, where N is a matrix with nilpotent entries. This
implies at once that 7* o ¢* has an inverse ¥* given by > (—1)/ N/ where the sum
terminates due exactly to the nilpotency of N. Hence ¢* is invertible. Consequently,
by the Chart Theorem, ¢ is an isomorphism. O

Definition 5.1.2. Let¢: M — N be a supermanifold morphism. If (d¢),, is bijective,
we say that ¢ is a local superdiffeomorphism at m € |M|. If (d¢),, is bijective for all
m € |M |, we say that ¢ is a local superdiffeomorphism.

If ¢ is invertible and its inverse is a supermanifold morphism, we say that ¢ is a
superdiffeomorphism. To simplify matters we shall often drop the suffix “super” and
speak of “diffeomorphism” whenever it is clear in which category we are working.

The next proposition clarifies the relation between local superdiffeomorphism and

superdiffeomorphism.
Corollary 5.1.3. Suppose that ¢: M — N is a supermanifold morphism such that

(1) |@| is bijective,

(2) (d¢)y is an isomorphism for each x € |M|.
Then ¢ is a superdiffeomorphism.
Proof (Sketch). We shall produce a supermanifold morphism ¢ = (|y|, ¥*): N —
M, which is the inverse of ¢. We have by || = |¢~'| by (1). As for the sheaf
morphism, ¢* is locally invertible, so we can define ¥, = ¢* Y|y onany U in a

suitable open cover of N. Such morphisms agree on the overlap of open sets, thus we
have defined the required inverse. |
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5.2 Immersions, submersions and the constant rank morphisms

When M and N are classical manifolds and ¢ : M — N is a supermanifold morphism,
there exists a relationship between the properties of the differential (d¢), at a point
x € |M| and the local structure of the map ¢ in a neighborhood of x. This leads to a
classification of smooth mappings in terms of the rank of their differentials.

The purpose of this section is to replicate this same discussion in the supergeometric
setting. As we already pointed out, there are important differences with the ordinary
case in the definition of constant rank morphism.

Let usrecall that given amorphism¢: M — N, we can speak both of its differential
(d$)m at m € |M| and of the Jacobian Jy in a neighborhood of m € |M|. Choosing
charts (U, ¢, 0) and (V, x, £) containing m and |y |(m), respectively, the differential
and the Jacobian can be written as

a¢; (x) 0 a¢;(x) _%

—_ t —

(dP)m = 0 " 3% (®) o Je =¥ et |-
=30 Im 3t 30

Clearly we have the relation j:p(m) = (do)m.

In Chapter 1, Section 1.5, we have defined the rank of a supermatrix as the di-
mension of the largest invertible supermatrix contained in it. With this definition one
has immediately that the rank of a supermatrix coincides with the rank of its reduced
matrix, so in particular tk(Jg) = 1k(d¢),m.

We are now going to introduce a definition that is a variation of the concept of rank
and is subtly related to it.

Definition 5.2.1. Let Z = ( Z g) € Mpjgxm|n(A) for a commutative superalgebra
A; in other words, Z is a p|q x m|n matrix with diagonal blocks entries in A¢ and
off diagonal block entries in A; (our prototype for A is Oy (U)). We say that Z has
constant rank r|s if there exist G; € GL,,,(A) and G, € GL,4(A) such that G| ZG,

has the form

id, 0 0 0
0 0 0 0
GizGa=1 4 id, 0
0 0 0 0

Remark 5.2.2. It is important to notice that the constant rank is not defined for all
supermatrices. For example, for the supermatrix Z = (g 8) € Mj|1x11 We cannot
define any constant rank; in fact, as one can readily check, it is not possible with a
basis change, that is, with left and right multiplication by elements of the general linear
supergroup, to transform Z into a diagonal matrix with 1 or 0 on the diagonal, as the
definition of constant rank requires. However, once the constant rank is defined, it
coincides with the rank as we defined it in Chapter 1, Section 1.5. We leave this check
to the reader as an exercise.

We can now give the following definitions.
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Definition 5.2.3. Let the notation be as above.
(1) A morphism ¢: M — N is said to be an immersion at m € |M| if (d¢), is
injective.
(2) A morphism ¢: M — N is said to be a submersion at m € |M| if (d@),, is
surjective.

(3) A morphism ¢: M — N is said to have constant rank 7|s in a neighborhood U
of m € |[M|, if J4 is a matrix of constant rank r|s (and entries in Opr(U)).

Notice that in the first two definitions we refer to the differential of the morphism,
while in the last one the Jacobian of the morphism enters.

Each one of the three kinds of morphisms has its corresponding structure theorem
and, as we shall see, there is an important result relating all three of them. We now
begin our discussion of each of these three kinds of morphisms.

Immersions. Let ¢: M — N be a morphism of supermanifolds, dim M = min,
dim N = m + p|n + q and let x € |[M|. Suppose that there exist charts U, {t'}7_,
{077, around x, and V' = Vi x V5, {y"}]L,, {z“ . 'Y= {{b}z=l around

|¢|(x) such that the restriction of ¢ to U has the form
Vit g6, %o

By a common abuse of notation, whenever there is no danger of confusion, we shall
denote from now on the coordinates in the domain and their images by the same letter,
so we shall write y* and 7/ instead of ¢’ and 67 . Clearly ¢ is an immersion at x. The
converse is also true and this is the content of the following proposition.

Proposition 5.2.4. Let ¢: M — N be a supermanifold morphism, with dim(M) =
m|n < dim(N) = m + p|n + q. The following facts are equivalent:

(1) ¢: M — N is an immersion at x.
(2) (d¢)x has rank (m|n).
(3) There exist charts U, {t*}7 {9"'};‘=1 around x and V.= Vi x V,, {t'}7

i=1 i=1
{fr_ (07 Vier {Hb}gzl around |@|(x) such that the restriction of the map to

U and V has the form
st 07— 07, 0% 0.

Proof. The proof mimics the classical one. We sketch it briefly. The equivalence
between (1) and (2) is true by definition, while (3) implies (1) comes from our previous
discussion.

Let (W, {y'}, {n/}) and (Q, {x"}, {£°}) be supercharts near x and |¢|(x), respec-

tively. Possibly relabeling the supercoordinates we can suppose that (a‘b;ff "));nl.zl
and (%)Z j=1 are non-singular at x.
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Hence if we consider the superchart (R?!4, 2%, %), we can define the map
a: WxRPU 0

through a*(x") = ¢*(x") for 1 <r <m,a*(x") =z + ¢*(x") form + 1 <
r<m+p, ") =¢*¢) forl <s <n,and a*() = " + ¢ (§°) for
n+1=<s=<n+gq.lItisclearthat ¢ = a ol .,y «rrie. Itis also clear that (do)(x,0)
is a bijection so that, due to Proposition 5.1.1, it is a local diffeomorphism. Thus the
proposition is proved. O

Submersions. Let us proceed in analogy with immersions.

Proposition 5.2.5. Let ¢: M — N be a supermanifold morphism, with dim(M) =
m+ pln 4+ g > dim(N) = m|n. The following facts are equivalent:

(1) ¢: M — N is a submersion at x of rank m|n.
(2) (d¢p)x has rank (m|n).
(3) There exist charts U = Uy x Us, {t' Y™, {t*}F {QJ};-’:P {éb}g=l around x,

i=1 a=1’
and V, {t! . {67 }7=1 around |¢|(x) such that the restriction of the map to U

and 'V has the form . , ) )
=1t 0/ 0.

Proof. The proof is completely similar to that for immersion and is left out. |
Constant rank morphisms. Due to the fact that the definition of the constant rank

morphisms involves the Jacobian matrix rather than the differential, the discussion is
more involved.

Proposition 5.2.6. Let M and N be supermanifolds, dim M = pl|q, dim N = m|n.
Suppose that ¢: M — N is a constant rank morphism of rank «|B in a neighbor-
hood of x € |M|. Then there exist charts U ~ U®*B x UP=a=B \with coordinates
(yi L z7, n, ) andV ~ VelB x ym—aln=B \ith coordinates (yi, t, n", 91) containing
x and |¢|(x), respectively, such that ¢* has the form

Yoyl

th 0, 6! = 0.
Proof. Since the statement is local, we can work on superdomains. Suppose that we
have a morphism ¢: UP1 — V™" and let (u, i), (v,v) be local coordinates in
UP4 and V™" By the Chart Theorem we have that ¢ is described by the pullbacks
vi* 1= ¢*(v') and v/ * := ¢*(v/). It is not restrictive to suppose that 0 belongs both
to UP1 and to V™" and that v'*(0) = v/*(0) = 0. Since Jy4 has constant rank,
possibly relabeling the coordinates, we can assume that the matrices

ik ¥ J* B
(Bv ) and (81} )
ou” i,r=1 8Ms Js=1
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are non-singular. In order to keep the notation minimal let w and p generically denote
the supercoordinates in a superdomain. Hence the morphism

Ve UPld 5 RYIB  RPla—B

defined by the pullbacks ¥*(w' ® 1) = vi* for 1 <i < a, ¥*(1 ® w/) = u®*/ for
1<j<p—ay*(p ®1)=v™*forl <r <p, and y*(1® p*) = uP*s for
1 <s < g—8,isalocal superdiffeomorphism. An easy check shows indeed that i has
invertible differential at x. Hence there exist U; C UP 19 and U, C ReIB x Rp—ala—B
such that ¥ : U; — U, is an isomorphism. The morphism ¢ o ! is determined by
the pullback

vii—>wi®l, 1<i<a,
Vs g @Llow o ®1,1Qp°), a+l1<j<m,
Vs o' ®1, 1<r=<8§,

vsl—)ys(wl®1,1®wj,pr®1,1®ps)l, B+1<s<n.

The Jacobian matrix is hence given by

1 0 0 0
dg g dg dg
Joyoy—1 = dw; Jdwz dpy  dp2 ,
bov 0 0 0
Oy dy dy By
dw;  dwy dpr o2

where we have denoted collectively by w; (resp. wz, p1, p2) the variables of the form
w @1 (resp. 1@ w', p' @ 1,1® p).

It is clearly possible to rearrange rows and columns so that the matrix takes the
more tractable form

1 0 0 0

0 1 0 0

J¢°1//_1 = g g g g
3w1 %01 3w2 0, 2
Iy oy Jy oy
Jw;  dpy  OJwz  dp2

Notice that correspondingly also the usual form of the matrices in the general linear
supergroup will change. In other words, when we write matrices in GL(V(R)), where
we choose for V' a homogeneous basis where the even elements do not all come at the
beginning, then we no longer have matrices with even entries in the diagonal blocks
and odd entries in the off diagonal blocks. So these matrices represent elements in
GL(V(R)), but they are not in GL;(R), for a given commutative superalgebra R.

The claim is now that, in order for the matrix J¢ow_1 to have constant rank «|f, it
g g

is necessary and sufficient that the submatrix (3;';,2 d{,"f) is zero. Suppose indeed that
dwp 0pp
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M = (1 e g) is a matrix of constant rank «|B, where I, g is the identity matrix with

o 4 B rows and columns. Hence there exists G and G such that GM G = (1"6‘3 8). In

particular there exists G = (g; gi) such that M G has only the first @ + B columns

non-zero. In our case we have

. Gy G,
MG = (AGl +BGs AG, + BG4) :

So if G, = 0, then G4 is invertible and consequently B = 0.
We thus have that g’ and y/ do not depend on the coordinates w-, p, on RP~%4=8,
We can hence simplify the notation and write

dWw Ly ®l), a+tl<i<m,
y(w ®1.p ®1), B+1=</=<n.

Consider now the superdomain Uz C V™" given by
Us = {(', ..., 0" v ... v | (vl,...,v“,O,...,O,vl,...,vﬂ,O,...,O) e Uy}
and define the morphism
@: Us — R¥IB x pm—ain—p
via
w @1 v, PRl
1Qw! vt — g@rD i vy 1@ p* > BT — B+ (i )y,

It is a simple check to show that ¢ is invertible and that ¢ o ¢ o ¥ ~! has the required
form. =

We have immediately the following interesting corollaries.

Corollary 5.2.7. Let p: M — N be a morphism of supermanifolds and let m € |M |.
Then the following are equivalent:

(1) In a neighbourhood of m, ¢ splits as a submersion ¢1 and an immersion ¢,
oo U v 2w

(2) ¢ is a constant rank morphism in a neighbourhood of m.

Corollary 5.2.8. Immersions and submersions are constant rank morphisms.
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5.3 Submanifolds

In this section we shall use the results on the local structure of morphisms discussed
in the previous section in order to formulate a theory of smooth submanifolds of su-
permanifolds.! As we stressed from the very beginning, even though many classical
results and constructions carry over to the super setting, the arguments present some ex-
tra subtleties and we invite the reader to go to [54] for some insight on all the problems
that can arise.

As in the classical theory, submanifolds of a given supermanifold M are defined as
pairs (N, j) where N is asupermanifoldand j : N — M is an injective morphism with
some regularity property. We will distinguish two kinds of submanifolds according to
the properties of the morphism ;.

Definition 5.3.1. We say that (N, j) is an immersed submanifold if j: N — M is
an injective immersion, in other words, if |j|: |N| — |M] is injective and (dj ), is
injective for all m € |M|.

As in the ordinary setting, we can strengthen this notion by introducing the notion
of embedding.

Definition 5.3.2. We say that j: N — M is an embedding if it is an immersion and
if |j|: |[N| — |M] is a homeomorphism onto its image. We say that (N, j) is an
embedded submanifold if j is an embedding. We say that (¥, j) is a closed embedded
submanifold if it is an embedded submanifold and |j|(|N|) is a closed subset of | M |.

Remark 5.3.3. Notice that the morphism j : M — M, where M is the reduced
manifold associated with M, is a closed embedding.

Closed embedded submanifolds have the following nice characterization in terms
of the properties of the pullback.

Proposition 5.3.4. Let N and M be supermanifolds. Amap j: N — M is a closed
embedding if and only if j*: O(M) — O(N) is surjective.

Proof. Suppose first that j is a closed embedding and let f € @(N). Denote by
{Uqs}aca an open covering of |N|. Since |j| is a homeomorphism onto its image,
there exist open sets {U,}aea in |M| such that | j|(Uy) = U, N |j|(|N]). Possibly
passing to a refinement of the open cover, it is not restrictive to suppose each U, to
be a superchart with coordinates x’, y/, 7, n? such that j*(y/) = j*(n?) = 0
(see Proposition 5.2.4). In particular the map j(’;& 1 Om(U)) — On(Uy) is surjective.
Let go be a section in Opr(U,,) such that jz;& (ga) = fo = flu,- Since j(|N]) is
a closed subset of |M |, we can consider the open cover of |M| given by {U,, @ €
A, IM|\ |jI(|N])} and let {hq} denote a partition of unity subordinated to the given

!To ease the terminology we prefer to use the term “submanifold” instead of the more appropriate, but
cumbersome “subsupermanifold”.



98 5 The local structure of morphisms

cover. Clearly g4 - hy belongs to O(M) and, due to the local finiteness of the cover,
g = Y, 8a - hy is a well-defined section in @ (M) so that j*(g) = > j*(hq) fa-
On the other hand it is very easy to check that the family {j * ()} defines a partition
of unity on N subordinated to {U, }, hence f = Y j*(hq) fo. So we have proved the
surjectivity of j*.

Suppose now that the pullback j*: O(M) — O(N) is surjective. It is immediate
that both (see notation of Chapter 4, Section 4.5)

12 INT = M|, (dj)x: TeN = Tjjio M.

are injective. The fact that | j | is a homeomorphism onto its image is a consequence of
the same result being true for the ordinary setting (see [78], Ch. I). O

Proposition 5.3.4 characterizes closed embeddings among all possible supermani-
fold morphisms ¢: N — M in terms of surjectivity of ¢*. As a consequence we have
O(N) ~ O(M)/gn where §n := ker ¢*. Hence the ideal §x C O (M) completely
characterizes the closed embedded submanifold N. The next proposition singles out
some important properties of §u .

Proposition 5.3.5. Let j: N — M be a closed embedding and let Jy = ker(j*).
Then if m € |M| and Jy, is the corresponding maximal ideal in O(M), Jy C Jp if
and only if m € |j|(|N]). Moreover:

(1) If m € |M| is such that Jy C J,,, then there exist homogeneous fi, ..., fn in
Jn such that [ f1], ..., [ fx] generate Iy m and (A f1)m, - .., (d fn)m are linearly
independent at m, where Jn ,, denotes the ideal generated by the image of Jn
in the stalk Opg m.

(2) If {fitien is a family in Jy such that any compact subset of M intersects only
a finite number of supp f;, then )", fi belongs to Jy.

Proof. We give a sketch leaving the details to the reader. Since j is a closed embedding,
due to Proposition5.3.4, O(N) >~ O(M)/Jy sothatthereis a bijective correspondence
between maximal ideals in @ (N) and maximal ideals in @ (M) containing Jy. We
now consider (1). Let x € N. Since j is an immersion, there exist supercharts
(U,x*,07) 3 x and (U x W, x%,y",67,1°) > |j|(x) such that j is expressed as an
injection, where the coordinates y” and n° are sent to zero. Let U’ x W’ 5 x be an open
subset of U x W and consider a section g such that g|g/xw’ = 1 and g|mc = 0.
The global section g allows us to extend the local coordinates to obtain global sections;
in fact the global sections {y” g, n° g} have the required properties to be the f;’s.

We now go about the proof of (2). We leave it to the reader to check that if
{fi} are sections in @ (M) such that {supp f;} is a locally finite covering, then the
possibly infinite sum f = ), f; is a well-defined element in @ (M). Now notice
that Jy(U) := ker jI’;JI is an ideal sheaf, hence to check if f € Jy = Jy(|N]) it
is enough to check that f|y, € Jn(U;) for an open cover {U;} of |N|. Since any
point has a compact neighbourhood and since the hypothesis in (2) holds, we obtain
the result. |
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Definition 5.3.6. Let / be anideal in O(M). [ is called a regular ideal if the following
holds.

(1) If m € |M] is such that I C J,,, then there exist homogeneous fi,..., f,
in [ such that [ fi],...,[fs] generate I, and (d f1)m, ..., (d f,)m are linearly
independent at m, where [, denotes the ideal generated by the image of I in the
stalk Opr,m.

(2) If { fi }ien is a family in / such that any compact subset of M intersects only a
finite number of supp f;, then ), f; belongs to /.

Remark 5.3.7. If the sum { f; };en is finite, the second condition is trivial since it is
clear that a finite sum of elements in [ still belongs to the ideal /. When the sum
is infinite, the sum is still well defined since at any point we are summing a finite
number of f;’s. However the f;’s that we are summing can vary from point to point
and consequently in general we cannot assume that their sum still lies in /.

The next proposition says that each regular ideal 7 in O (M) is of the form Jy for
a closed embedded subsupermanifold N. This is a converse to Proposition 5.3.5.

Proposition 5.3.8. Let M be a supermanifold and suppose that J is a regular ideal in
O (M). Then there exists a unique closed embedded supermanifold (N, j) such that J
is the associated regular ideal, i.e., O(N) = O(M)/J.

Proof. Define the set
IN[:=={x e [M]||J S Jx}.

Clearly |[N| = N{|f171(0) | f € J}sothat|N|isclosedin |M]|. Since J is aregular
ideal, for each x € |N| there exist homogeneous sections f1,..., f2,y!, ..., y?in
J, depending on x, of even and odd parity, respectively, such that {(d %), (dy/),}
are linearly independent and [ /*], [y/] generate the space of germs J,. Because of the
inverse function theorem, there exist sections y”, n° in @ (M) such that { f*, y", v/, n*}
is a coordinate system in a neighborhood U~* of x in |M|.

Define now U™* := U* N |N| and

OU™):=C®p ... )" @AM ,....0"M).
Then U™ is a subset of | M| of the form
U™ :={ze|M[| f'(z) =0}

We now show that |N| can be endowed with a supermanifold structure. Clearly we
have the submersion
ax: OU™) = Oy (UY)

given by y” + y” and n® — 7°, and there is also the immersion

Bx: O (U*) - OU™), fly/ =0, y =y, n—n'
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We can thus define transition functions ¢y, between the various @ (U~’) through the
diagram
oW -22 - 0uU")

o
¢xy

Oy (U*) —= Oy (U?).

It is evident that ¢, = id and it is easy to prove that they obey the other glueing
conditions as specified in Chapter 2, Section 2.2. We call N the supermanifold obtained
in this way. It is clear that it is a closed embedded submanifold. |

We now introduce the concept of quasi-coherent sheaves on supermanifolds. As
we shall see, this concept is strictly related to closed embedded submanifolds, and
this terminology is widely used in the literature. We warn the reader that the word
“quasi-coherent” is used to stress the analogy with quasi-coherent sheaves of ideals
in the algebraic setting, but that this analogy has differences, which should not be
overlooked.

Definition 5.3.9. Let M = (|M|, Op) be a supermanifold and let § an ideal sheaf.
We say that & is a quasi-coherent sheaf of ideals if for each point m € |M |, there exists
an open neighbourhood U such that §(U) is a regular ideal.

Proposition 5.3.10. Letr M = (|M|, Opr) be a supermanifold. There is a one-to-one
correspondence between the following sets:

(1) The set of closed embedded submanifolds of M .
(2) The set of regular ideals of O(M).

(3) The set of quasi-coherent sheaves on M.

Proof. The correspondence between (1) and (2) is given by Propositions 5.3.8 and
5.3.5. As for (2) and (3), it is clear that if § is a quasi-coherent ideal sheaf, then its
global sections define a regular ideal. Vice versaif [ is aregularideal in @ (M), then for
each point m € | M | there exists an open set U containing x and homogeneous sections
(»',1%) in Op(U) that generate a regular ideal 7(U) in O (U). These sections are
those computed during the proof of Proposition 5.3.5. The assignment U +— I(U) is
a sheaf of ideals on | M |. |

The next concept we want to introduce is transversality. The main way to define a
submanifold of a given manifold is through equations. We want to give a criterion to
establish when we can give a supermanifold structure to the set of points which are the
zeros of a certain set of equations.

Definition 5.3.11. Let N;, N, and M be supermanifolds. Suppose that morphisms
¢1: N1 > M and ¢: N — M are given such that, if m = |¢1|(n1) = |p2|(n2),
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then
TwM = (d¢p1)n, Tny N1 + (d2)n, Ty No. 5.1

The maps ¢; and ¢, are then said to be transversal at m.

Notice in particular that if 7 is not in |¢1|(]N1]) or not in |¢2|(|N2|), then ¢; and
¢, are automatically transversal at m. Notice also that the sum in equation (5.1) needs
not to be direct.

Proposition 5.3.12. Let ¢: L — M be a supermanifold morphism and let (N, j) be
a closed embedded submanifold of M, O(N) = O(M)/$n. Suppose that ¢ and j
are transversal and denote by § the ideal in O(L) generated by ¢*($n). Then & is a
regular ideal corresponding to a closed submanifold N' C L.

Proof. Let us first notice that x € |L| is such that § C ¢, if and only if |¢|(x) € |N]|.
Indeed ¢*(f)(x) = Oforall / € gy if and only if f(|¢|(x)) = Oforall f € gn. If
x € |N| then there exists a superchart U, xt,x7,0",09 such that N N U is determined
by ¥/ = 69 = 0. By using an appropriate global section, we can suppose that X/, 99
are defined on the whole M. We claim that ¢*(%/), $*(69) satisfy the properties
of (1) of Proposition 5.3.5. They are clearly in § and they also generate .. It
remains only to prove that their differentials are linearly independent, but this is an
easy consequence of the transversality condition. Indeed let X; € T, L be such that
dp)x Xi = (52 )‘ ol 2o ci(dgp™ (¥%)) = 0 for some non-null sequence of numbers

327
(¢i) then <vazci(d¢*(xi))> = Zci<¢*(Xp)’)_Ci> = Zci“a)}ip)w(x)vxi) = 0,
O

which is clearly impossible.

Proposition 5.3.13. Let ¢: L — M be a supermanifold morphism and suppose that
m € |M|. Suppose that for each x in |¢p|~!(m) there exists a neighborhood where ¢
is a constant rank morphism.

(1) If § denotes the ideal in O(L) generated by ¢p*($m), then & distinguishes a
closed supersubmanifold L’ of L ($m the ideal in O (M) corresponding to the point m).

(2) If (L', j) denotes the closed embedded submanifold distinguished by &, then
Ty L' ~ ker(de)x
foreach x € |L'| = |¢|~ (m).

Proof. (1) Suppose that § € ¢, for some x € |L|. This means that, for all f € ¢,
f(x) = 0 and since f = ¢*(g), with g € $m, g(|¢|(x)) = 0, in other words x €
|¢|~1(m). Since ¢ has constant rank, for each x € |¢|~!(m) we can find coordinates
xboooxm, oyl oy gL e )L %2 around m such that ¢* (x7), ¢*(E7)
generate . The verification of (2) in Proposition 5.3.5 is an easy check. We thus
have a closed embedded submanifold (L’, j).

(2) Suppose now that v € Ty L’ is given, i.e., a derivation O (L’) — R. Since, due
to Proposition 5.3.4, O(L") ~ O(L)/I, there is a bijective correspondence between
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Ty L' and derivations v € Ty L such that kerv D I. Since I is the ideal generated
by ¢*($m), a simple check shows that kerv D [ if and only if (d¢),v = 0, thus
proving (2). (|

Example 5.3.14. Consider the morphism ¢7: GLyn(T) — RUN(T), ¢(X) =
Ber(X), for T a supermanifold. This natural transformation between the functor of
points of these two supermanifolds corresponds to the morphism of the superalgebras
of global sections: ¢*: O(R'®) — O(GLy,n), ¢*(t) = Ber, where ¢ is the global
canonical coordinate in R!l® and Ber is the Berezinian function, that is, if x; ; and &x;
are the usual global canonical coordinates in O (GL,,,), then

i,j=1,...,m,

Ber = det(xkl)_l det(x;; — Zfikxklglj), kl—mal M+

k,l

and x*! denotes the element of the inverse of the matrix (xx;). One can readily check
that this is a submersion, hence a constant rank morphism at all points of |¢|~!(1). By
Proposition 5.3.13 we have that |¢|~!(1) has a supermanifold structure and one can
readily check that this is SL,,,, the supermanifold whose 7-points are the matrices in
GL | (T') with Berezinian equal to 1.

The differential at the identity (d¢);q can be calculated and it is the morphism

(d9)ia: Tia(GLpp) = My, — TIRIO = R, M > str(M),

where str denotes the supertrace of a matrix, i.e., str(é g) = tr(A) — tr(D). Hence
the tangent space to SL,,),, at the identity consists of those matrices in M, ,, the real
super vector space detailed in Example 3.1.5 with supertrace zero. We shall see in the
next chapters that this super vector space has the extra structure of a super Lie algebra.

Using the method described in the previous example, one can easily calculate the
tangent space at the identity for other classical supergroups that we shall define in the
next chapter. However we shall give later a better tool to handle such calculations,
namely the stabilizer theorem.

5.4 References

With respect to the classical material we refer the reader to [47], [1], [78] for an
exhaustive treatment. Almost all the supergeometry material presented in this chapter
is a reworking of [53]. More recent treatments of the same material can be found in
[56], [76].
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The Frobenius theorem

In ordinary geometry the Frobenius theorem is extremely important: it provides a
constructive and effective way to build a submanifold of a given manifold starting from
a subbundle of its tangent bundle, verifying some natural conditions. In this chapter
we want to prove the extension to supergeometry of the Frobenius theorem, both in its
local and global versions.

Though the results are stated in the super context almost unchanged, with respect
to the ordinary setting, the arguments turn out to be more delicate and in particular, as
we shall see, it is necessary to study separately the behaviour of odd vector fields and
their associated distributions.

6.1 The local super Frobenius theorem

We want a mechanism by which we can construct locally a submanifold of a given
supermanifold M.
Let M = (|[M|, Opr) be a supermanifold with tangent bundle Vecy, .

Definition 6.1.1. A distribution on M is an O@ps-submodule O of Vecys which is
locally a direct factor, namely, given x € |M |, there exists an open neighbourhood U
of x and another subsheaf D’ C Vecys so that

Vecyr,y = Dy & Dy
forall y e U.

We first want to show that any distribution & is locally free, in other words, Dy is
a free @,-module. Before this, we need a lemma, whose proof relies heavily on the
super version of Nakayama’s lemma, detailed in Appendix B.

Lemma 6.1.2. Let x € |M| and let {X;, ©;} be vector fields defined in a neighbour-
hood of x and such that their associated tangent vectors are linearly independent. Then
Xix, ©jx € Vecy x are linearly independent.

Proof. InLemmaB.3.3 take E = spang,, X{X,',x, ®; x} and AN = Vecys,x. Then the
result follows. ' O

Lemma 6.1.3. Let D be as above. Then Dy is afree module forall x € |M|. Moreover,
if M is connected, then the dimension of the vector space Dy /i Dy is independent
from x, where wy is the maximal ideal in the local ring Oy .
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Proof. Letx € |M|. We set ourselves up to use the previous result, namely we will find
vector fields {X;, ©;} which generate O in an open neighborhood U of x so that the
vectors corresponding to evaluating {X;, ®;} at x are a basis for 7 (M), the tangent
space of M at x. Lemma 6.1.2 then tells us that {X;, ®;} are in fact Oy .-linearly
independent in Vecyy x.

Let {X;, ®;} be vector fields on D, defined on an open neighborhood U of x so
that their tangent vectors at x are a basis for Dy /m, Dy S Tx(M). Because D is
a distribution, it is locally free, and there exists D C Vecy (U) so that Vecy,, =
D, ® D, forally e U.

Now let {Yx, E;} € Dy defined on U be such that their tangent vectors at x are a
basis for Dy /iy Dy C Tx(M). Since Tx (M) = Dy /11 Dy D Dy /iy Dy, it follows
that {X;, Yx, ®;, E;} evaluated at x is a basis for 7 (M ). In fact, this is true for all
points y € U by construction, hence by Lemma 6.1.2 they are linearly independent.

To see that { X;, ©, } generate D, let D), = ({X;, O, }) be the submodule of Vecyy, y
generated by these vector fields. Similarly let D}, = ({Y, E;}). Then D, € D, and
D}, € Dy, but we also know that D), @ D}, = Vecy,y = Dy & Dy, hence the
generation.

This proves also that dim(D, /m, Dy) is invariant for y € U, if M is connected.

O

The next definitions are crucial for the statement of the local Frobenius theorem.

Definition 6.1.4. Let M = (|M|, Oyr) be a connected supermanifold, that is, | M | is
connected, and let D be a distribution on M. We define the rank of a distribution as

rank (D) := dim(Dy /11, Dy).

The previous lemma ensures the rank is well defined (see also Appendix B, Sec-
tion B.3).

Definition 6.1.5. We say that a distribution D is involutive if it is stable under the
bracket on Vecyy, i.e., for vector fields X, Y in D the bracket [X, Y] is also a vector
field in D.

Definition 6.1.6. We say that a distribution D is integrable if, for any x € |M |, there
exists (locally) a submanifold N of M whose tangent bundle can be identified locally
with D, that is,

VGCN|U = i)|U, xeU,

for a suitable neighbourhood U of x.

It is clear that an integral distribution is involutive; the Frobenius theorem in its
local and global versions establishes a converse for this fact.

Lemma 6.1.3 and the definition of rank of a distribution allow us to make some
crucial change of coordinates calculations at the coordinate chart level to shape an
involutive distribution. We now prove a series of lemmas which will demonstrate, by
construction, the local Frobenius theorem on supermanifolds.
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Remark 6.1.7. The following lemmas pertain to the local Frobenius theorem and are
local results, thus it suffices to consider the case M = R? 19 in a coordinate neighbor-
hood of the origin, i.e., Urla,

Next is an explicit local calculation of the previous lemma.

Lemma 6.1.8. Let D be an involutive distribution. Then there exist linearly indepen-
dent supercommuting vector fields which span D.

Proof. Let{Xi,...,Xr, x1,-.., Xs} beabasis for D, in other words, {X1 x, ..., Xrx,
X1.x»---» Xs,xy form a basis for the free Oy x-module Dx. Let (¢,0) = @', ..., t?,
61, ...,09) be alocal set of coordinates. Then we can express the vector fields

X;j —ZajzaﬂJrZ 11801’ Xk = Zﬂk; T Zbkl (6.1)

The coefficients form an r|s x p|g matrix T,

r=(3 5).

with entries in @z (U) (for a suitable domain U') and whose rows are the vector fields
Xi1,....Xs, X1, .., xs generating the distribution 9. T hasrank r|s since the {X;, y;}
are linearly independent. This is to say that the submatrix (a) has rank » and rank(b)
= 5. Then by renumerating coordinates (¢, ), we may assume that

T = (To|*),

where T is an invertible 7|s x r|s matrix. Multiplying 7' by any invertible matrix on
the left does not change the row space of T (i.e., the distribution ), so we can multiply

by T, ! and assume that
I, 0 =x
r= (() I *) ’

which amounts to saying that we may assume that

4= 8t1 * Zl o Z “”ael’
i=r+ =s+1 (6.2)

d
X =oop + Z bkl 7+ Z ﬁjlatl'

I=s+1 i=r+1

We then claim that [X;, X;] = 0. By the involutive property of O, we know that

[Xj. Xi] = Zsz +Z¢z X1

i=1
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where the f; are even functlons and the ¢; are odd functions. Then, by (6.2), f; is
the coefficient of the - term in the vector field [X;, Xx]. However, again by (6.2), it

is clear that [X;, Xk] has only -2 5,7 terms for i > r, and so we have f; = 0 forall i.

Similarly, [ X, X] has only % terms for / > s, hence also ¢; = 0 for all /.

The cases [X;, yx] = Oand [x;, xx] = 0 follow by using the same argument above.
|

We now prove the local super Frobenius theorem in the case of an even distribution
of rank 1]0.

Lemma 6.1.9. Let X be an even vector field. There exist local coordinates so that

0
X =—.
ot
Proof. Let g be the ideal generated by the odd functions on R?!9. Then, since X
is even, X maps ¢ to itself. Thus X induces a vector field, and hence an integrable
distribution, on the reduced space R”. Then we may apply the classical Frobenius
theorem to get a coordinate system where X = 3% (mod &). So we may assume that

azl Z +Z ’aez

where the a; are even, the «; are odd, and a;, o; € §. That the a; are even implies that
a; € $2. Moreover, we can find an even matrix (bjk) sothata; = D b,-kek (mod
4?), and so modulo §? we have

9 9
X =— bip6F —.
a1 +§ ik 5g7

Let (¢,0) — (y,7n) be a change of coordinates where y = ¢ and n = g(¢)0 for
g(t) = g, j(7) a suitable invertible matrix of smooth functions depending on 7, only,
thatis,n/ =Y, g;i(¢)0". Then

9 0gjk 0
X_8y_1+_2k:9 (al —|—Zg,1blk)a] (6.3)

s

and we choose g() so that it satisfies the matrix differential equation and initial con-
dition

dg
— = —gb, 0)=1.
a1 gb, £(0)
By (6.3) we may then assume that, modulo g2,
i

ayt
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Next we claim that if X = % (mod g¥), then X = a% (mod gk+1). Since ¢ is
nilpotent, this claim will imply the result for the 1]|0-case.

Again, let (t,0) — (y,n) be a change of coordinates so that y' = ' + ¢; and
n =6/ + yj forc;,y; € g% suitably chosen in such a way that they depend on 7,
only. In the (¢, 6) coordinate system, let

X = g+ g + X g

i>2

for h;, oy € g¥. In the new coordinate system, this becomes
0 ac; ay;\ 0
_a_1+2i:(h,- azl) +Z(’+az1) +Y

for some ¥ = 0 (mod g**1) since 2k — 1 > k + 1 for k > 2. So choose the ¢; and
y; so that they satisfy the differential equations

dc; Ay
m = —n;, m = -9,
and we get that X = 3%1 (mod g*¥*1) as we wanted. O

The above Lemma 6.1.9 sets us up to prove the following.

Lemma 6.1.10. Let D be a distribution generated by the set {X, ..., X,} of super-
commuting even vector fields. Then there exist local coordinates (t, 6) so that

i—1
X 9
= — aiji —
ot Z Vot
i=1
for some even functions a;j.

Proof. We proceed by induction. The case r = 1 is presented above.
We may now assume that we can find coordinates which work for r — 1 supercom-
muting vector fields, and we want to prove the lemma for r. Again, assume that there

are coordinates so that X; 3t1 + Zl_l aij 77 at, for j < r. Then

S I 9
X, = Z Ji Fre + Z 23v:ys
for some even functions f; and odd functions ¢x. The assumption [X,, X;] = 0 gives

Zﬁ[%’){j}ﬂLZ(ﬂk[%’Xj] > (X f) 8t’ -y & (Pk)
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We know that [ o , Xj] is a linear combination of =57 at for [ < r, which means that
X; fi =0forall j > r — 1. Because the coefficients of the X; are “upper triangular”

for j <r —1, wesee that f; depends only on (¢",...,t7, 91 .,0%) fori > r. We
also have [aek’ i] = Oforall k, and so X;¢x = 0 for all j as well. We can then
again conclude that the ¢ depend only on (¢”,...,t7,01,...,09) as well.

Now we can rewrite X, as follows:

L A 9
Xy = <Zlf;W) +IZﬁw+kZ¢kW
i= =r =1

= X/
Here X, depends only on (", ...,609), and so by an application of Lemma 6.1.9 on
X/, we may change the coordinates (¢”, ..., 87) so that X, = azir and so

Z latl

(where the f; are the f; above under the change of coordinates prescribed by Lem-
ma 6.1.9). O

In fact, the above lemma proves the local Frobenius theorem in the case when D
is a purely even distribution (i.e., of rank r|0). For the most general case we need
one more lemma, which establishes the local Frobenius theorem in the case of an odd
distribution of rank 0|1.

Lemma 6.1.11. Say y is an odd vector field so that y*> = 0 and that span{y} is a

distribution. Then there exist coordinates so that locally y = a%l‘

Proof. As we have previously remarked, since we want a local result, it suffices to
assume that y is a vector field on R?!7 near the origin. Let us say (y, ) are coordinates

on R?!4. Then 3 5
X = Xi:ai()’, TI)W + ;aj(y, ﬂ)W’

where the «; are odd, the a; are even, and we may assume that a; (0) # 0.
Now consider the map

7: RO x RPla—1 _ RPla
given by 7*: O(R?!4) — @ (R x RPl~1):
Vo=t 4 eai(t,0,8), 1" =ea1(t,0,8), 1/ =67 +ea;(t,0,6).

Here € is the coordinate on RO and (¢!,...,17,62,...,69) are the coordinates on
RP19=1 and § denotes the O-indices 2, ... ,q. The a(¢,0,0) and a(z,0, 0) are the
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functions o; and a; where we substitute ¢ for y, let 91 = 0, and substitute é for
n?,...,n9. We claim that the map 7 is a diffeomorphism in a neighborhood of the
origin. Indeed, the differential of 7 at 0 is

I * 0
de =10 a;(0) O
0 * Iq_l

Since it is non-singular, we may think of (¢, €, 8) as coordinates on R? lg (near the
origin) with 7 being a change of coordinates. Under this change of coordinates, we
have

9 <9 ~ D
= Xi:ai(t,o, Q)W + ;aj(r,o, Q)W.

The o; (t, 0, é) and a;(t,0, é) terms must be expressed as functions of (y, ). We shall
do this by following the method we developed in the proof of the Chart Theorem 4.1.11.
Notice that by a simple Taylor series expansion, o; (v, ) = o; (1! + €a;, eay, 0¥=2 +
eay) = a;(t*,0, é) + €f; for some even function B;. Similarly we get a;(y,n) =
aj(t,0, 0) + €b; for some odd function b;. Thus we can write

0
~ 7
e X t€

for some even vector field Z. Recall that r)l = ed; where d; is an even invertible
section. Hence € = 1! A from some invertible even section A.
Then we see that under the change of coordinates given by 7,

a 1 *

where Z* denotes the pullback of Z by 7 and Z' is some even vector field (since both
A and Z are even). Now,

=0= (-1'Z)=0
= ()~ ' Z) = ' Z) 5 + (' Z)? =0
N—— N——

=0 =0
= —a1Z +n' 2z —-n'2’L =0
0 &12, =0
= Z' =0,
so we really have a% = x under the change of coordinates. |

Now we can prove the full local Frobenius theorem.
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Theorem 6.1.12 (Local Frobenius Theorem). Let D be an involutive distribution of
rank r|s. Then there exist local coordinates so that D is spanned by

0 0 0 d

I A TR T

Proof. Let{Xy,..., X, x1,..., x5} be a basis of vector fields for the distribution D.
By Lemma 6.1.8 we may assume that these basis elements supercommute, so then
D’ = span{Xy,..., X} is a subdistribution, and by Lemma 6.1.10 we get that there
exist coordinates so that X; = Fre

We then use the fact that [y1, X;] = 0 for all i to see that y; depends only on
coordinates (t"T!,...,69) (as in the proof of Lemma 6.1.10). In fact, this is not
completely accurate. If we express y; as in (6.1), we see that it is only the S;; and
byx which depend only on the coordinates (t"*1,...,09). However, we can always
kill off the first » 3/d¢' terms by subtracting appropriate linear combinations of the
(X1 =09/0t', ..., X, =0/3t"}.

Since 3 = 0,by Lemma6.1.11, we may change only the coordinates (" ™1, ..., 69)
a%l‘ For y, we apply the same idea: that[y,, X;] = Oand[y2, y1] =
0 again shows that y, depends only on coordinates (P02, 07), and ap-
plying Lemma 6.1.11 once again gives y» = 3%2' The same argument then applies
successively to y3,..., Xs- O

and express y; =

We are now in a position to state and prove the global Frobenius theorem on super-
manifolds.

6.2 The global super Frobenius theorem

Theorem 6.2.1 (Global Frobenius theorem). Let M be a supermanifold, and let D be
an involutive distribution on M. Then given any point of M there is a unique maximal
supermanifold corresponding to D which contains that point; in other words, D is
integrable.

Proof. Let D = span{X1,..., Xr, X1,..-, Xs} @s in the previous section (again the
X; are even and the y; are odd). Let Dy = span{Xy,..., X, }; this subdistribution
maps odd sections to odd sections, and so descends to an integral distribution 130 on
M. Letx € |M|. Then by the classical global Frobenius Theorem, there is a unique
maximal integral manifold M, C M of Dy containing x. We want to build a sheaf of
commutative superalgebras on M,.

By the local Frobenius theorem, given any point y € |M|, there exists an open
coordinate neighborhood around y, U, C |M|, so that Uy, is characterized by coordi-
nates (¢,z,0,1n) (i.e., O (Uy) = C*(t,2)[0, n]), where D is given by the Tjs-span
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of {%, %}. Now let U C | M| and define the following presheaf I on |M |:

I(U) = ({f € Oy (U) | forall y € M, N U there exists
V, C U such that f|y, € C*(z)[n]}).

We claim that I is a subsheaf of 0. Again let U C |M| be an open subset and
let {U,} be an open covering of U so that for a family of s, € I(Uy) we have
Seluynug = $luanug- We know that there exists a unique s € Op(U) so that
S|y, = Sa. Lety € M, NU. Then y € U, for some «. There exists V;, C U, where
sly, € C*°(z)[n] since s|y, = sqa|y,. Hence I is a subsheaf of @ps. Moreover, I is
an ideal sheaf by construction.

It is clear that if p ¢ M,, then I, = Oy, since we can find some neighborhood
of p, W N M, = @, where I(W,) = Op (Wp). Thus the support of T is My, and
we have specified a sheaf of ideals with support M, which defines a unique closed
submanifold of M (see Section 5.3). By going to coordinate neighborhoods it is clear
that this closed subspace is in fact a closed subsupermanifold which we shall now
call M,.

The maximality condition is clear. From the classical theory we have that the
reduced space is maximal, and locally we can verify that we have the maximal number
of odd coordinates that O allows. (|

6.3 References

The local Frobenius theorem for even distributions was proved by Giachetti—Ricci in
[35], while the version for odd distributions was considered in [50] by Koszul. The
first proof of the local and global super Frobenius theorem we are aware of is the one
contained in [19]. For other more modern treatments we refer the reader to [56], [22],
[76].
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Super Lie groups

In this chapter we want to take a closer look at supermanifolds with a group structure:
Lie supergroups or super Lie groups. As in the ordinary setting, a super Lie group is
defined as a supermanifold together with the multiplication and inverse morphisms,
that satisfy the usual properties expressed in terms of certain commutative diagrams.
To any Lie supergroup, we can naturally associate a Lie superalgebra, consisting of the
left-invariant vector fields, As in the ordinary setting, the Lie superalgebra is identified
with the tangent superspace to the supergroup at the identity.

We can equivalently approach this theory using the language of the super Harish-
Chandra pairs (SHCP for short), which is historically how it was originally developed
by Kostant and Koszul [49], [50]. The SHCP allows us to recover the supergroup
structure of a Lie supergroup G only by knowing its reduced ordinary Lie group G and
its associated Lie superalgebra g. In fact an even stronger statement is true: there is
an equivalence of categories between the SHCP and the super Lie groups. As we are
going to see in the next chapter, this equivalence extends to the categories of actions
of the SHCP and the super Lie groups, respectively.

7.1 Super Lie groups

A Lie group is a group object in the category of manifolds. Likewise a super Lie group
is a group object in the category of supermanifolds. More precisely:

Definition 7.1.1. A real super Lie group G (SLG for short) is a real smooth super
manifold G together with three morphisms

w:GxG—>G, i:G—>G, e:RI G,

called multiplication, inverse, and unit respectively satisfying the commutative dia-
grams

xid
GxGxGL>GxG GxG GxG
(idV X (1dV X
idxu LG Ko G, G ¢ G,
N N
G G

GxG

G, G x
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where é denotes the composition of the identity e: R1® — G with the unique map
G — R%°. Moreover, (¥, ¢) denotes the map (¥ x ¢) o dg,dg: G — G x G being
the canonical diagonal map.

We may of course interpret all these maps and diagrams in the language of 7 -points,
which gives us (for any supermanifold 7') morphisms ur: G(T) x G(T) — G(T),
etc. that obey the same commutative diagrams. In other words, if G is an SLG then
the functor T — G(T) = Hom(T, G) takes values in the category of set theoretical
groups. Conversely, Yoneda’s lemma says that if the functor T — G(T') takes values
in the category of set theoretical groups, then G is actually a super Lie group. This
leads us to an alternative definition of a super Lie group.

Definition 7.1.2. A supermanifold G is a super Lie group if for any supermanifold T,
G(T) isagroup, and for any supermanifold S and morphism 7" — S, the corresponding
map G(S) — G(T) is a group homomorphism.

In other words, a supermanifold G is a super Lie group if and only if its functor of
points T +— G(T) is a functor into the category of groups.

Remark 7.1.3. Let us notice that to each super Lie group G is associated a Lie group
G. Itis defined as the underlying manifold G with the “reduced morphisms”

lu|: G xG -G, |il:G—>G, |e:R"—G.

Since the map ¢ — |¢| that associates to any supermanifold morphism ¢: M — N
the morphism |¢]|: M — N between the associated reduced manifolds is functorial,
it is immediate that (G, |/, |i], |e|) is a Lie group. Notice also that in the ordinary
setting the reduced morphisms ||, |i| and |e| fully determine the Lie group structure
on the manifold G.

Example 7.1.4. Letus consider the super Lie group R'!! through the symbolic language
of T-points. The product morphism g: R x R — R is given by

(t,0)- (', 0 =@+t +060,0+6 (7.1)

where the coordinates (¢, 6) and (¢/, 6’) represent two distinct T-points for some su-
permanifold 7. It is then clear by the formula (7.1) that the group axioms are satisfied.
We are going to return with more details in Example 7.2.4.

Remark 7.1.5. Notice that the properties required in Definition 7.1.1 translate into
properties of the morphisms on the global sections, u*: O(G) — O(G x G),
i*: O(G) - O(G), that make O(G) “almost” a Hopf superalgebra (see Chapter 1,
Section 1.7). One word of caution: since O(G x G) = O(G)®O(G), strictly speaking
O(G) is not a Hopf superalgebra but a topological Hopf superalgebra, meaning that
since we are taking a completion of the tensor product, we are allowed to consider
infinite sums (for a definition of topological Hopf algebras see [20]). In fact an SLG
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can also be equivalently defined as a supermanifold G, where @ (G) has a topological
Hopf superalgebra structure. The productin G(7') is recovered via the comultiplication
w* in the following way:

x-y=momyoxxyou®. x.yeG(T)=Hom(OG),O(T)).

Notice that we are making implicit use of Proposition 4.5.4, which tells us that specify-
ing a morphism on @ (G) ® O (G) uniquely determines it on its completion O (G x G).
We leave to the reader the easy check of the fact that the properties of multiplication
W, unit e and inverse i of G will correspond to the (dual) properties of w*, e*, i * that
make them respectively comultiplication, counit and antipode in the topological Hopf
superalgebra sense. We are going to come back to this with more details when we talk
about the algebraic setting in Chapter 11, where completion is no longer necessary.

In the language of T'-points, as we already remarked, the definition of Lie super-
group is equivalent to saying that a super Lie group as a functor from the category of
supermanifolds to the category of groups is representable. In this vein, let us further
examine the GL,,|,, example.

Example 7.1.6. As one can readily see, the supermanifold GL,,,|, described in Exam-
ple 4.6.3 (2) is a Lie supergroup. In fact GL,,|,(T') is the group of automorphisms of
the O(T)o-module R (T) = (O(T) x R™*),.

Let us now consider another example of a super Lie group, SL,,,. We define
SL;n)» in a way that mimics the classical construction. For each supermanifold 7', the
Berezinian gives a morphism from the T -points of GL,,, to the T-points of GLo:

Berr: GLyn(T) — GLy)o(T), X + Ber(X).

The super special linear group SL,,|, is the kernel of Berz. Certainly this functor
is group-valued, however it is not immediately clear that it is the functor of points of a
supermanifold, in other words that it is representable. We have already discussed the
representability in the previous chapter, however we are going to address this issue more
generally in the next chapter, when we discuss the Stabilizer Theorem that will give us
the representability of this and the other functor of points of the classical supergroups.

7.2 The super Lie algebra of a super Lie group

For an ordinary Lie group H, we can define a morphism £, the left multiplication by
he H,as

12
HX H , ar ha
(for a € H). The differential of this morphism gives

(d€n)a
Ta(H) - Tha(H)



7.2 The super Lie algebra of a super Lie group 115

and for a vector field X on H, we say that X is left-invariant if
dlpoX = X oy,

We want to interpret this in the super category by saying that a left-invariant vector
field on G is invariant with respect to the group law p* “on the left”.

Let G be a super Lie group with group law w: G x G — G and let us denote by 1
the identity at the level of sheaf morphisms.

Let Vecg denote the vector fields on G (see Chapter 4, Section 4.4).

Definition 7.2.1. A vector field X € Vecg is said to be left-invariant if
(IT®X)ou™ =p*oX.

Similarly a vector field X € Vecg is said to be right-invariant if
X@MDou*=pu*oX.

Since the bracket of left-invariant vector fields is left-invariant, as one can readily
check, the left-invariant vector fields are a super Lie subalgebra of Vecg, which we
denote by g.

Definition 7.2.2. Let G be a super Lie group. Then
g={X€eVecg | (1@ X)u* = u*X}

isthe super Lie algebra associated with the super Lie group G, and we write ¢ = Lie(G)
as usual.

The next proposition says that ¢ = Lie(G) is a finite-dimensional super vector
space canonically identified with the super tangent space at the identity of the super
Lie group G.

Proposition 7.2.3. Let G be a super Lie group.

(1) If X, denotes a vector in T, G, then

X = (1® X)p*

is a left-invariant vector field. Similarly X® := (X, ® 1)u* is a right-invariant vector
field.
(2) The map
T.G - q, Xe—X:=(1QX)u", (7.2)

is an isomorphism of super vector spaces. Similarly for right vector fields.
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Proof. To prove (1) for the left-invariant vector fields, we need to show that
[T® ((1® Xe)u™)] o™ = pu* o [(1® Xe)u™].

This is a simple check that uses the coassociativity of u*, that is, (1 ® u*)u* =
(n* ® DHp*. In fact

@18 X)ouTop* =18 T® X)[(T® 1*) o u*]
=(1®1®X)[(n* ®1)opu”]
= o [(T® Xe)pu™].

As for (2) we notice that the injectivity of the map (7.2) is immediate. Let us
thus focus on the surjectivity. Suppose that X is a left-invariant vector field, i.e.,
(T® X)u* = u*X. Apply T ® e* to this equality to obtain

(1®e)(I®X)u* = (1®e)u*X,
from which we get X = (1 ® X.)u™* since (1 ® e*)u* = 1. So we are done. O

We can use the previous proposition to endow 7, G with the structure of a super
Lie algebra and to identify it with g. From now on we shall use such an identification
freely without an explicit mention.

Example 7.2.4. We want to calculate the left-invariant vector fields on R''! by means
of the group law (7.1),

(t,0)-, (',0)=@+1+60,0+80),
from Example 7.1.4. In terms of ;*: O(R!) — O(R'" x R'') the group law reads
W) =t1+1r+060, pn@)=0101+1®86.

From Proposition 7.2.3, we know that the Lie algebra of left-invariant vector fields can
be extracted from 7,G = span {a% le, % |e}. We use the identity (7.2) to calculate the
corresponding left-invariant vector fields:

(1@ gl)on™, (1@ g,) 0 n" (13)
To get coordinate representations of (7.3), we apply them to coordinates (z, 0):
AR L))o =102 )t®T+1®1+0®0) =1,
A 2]|)on @ =002 )0®1+186) =0,
AQ %] )on )=(10 %)@ 1+181+60®0) =—0,
AL ) e @ =010 %])001+186) =1.
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Thus the left-invariant vector fields on (R'", 1) are

d 0 0

) —0—+ .
ot ot 06
A quick check using the definition shows that (7.4) are in fact left-invariant. The
Lie superalgebra structure can now be easily computed: Lie(R!!') = span{X, Y} with
brackets

(7.4)

[X.X]=0, [X.Y]=0, [V.Y]=-2X.

Proposition 7.2.5. Let G and H be super Lie groups andlet ¢ : G — H be amorphism
of super Lie groups. The map

(dp)e: g — b

is a super Lie algebra homomorphism.

Proof. The only thing to check is that (d¢). preserves the super Lie bracket. We
leave this to the reader as an easy exercise, recalling that the bracket has always to be
computed on the left-invariant vector fields. |

Corollary 7.2.6. The even part of the super Lie algebra Lie(G) canonically identifies
with the ordinary Lie algebra Lie(G).

Proof. This is immediate considering the canonical inclusion j : G — G and the
previous proposition. |

We end this section showing that the reduced Lie group G acts on G in a natural
way.

Definition 7.2.7. If G is a super Lie group and M is a supermanifold, we say that G
acts on M if we have a morphism

a:GxM—->M
defined using the functor of points as
ar: G(Tyx M(T) - M(T), (g.m)+— g-m,

such that

(1) er-m=m,

(2) g1-(g2-m) = (g182) - m.
In other words,

aofe, ly) = Ty, (7.52)
ao(uxly)=ao(lg xa), (7.5b)
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where 1p7 : M — M denotes the identity morphism of a supermanifold M andé: G —
G is a super morphism defined, in the functor of points notation, as ér(g) = er, with
er the identity element in the group G(T').

The morphism a is called an action of G on M. We will return more extensively
to actions in Chapter 8.

Remark 7.2.8. We will encounter also right actions (as opposed to the previous ones
that are called left actions). For them, condition (2) is replaced by g1 - (g2 - m) =
(g2£1) - m, while condition (7.5b) is replaced by

ao(uxTy)=ao(lgxa)o(rx ly),

where 7: G X G — G is the flip morphism defined by t7(g1, g2) = g2g1 for g; €
G(T).

Since G is a super Lie group, it acts on itself via group multiplication u: G x G —
G. Fix an element §: R%® — G in |G| (recall that a topological point is identified
with an element in G(R%/?), see Example 3.4.6 (i)). Moreover a topological point g
can always be viewed naturally as a T -point of G. Define the left translation by g:
;:G~R%x 6 £ 6x6 5 6.
This induces an action 5
a: G xG— G,

which we call left multiplication by G. At the level of sections we have
l3f=@g@)op™(f). a*f=3G®Dou™(f),

where j denotes the embedding of GinG.
Similarly we can define the right translation by g € |G| by

ref = (1 ®evg)opu™(f).

The corresponding morphism G x G — G defines a right action.

7.3 The Hopf superalgebra of distributions

In this section we are going to briefly describe Kostant’s original approach to the theory
of supergroups and we are also going to prove that this is essentially equivalent to our
treatment.

As we have seen in Section 4.7, if M is a supermanifold, the superalgebra of
distributions with finite support O (M )° is a super coalgebra. We can use the group
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structure of G to define a superalgebra structure on @ (G)°, which is compatible with
its coalgebra structure. As we shall see, the presence of an antipode makes @ (G)° a
Hopf superalgebra, not to be confused with the topological Hopf superalgebra O (G)
described above.

Definition 7.3.1. Let X, Yz be point supported distributions (resp. supported at the
points g and g) on the Lie supergroup G. Define the convolution product of X, and
Yg by

(Xg % Yg)(f) = (Xg ® Yg. 1" (/).
where f € O(G) and p is the super Lie group multiplication. Given a distribution X
we also define

(dlg)g Xg = Xgolj.

Despite the analogy in notation and properties, distributions must not be confused with
vector fields. We shall establish how distributions and vector fields are related later in
this section.

Remark 7.3.2. Notice that the convolution product X, * Yz of the distributions X
and Yz, supported at g and g, respectively, is supported at g - g. This is an immediate
consequence of the statement for ordinary convolutions, that can be found for example
in [26], Ch. X VI, n. 11.

The next proposition provides us with a generalization of well-known formulas for
distributions in the ordinary setting.

Proposition 7.3.3. Let X, be a distribution on a Lie supergroup.
(1) (dlg)g Xy =evg * Xg.
(2) (drg)gXg = Xg xevg.

Proof. We shall prove only (1), (2) being the same.

((dlé)ngv fr= (ngl;g‘kf>
= (Xg. (evg ® 1) o ™ (/)
= (evz * Xg)(f). |
The above discussion establishes the following proposition.

Proposition 7.3.4. The convolution product defines a superalgebra structure on the
supercoalgebra O(G)° of distributions with finite support.

Proof. By its very definition * is associative and, by Proposition 7.3.3, ev, is its identity
element. 0

We now come to a closer examination of the algebraic structure of O (G )°. We know
that O (G)° is a super-coalgebra from Section 4.7 and a superalgebra with identity ev,
from the previous proposition. It is only natural to ask whether the two structures are
compatible.
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Proposition 7.3.5. O(G)° is a super Hopf algebra with comultiplication A, counit n
and antipode S given by

(A(Xe). f ®g) = (Xg. [-8). (n(Xg). [) 1= (Xg.eve(f)).
(S(Xe). f) = (Xg. 1" (/).

where i: G — G denotes the inverse morphism.

Proof. First we show that the comultiplication A and the counit 7 are superalgebra
morphisms. Let us start with the comultiplication A. Consider

(A(Xg % Yp),s ®1) = (Xg & Yy, u* (s - 1))
= (Xg ® Yi, u* ()™ (1))
= (AXg x AY), s ®1).

Consider now the counit 7. We have

(n(Xg * Yn),5) = (Xg ® Y, ™ 0 eve(s))
= (Xg ® V. eve(s)1 ® 1)
= eve(s)Xg (D) Yn(1)
= (n(Xg) * n(Yn), s).

The fact that S has the property of the antipode is a similar check. |

We end this section by pointing out an interesting decomposition of @ (G)° which
parallels a general structure theorem for Hopf algebras (see again [72] for the classical
case).

Let us examine more closely the product law in @(G)°. Fix a distribution X, in
O (G)°. Each such element can be canonically written as the convolution product of a
distribution at the identity e of the super Lie group with the “element” g of |G|:

Xg =evg *(evg—1 x Xg) =evg * (dlg—1)g Xg. (7.6)

Thus each element in @ (G)° can be written as a product evg * X,, where X, € O(G)°
denotes the distribution at e given by

Xe = (dlg-1)g Xy

Notice that here X, is used in a more general sense than in Section 11.2.4, where it
denoted an element in 7,G.
The next proposition characterizes the distributions with support at e.

Proposition 7.3.6. The space of distributions supported at the identity e of the super
Lie group G is isomorphic, as a super Hopf algebra, to the enveloping algebra U(g)
of the super Lie algebra g associated with the supergroup G.
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Proof. Tt goes exactly as in the classical case, but we shall nevertheless briefly outline
it to make the text self-contained. As we have seen in Chapter 4, Section 4.7, the
finitely supported distributions can be identified with differential operators. Hence a
distribution X, supported at the identity can be identified with a derivation of type

X—ZC[J 9

e 0 FEd
where (x;, £;) are local coordinates around the identity e € |G| and / and J are multi-
indices. Every distribution X, described above corresponds to a unique left-invariant
differential operator via the linear map

El

Xe = (ﬂ ® XE)M*3

very much in the same way as tangent vectors at the identity correspond to left-invariant
vector fields. The linear map described above is a linear isomorphism; the proof
of this fact resembles very closely what we did in Proposition 7.2.3. Finally a left-
invariant differential operator can be uniquely identified with an element of the universal
enveloping superalgebra of g, a conclusion from dimension considerations and using
the PBW theorem. O

Using decomposition (7.6), we can now define a linear map
Vi 0(G)° - RGU). Xgr> g® (dly—1)g X,

where we notice that (d/,—1)¢ X, is in fact a distribution supported at the identity, hence

identified with an element in U(g) (see previous proposition). RG _denotes the group
algebra of G and consists of the formal finite sums of elements in G with coefficients
in R. By Proposition 7.3.6 and equation (7.6), the above map is a bijection.

All the algebraic structures defined over (9(G)° can thus be transported to corre-
sponding structures over RG ® U(g), as the next proposition formalizes.

Proposition 7.3.7. RG ® U(q) is a super Hopf algebra. The coalgebra structure is
the one induced by the coalgebra structures of RG and U(g), namely

Apg: 8> 8g®g, Ag:Xe> X, ®1+1Q X, foralX, € g,
while the algebra structure is given by
(E®X)(E®Y)=(32®(E X)), (7.7)
where g1 X i=evz—1 * X * evg.
Proof. For the coalgebra structure it is enough to check on the generators:
A(g ® X) = A(g)A(X)

=gRNIRIX+X®I1)
=EDR®ERX)+(ER®X)®(ER1).
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Notice that
U A(g ® X)) = (evg * 1) ® (evg * X) + (evg * X) ® (evg * 1).

On the other hand,
AW g ® X)) = A(Xy),
where

(A(Xg), f ®h) = (Xg, [ - h) = X (S)h + [Xg (h).

As for the algebra structure, we have

E®X)E®Y):=yo[y (g@X)Y (E®Y)]
= Y (Xg % Yp)
=Y(evg x X xevg xY)

= Y(evgg xevg—1 * X xevg x Y)

= Y(eveg * (7' X) * Y)),

where g71X = evg—1 * X * evg. Therefore we can rewrite our expression as

(E®X)E®Y)=(gg®(§ ' X)Y). u

Notice that we have defined a morphism that to each g € |G| associates the super
linear morphism X — gX. This is of fundamental importance and in the ordinary case
reduces to the adjoint representation of G on U(g). We are thus led to the following
definition.

Definition 7.3.8. Let G be a super Lie group and g the corresponding super Lie algebra.
The morphism

Ad: G — Aut(g), Ad(g)X = (evg ® X ® eve-1)(1® u*)u’,

with g € |G| and X € g, is called the adjoint representation of G on g. As usual
this representation induces a representation of G on U(g) that is still called adjoint
representation.

We now want to see an equivalent formulation of the adjoint representation using
the formalism of the functor of points.

Proposition 7.3.9. For each g € |G| let us define a morphismcg: G — G, cg(x) =
gxg~! (recall that any topological point of G can be viewed naturally as a T -point of
G forall T). Then Ad(g) = (dcg)e.

Proof. The proof is an instructive application of Yoneda’s lemma. By definition we
have (dcg)eX = X ocg, X € g. If x € G(T) = Hom(O(G), O(T)), we have
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*

g-x-g'=(g®x®g H(u* ®1)u*. By Yoneda’s lemma, g

image of the identity morphism 1: @(G) — O(G), hence

i (H=(®1®g H(* & Hu*(f).

where g: O(G) — O(G) has to be understood as the evaluation at g € |G|. Thus
we have proved our claim (notice that by coassociativity (u* ® Du* = (1 ® u*)u*).
(]

corresponds to the

Proposition 7.3.10. Let the notation be as above. Then d Ad = ad|q,, in other words,
dAd: go — End(g), X —{Y — [X,Y]}.
Proof. This is a direct check. |

Since formula (7.7) resembles the one for semi-direct products, it is customary
in the literature to denote RG ® U(g), endowed with the Hopf algebra structure just
described, by

RG x U(g). (7.8)

This is also called the smash product of RG with U(g), but we shall not define smash
products in general, referring the interested reader to [72] for more details.

So far we have associated with each super Lie group G the super Hopf algebra
O (G)° of finite support distributions over G, and we have seen that it can be written as

0(G)° ~ RG x U(g).

The assignment G — ((G)° is a faithful embedding from the category of su-
permanifolds to the category of Hopf superalgebras, however, this embedding is not
full. In order to have this, we need to give more structure to @ (G)°, which is why we
introduce the notion of super Harish-Chandra pairs in the next section.

7.4 Super Harish-Chandra pairs

Super Harish-Chandra pairs (SHCP for short) give an equivalent way to approach the
theory of Lie supergroups. A SHCP essentially consists of a pair (Gy, g), where Gy
is an ordinary Lie group and g a Lie superalgebra such that go = Lie(Gy), together
with some natural compatibility conditions. The name comes from an analogy with
the theory of Harish-Chandra pairs, that is, the pairs consisting of a compact Lie group
K and a Lie algebra g, with a Cartan involution corresponding to the compact form
¥ = Lie(K). Harish-Chandra pairs are very important in the theory of representation of
Lie groups and we shall see in the next chapter that SHCP provide an effective method
to study the representations of Lie supergroups.
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Definition 7.4.1. Suppose that (Gg, g) are respectively a Lie group and a super Lie
algebra such that

(1) go =~ Lie(Go),

(2) Gy acts on g via a representation o such that 0(Go)|q, = Ad and the differential
of o acts on g as the adjoint representation, that is,

do(X)Y = [X.Y].

Then the pair (Gy, g) is called a a super Harish-Chandra pair (SHCP). We shall
write (Go, g, 0) when we want to stress the action o.

A morphism of SHCPs is simply a pair of morphisms ¥ = (v, p¥) preserving
the SHCP structure.

Definition 7.4.2. Let (G, g,0) and (Hyp, b, t) be SHCP. A morphism between them
is a pair (Yo, p¥) such that

(1) Yo: Go — Hy is a Lie groups homomorphism,
(2) p¥: g — b is a super Lie algebra homomorphism,
(3) Vo and p¥ are compatible in the sense that

PV lgo = ([@Y0)e.  T(Vo(g)) o p¥ = p¥ 00 (g).

Example 7.4.3. If G is a super Lie group, the pair (G, g) given by the reduced Lie
group of G and the super Lie algebra g is a super Harish-Chandra pair with respect to the
adjoint action of G on g as defined in Definition 7.3.8. Moreover, given a morphism
¢: G — H of super Lie groups, ¢ determines the morphism of the corresponding
super Harish-Chandra pairs

(I#]. (d@)e).

In the next observation we relate the SHCP with the Kostant construction described
in the previous section.

Observation 7.4.4. Given an SHCP pair, we can construct the super Hopf algebra
given by the semidirect product RGy x U(g) in which G is endowed with a Lie group
structure and the product is given by

(1. Xe) * (g2.Ye) = (8182, (0(g2) ' Xo)Ye).

This is a straightforward generalization of (7.8).

Such objects were introduced by Kostant in [49] under the name of Lie—Hopf
superalgebras. The category of Lie—-Hopf superalgebras is clearly isomorphic to the
category of SHCP, and given a super Lie group G we can associate to it the Lie-Hopf
superalgebra O(G)° ~ RG x U(g) in which G is the associated classical Lie group.
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We summarize our previous considerations by saying that we have defined a functor
¥ : SGrp — (sheps), G (G, g, Ad),

from the category of super Lie groups to the category of super Harish-Chandra pairs.
The most important result of this chapter is the following:

Theorem 7.4.5. The category of super Lie groups is equivalent to the category of
super Harish-Chandra pairs.

Roughly speaking this theorem says that each problem in the category of super
Lie groups can be reformulated as an equivalent problem in the language of SHCP.
Before embarking on the proof, let us outline the path that we shall follow. We show
the following.

(1) Given a SHCP (G, g) there exists a super Lie group G whose associated SHCP
is isomorphic to (Gy, g).

(ii) Given a morphism of SHCP (¢, py): (Go.g) — (Hp, b) there exists a unique
morphism ¥ of the corresponding super Lie groups from which (v, py ) arises.

iii) Due to points (i) and (ii) we have a functor
K : (shcps) — SGrp.

In order to prove the theorem we have to show that K o H ~ lgarp and # o K =~
1 (sheps)- This means that, for each G € SGrp and (Go, g) € (sheps), (Ko H)(G) ~ G
and (K o K)((Go, g)) ~ (Gy, g), and moreover the diagrams

(Ko H)(G) ——G (H o K)((Go. g)) — (Go. g)
(JcoJe)w)i l¢ (Jfox)(x)i J{x (7.9)
(K oH)(H) —H, (# o K)((Ho, h)) — (Ho. b)

commute for each ¢: G — H and y: (Go, q) — (Hp, h).
We start with the reconstruction of a super Lie group from an SHCP. Suppose that
an SHCP (Gy, g, 0) is given and notice that:
(1) U(g) is naturally a left U(go)-module.

(2) For each open set U C Gy, Cg‘(’)(U) is a left U(gg)-module. In fact (see for
example, [75]) each X € g acts from the left on smooth functions on G as the
left-invariant differential operator'

~ d
(Dx1)(g) = - f(ge™)| .
t=0

Notice that, as already remarked, here and in the following we do not mention explicitly the isomorphism
Lie(Go) =~ go appearing in the definition of an SHCP.
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Hence, for each open subset U C Gy, we can define the assignment

U = Og(U) := Homy, 4, (U(g), Cg, (U)),

where the right-hand side is the subset of Hom(U(g), C g‘(’) (U)) consisting of U(go)-
linear morphisms. (Notice that, for the moment, G is just a letter and we have not
defined any supergroup structure on Gy.)

Remark 7.4.6. If g = go we have
Homy, gy (U(g), Cg, (U)) = Cg; (U).

In fact a U(go)-linear map is uniquely determined by the image of 1 € U(g) and
consequently we can uniquely associate to any morphism an element of C, gf) U).

O¢ (U) has a natural structure of unital, commutative superalgebra. The multipli-
cation Og(U) ® Og(U) — Og(U) is defined by

f1+ f2i=mcosGy) 0 (f1 ® f2) o Augg) (7.10)

and the unit can be identified (with a mild abuse of notation) with the counit € of U(g).
We leave to the reader the simple check that f - f> € Og(U).
If U and V are open subsets of G such that U C V, we define the superalgebra
morphism
pvu:O0c(V) = OcU). [ pruef (7.11)
where py,y : C*°(V) — C*°(U) is the usual restriction map. We will often abbreviate
pv,u (f) with fly.

Lemma 7.4.7. Og, together with the restriction maps (7.11), is a sheaf of superalge-
bras.

Proof. The fact that Q¢ is a presheaf is a routine check. As for the glueing property,
let {Uy} be open sets covering a fixed open set U and f, elements in Og(U,) such
that fylu,nuy = fglugnu, for each o, B. We want to define f € Og(U). For
each X € U(g), the fo(X) € C*°(Uy,) glue together to give gx € C°(U). Define
f(X) = gx. Then U(go)-linearity is immediate. |

Lemma 7.4.8. The antisymmetrizer
. ! i
yiA@) = W), XA AXy e — Y (DX Xegp),
" 1eS,

is a super coalgebra morphism, where S, denotes the group of permutations of p
elements.
The map

y: Wgo) ® A(g1) > U(g), X®Y > X-y(Y),

is an isomorphism of super left U(go)-modules.
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Proof. Both assertions are consequences of the PBW theorem and we leave their proofs
to the reader. |

Proposition 7.4.9. (Go, Og) is a supermanifold that is globally split, i.e., for each
open subset U C Gy there is an isomorphism of superalgebras

96(U) = Hom(A(g1), C*(U)) = C®(U) ® A"

Hence Og carries a natural Z-gradation.

Proof. In view of Lemma 7.4.7, it only remains to prove the local triviality of the sheaf.
For this purpose we define the map

¢u: Oc(U) - Hom(A\(g1).C*(U)). [ — foy.

Since y is a supercoalgebra morphism, ¢y is a superalgebra morphism. In fact,

Pu(f1-f2) = mo /i ® faoAugoy = mo 1 ® f20(y ®y)Au) = ¢u(f1)du(f2).
That ¢y is a superalgebra isomorphism follows at once from U(gg)-linearity. O

So far we have used only the fact that Cg2 (U) is a left U(go)-module.
The next proposition uses more heavily the structure of G and the representation

o. It exhibits explicitly the structure of a super Lie group in terms of the corresponding
SHCP.

Proposition 7.4.10. (G, Og) is a super Lie group with respect to the morphisms

multiplication u: G X G — G, inverse i: G — G and unit e: k — G, which are

defined in terms of their pullbacks u*, i*, e* as

[ (X DI h) = [F((R™H-X)Y)](gh),
[*(NHXO)e™) =11 Xlg), (7.12)
e*(f) = [f(D](e),
where X, Y € U(g), g, h € Go, f € Og(U), e is the unit of Go, g- X := 0(g)X and
X denotes the antipode of X in U(g).
Proof. The proposition will follow if we prove the following statements:
i) u* is well defined, a superalgebra morphism and associative;
ii) e* is well defined, a superalgebra morphism and a unit for u*;
iii) i* is well defined, a superalgebra morphism and an antipode for p*.

The verification of these assertions consists in a quantity of long and tedious calcula-
tions. We hence select the most significant of them, leaving the others to the reader.
Let us begin with the various steps.



128 7 Super Lie groups

i) Comultiplication. In order to show that u* is well defined, we have to prove that
if € Og(U), u*(f) belongs to Homy (0 aq,) (U(g & @), C(W)), for a suitable
W open in Gy x Gy. Due to PBW theorem, it is enough to prove go-linearity. Let
Z € go. Then

P (fNZX,Y)(g.h) = f(h"(ZX)Y)(gh)
= (™" Z)(h™" - X)Y)(gh)
= Dy LA X)Y)](gh).

On the other hand,

[(DZ @ D(* (/)X YDI(g. h) = &|,_o /(T X)Y)(ge'“ h)
= L],y f(T X)Y)(ghe' "' D))
= Dii LA (- X)Y)](gh).

Similarly for the left entry, one finds

WNOX.ZY)(g. h) = f(hT X)ZY)(gh)
= fZ(H'X)Y + [h7'X. Z]Y ) (gh)
= DZ(f((™' X)Y))(gh) + f(Ih™' X, Z]Y)(gh)
and
[(1® DHW (X YNNG ) = Gl i (X Y)(g. he'?)
= Gilio [ D) X)Y ) (ghe'?)

= [DZ AT X)Y))(eh) + f(I(h7'X). Z]Y ) (gh)
where
4] _o(he'®)y X = 4| _ o o(h™)X =do(-2Z)h™'X = [h7'X, Z].

We leave it to the reader to check that u* is a superalgebra morphism.
We now show that u* is associative. Indeed,

(W@ 1) o w)f)X, Y, Z)(g, h, k) = w* (/) X)Y, Z)(gh, k)
= [k X)Y) Z](ghk)
= f((7 I X)(KTTY) Z) (ghk)
and
(T pw*) o WX, Y, Z)(g, h, k) = w* ()X, (kT'Y)Z)(g, hk)
= f((TTIX)(KTTY) Z) (ghk).

ii) Counit. We need to check the counit property, that is,

(@ Du*(f) =A@ Hu™(f) = f.
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This is completely straightforward and is left to the reader.

iii) Antipode. First we show that it is well defined. Again due to the PBW theorem
we can take Z € §o. Then

i*(NZX)g™") = fg(ZX))(g)
= f(gHZX +[X.Z]))(2)
= (7' Z) (g ' X) + g7 '[X. Z])(g)

=D, /(g7 X)e) + f(¢7"IX. ZD(g)
and

L) (DX e ) = L], i (N (X)(eZg)™!

= %’z:of((g_letz) . )?)(ezzg)
= DL, (e X)(@) + f(g7 X ZD)(g).

It is a superalgebra morphism since

(i LX) = (fi- 2)ETX)(g)
=[(/1® L)AL X)](g.g)
and
@) - (X)E™H = [0*() ®i*(L)AX])(g g™
=[(/1® L) H®a(g™)
- (Su(go) ® Su(g)) AX)I(g. g)
=[(/1 ® A X)](g.9).

We now show that i * is a right antipode.

[(m o (1®i%) o w) (NN = [ (N1 ® ()1 ® Suy) AX)(g.87")
= [f(m(o(g) ® 0(2)(T® Su(ge)) A(X))](e)
= [f(0(e)m((1 ® Su(g) A(X))](e)
= [fo(g)e(X)](e).

A similar computation shows that i * is also a left antipode. |

Let us now collect a glossary of some frequently used operations in our real-
ization, completing those given in equations (7.10) and (7.12). Notice that since
(—=D)XIW+YD (v X)) = (=)IXI £(YX), it is possible to slightly simplify the form
of some expressions and this is a consequence of the trivial fact that f(Z) = 0 unless

|f1=1Z].

Lemma 7.4.11. Let the notation be as above, and let f € Og(U), g,h € |G|,
X,Y € U(g). Then we have the following operations:
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(1) Evaluation map: | f| = f(1), evg(f) = f(1)(g) = [ fI(2)-

(2) Left translation: [€;(f))(X) = [€;](f(X)).

(3) Right translation: [ry (f)](X) = |r,:‘|(f(h_1 - X)).

(4) Left invariant vector fields: (D)%f)(Y) = (DXl £(vX).

(5) Right invariant vector fields: [(D)I;f)(Y)](g) = (DX £((g' - X)Y)(g).

Proof. (1) is clear from the definitions.
As for (2) we have

(] (X)(8) = [(evi ® 1) o k" (X)(g)
= v ® DY (f D ® fP)X)(g)

=> OO P X)) = u* (/) (1. X)(h. g)
= f(X)(hg) = |6;1(f(X)).

(3) is very similar; in fact we have

[ (N]X) = [T @ evi) o 1* (NIX)(g)
=[1&evi) Y (fV® f)NX)(9)
=Y fPX@Q P M) = w* ()X 1)(g. h)
= f(T'X)(gh) = [ |(f (™" X).

(4) We first check that the vector field (DL f)(Y) = (=DX!f(YX) is left-
invariant, that is, (1 ® D}%),u* = ,u*D}%:

[(1® DY (NI, Z)(g. h) = (DX u*(f)(¥, ZX)(g. h)
= (DX ('Y ZX) (gh)
and

[W* Dy f1(Y. Z)(g.h) = Dx(f)(h"'YZ)(gh)
= (D)X f(nyZX)(gh).

Hence we have a well-defined linear map from the Lie superalgebra g and the left-
invariant vector fields X — D}%. In order to show that it is an isomorphism it is
enough to prove injectivity for dimension considerations. If X # Y are two elements
in g, with D}% (f) = D}L,(f) for all f,then f(X) = f(Y) forall X and Y, reaching
a contradiction.

(5) For right-invariant vector fields the arguments are very similar and the proofs
are left to the reader. |
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Notice that we have introduced the notation D )% , D )I; for the actions of left and right-
invariant vector fields, which is different from the one used in the previous sections.

With this approach it is very natural to recover a super Lie group morphism from
an SHCP one. Suppose that (¢, py ) is a morphism from (G, g) to (Hy, §)), and that
f € Og(U). Define ¥ *(f) via the diagram

u(g) — 2 )

() lf
\
CE 5" (W) ~—— CE ).

It is not difficult to prove that this defines a super Lie group morphism with associated
SHCP morphism (¢, py ). Indeed we have the following proposition.

Proposition 7.4.12. The map

‘ﬁ* . Homu(f)()) (u(b)’ COO(HO)) - Homu(g()) (u(g)’ COO(GO))’
fey™(f) =50 fopy.

defines a morphism of super Lie groups whose reduced morphism is o and whose
differential at the identity is py.

Proof. Ttis immediate that ¥ * is well defined. We check that the above defined map is
a map of superalgebras and that it is a super Lie group morphism. It is a superalgebra
morphism since, by Remark 7.4.6,

U (f1- L2)(X)(Q) i= [meoo(Go) (f1 ® f2) Apy (X)](Yo(g))
= [(/1 ® f2)(py ® py) A(X)](Yo(g). Vo(g))
= [ (1) - v (2)](X)(g).

It is a super Lie group morphism; indeed compare

KWK Y (g h) = [ (BT X)Y)]I(gh)
= [y (o)~ X)) py (Y DI(Wo(gh))

with
[(¥* @ ¥ )™ (NHIX, Y)(g, h) = [* () oy (X), py Y D](Wo(g), Yo(h))
= [f(py Wo(h™H) X)py (Y )](¥o(gh))

and taking into account the obvious properties of ¥y and py, .
It is also well behaved with respect to the inverse:

YEE O™ =i (g (X)) (Wo(g))
= fWo(g) ™" py (X)) (Y0(g))
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and

YT NX)ET = flop (g™ X)) (Wo(g)
= f(o(8) ™" py (X)) (Yo(g))-

We now compute the differential (dy/), at the identity and show that (dy). = py.
Let y be an element of the Lie superalgebra ) = T, H. Then, using various properties
of the previous lemma, we obtain

@) O(f) =[x o ¥e1(f)
=xoVoofopy
=eVeOD)l(’owakofopl/,
= (Dy o Y5 o f o py)(1)(e)
= (=) o £ o py)(0)(e)
= (=D £ oy (G (Wo(e))

= (=D (oy GO)](e)
— (_1)\x|+|pw(x)| [Dgw(x)f](l)(e)

= py (). O
We can finally end the proof of Theorem 7.4.5, proving the following proposition.

Proposition 7.4.13. Let the notation be as above. Define the functors

H: SGrp — (sheps), G — (G.g.Ad), ¢ — (I¢]. (dg)e).
K (sheps) — SGrp, (Go,g,0) = G = (Go, Homy, ) (U(g), CE)),
V= fevs [y
where G and (Gy, g, 0) are objects and ¢, W are morphisms of the corresponding
categories (_for the notation relative to  see Proposition 7.4.12).

Then H and K define an equivalence between the categories of super Lie groups
and super Harish-Chandra pairs.

Proof. We first check that (# o X)(Go, g) ~ (Go, g). Clearly Gy = |G|, moreover
the two equalities

[Dg Dy — (DX WIDEDE) = Dy ).
foreach X,Y € g and g € Gy tell us that the Lie superalgebras Lie(G) and g are the
same and so is the action of G on g.

We now turn to check that G = (K o #)(G) ~ G. In order to do this we shall
build a morphism n: G — G and prove that it is an SLG isomorphism.
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e Let n be defined by the pullback
n": O(G) = O(G) = Homy g, (U(g), C*=(Go)),
s> (5 X — (—1)|X||(D)I;s)|).

Here D)% denotes the left-invariant differential operator on G associated with
X € U(g), thatis, DL = (1 ® X)u*.

¢ The definition is well posed. Indeed,
51 XoX = (D)¥I|(Dg, Dgs)| = (=)' D, |(Dys)|
for each X € go and X € U(g), so § is actually U(go)-linear, and moreover,
N ()n* (1) = n*(st)
for each s,z € O(G) and X € U(g) since
G-H)(X) = mege (5 ® HA(X)
= Y (DOl pEelnXelDg 9D, 0
— Z(_I)III\XU)\(_I)ISIIX(Z)I(_1)\X\|(D)I‘;S,)|
= 51(X),
where ) X1) ® Xy = A(X).
¢ 7 is an SLG morphism, i.e.,
noug = pe o (mxn).
Indeed, foreach s € O(G), X,Y € U(g), and g, h € Gy,
[((* @ n* )G DX, V](g h) = (DX (D @ DE)ug(s)l(g. h)
= ()XY DE,  Ds|(gh)
= [* () (™" X)Y)](gh)
= [(LEn™ ()X, Y)I(g. h).

* 7 is an isomorphism. This is due to Corollary 5.1.3 since || is clearly bijective
and, for each g € Gy, the differential (dn), is bijective as

[(dn)g (Dx1)](s) = Dxlgn*(s)
= evg(Dgn*(s))
= [Dgn*(©)](1)(g)
= (=DXlp*(5)(X)(g)
= |(Dg9)|(g)
= D¥lg(s),
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where we denote by D )% a left-invariant differential operator on G corresponding
to X € U(g) while D )% denotes a left-invariant differential operator on G. Notice
also that if {X;} is a basis of g, then D}%i lg == eVgD)I;[, g € |G| = |G|, forms
a basis of Ty (G).

It only remains to check the commutative diagrams (7.9). If

(¢0.p¢): (Go.g) — (Ho.H)

is an SHCP morphism, then (¢o, pgp) induces ¢: G — H and we want to check that
|¢p| = ¢o and d¢ = pg. Clearly |¢| = ¢o and, foreach X € hand f € O(H),

[dé(X)](f) = eve D ($*(f))
= (=Dl fps (X)](e)
= (DL 3 ))(@).
On the other hand, if
¢: G —>H

is an SLG morphism and ¢ = (K o #)(¢), we want to check that ¢*n* = n*¢*. For
eachs € O(H), X € U(g), and g € |G|, we have

[(@*n* ()N = DX[Ig1* (1D gy, x)SDI(@)
= (=D)X¢* (D). x)9)I(&)  (since [p[*(|s]) = |¢*(s)]
foreach s € O(H))
= (—DX[p* (1 ® (d$)e (X)) (9)](2)
= (DX X)(@* ® ¢*)uj (9)]()
= (DX ® X)uEd*(5)(g) (since ¢ is an SLG morphism)
= —H¥I[Dge* ()
= [(1*¢* () (X)](g).

(Notice that D)y is on H and Dy on G.) O

In the next example we show explicitly how to recover the group structure of a
super Lie group starting from its associated SHCP.

Example 7.4.14. We consider the super Lie group G = GL(1|1). In the language of

T -points, GL(1]|1)(T) is the set of invertible matrices (z; z;) with multiplication

x1 Or) (1 &) _ (xwn+ 06 x4+ 61y (7.13)
0, x» & 1 Ory1 +x260 xoy2 + 6261 )° '
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with x; € O(T)y, & € O(T); for a supermanifold 7. The corresponding reduced
group is |G| = (R \ {0})2. A basis for the left-invariant vector fields g[(1|1) is easily
recognized to be

X 9 + 6 J X 9 + 6 J
TN T P00 2T 00 T ey
d d d 0
O = X157 56, 92 0, = XzE _Qlﬁv

with commutation relations (for all i, j = 1, 2)

[Xi, Xj] =0, [0i. ©;] =0,
[Xi. 0] = (=)' 0;, [01,0:] =—X; - Xa.

The element & = (yol yoz) € |G| acts through the adjoint representation on gl(1|1); as
follows:

h-©, = y1®1)’2_17 h-0, = y2®2y1_1‘

Using the theory developed in the previous section, we now want to reconstruct
the multiplication map of G in terms of the corresponding SHCP. Introduce the linear
operators

fit A@L(1D1) — C®(G), 1y, ©1,02,0; A0, 0
and
¢i: N\gl(1]1)1) > C®(G), O; > 1, 1,0,4.0; A0, 0.

The maps { f;, ¢; } are going to be our (global) coordinates on @ (G) = Hom(/\ (g[(1|1)),
C°°(G)) They extend in a natural way to U(gg)-linear maps from U(go) ® A(g1) to
C*(G), which we denote by the same letter. We write f (resp. ¢) for the composition
foy™! (tesp. gi oy

We want to calculate the pullbacks:

(W NX Y@ h) = fih™" -y (X)y(Y))(gh)

= G0y (XY (X)))(gh),
(W (@) (X, Y) (g, h) == @i (A" - y(X)y(Y))(gh)

=@ Ty (X)y (X)) (gh).

(7.14)

(7.15)

In order to perform the computations we first need to compute the elements ! (A~ -
y(X)y(Y)). The next table collects them.



136 7 Super Lie groups

X Y 1 91 @2 91/\(’)2
1 1 0, CH) ©1 A6
-
_ ¥2 ¥1(©1 A0 yi'y
(¢} 1y,0 0 ==X + X»)0®
1 Y1 20 “1(X) 4 X)) 5— (X1 2)0;
1
_ ¥2 y1 (=01 A6; 5w
() 13,0 0 ——2— (X + X»)0
2 Y5 102 _1(X) + X)) >— (X1 2)0>
©1A0; | O, A0, | —3(X|+ X3)0, 1 (X1 + X2)0; (X1 + X»)?

From this and using Definitions (7.14) and (7.15), we can calculate easily the
various pullbacks. Let us do it in detail in the case of f;. The pullback table of

(m*(f1)(X,Y)((x1,x2), (¥1, y2)) is the following.

. Y 0. @, | 0110,
1 X111 0 0 0
0, 0 0 —Lxin 0
0, 0 —%yz_lxlyl2 0 0

O;1A0, | 0 0 0 X101

The link with the form of the multiplication morphism as given in equation (7.13)
is established by the isomorphism

xp=fi(l+92), x=fL01-22), 6 = fig.

The SHCP give us immediately the correspondence between Lie subgroups of a
supergroup G and Lie subalgebras of ¢ = Lie(G).

Proposition 7.4.15. Suppose that G is a connected super Lie group with super Lie
algebra g, and let Yy C g be a Lie subalgebra of g. There exists a unique immersed
subgroup (H, j) whose Lie superalgebra is Y.

Proof._Since (j} is a connected Lie group, there exists a unique immersed Lie subgroup
(Ho, j) with j: H — G. Let H denote the super Lie group associated with the super
Harish-Chandra pair (H , §), and define

J*0G) = OH), [ = j*(flum)

It is immediate that j* so defined is a superalgebra morphism, thus determining a
morphism j: H — G. Itis a super Lie group morphism since j is a classical Lie
group morphism. It is an immersion at e (and hence everywhere), in fact we have

[(d])eXel(@) = (Xeoj*) () = eve Dx j* (@) = (Dgj ™) (@) (1)(e) = j* (@) (X)(e).
(]
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7.5 Homogeneous one-parameter supergroups

In this section we want to discuss homogeneous one-parameter supergroups for ma-
trix Lie supergroups. This is not the most general notion of one-parameter subgroup
for a Lie supergroup since we can also have non-homogeneous ones that have to be
introduced with a careful treatment of the exponential morphism. We will, however,
not pursue this here (see [50] for more details).

In the ordinary setting, any element in a Lie algebra g generates a one-dimensional
Lie subalgebra of g, which is the tangent space to the one-parameter subgroup asso-
ciated with such an element. This fact is no longer true for Lie superalgebras since
we know that the bracket [x, x] for an odd element x may not be zero, hence the Lie
subalgebra generated by such an element is no longer in general one-dimensional. So
it makes sense to introduce the notion of cyclic subalgebra.

Definition 7.5.1. Let g be a real Lie superalgebra. A Lie subalgebra f of g is called
cyclic if it is generated by a single element x € g. We then write ¥ = (x).

As we already remarked, in the classical framework, the similar notion of cyclic
Lie subalgebra is trivial: one always has (x) = R-x because of the identity [x, x] = 0.
We single out three special cases, for a given x homogeneous in g:

x€go = (x)=R-x,
xegq, [xx]=0 = (x)=R-x,
xegr, [xx]#0 = (x)=R-x®R-[x,x] (7.16)

In particular, notice that in the third case the sum is direct because [x, x] € go, and
go N g1 = {0}. Moreover, (x) = R-x & R - [x, x] because [x, [x, x]] = 0 by the
(super) Jacobi identity.

Notice that while the Lie superalgebra structure in the first two cases is trivial, in
the third case instead, setting y := [x, x], we have

lx|=1, [y|=0, [x,x]=y, [y,y]=0, [x,y]=0=][y,x]

A one-parameter subgroup of an ordinary Lie group G is the unique (connected) sub-
group K which corresponds, via the Frobenius theorem, to a specific one-dimensional
Lie subalgebra ¥ of Lie(G). To describe such K one can use the exponential map.
When g is linearized and expressed by matrices, the exponential map is described by
the usual formal series on matrices: exp(X) := ;L;x(’) X" /n.

We shall now adapt this approach to the context of Lie supergroups.

Let G be a Lie supergroup and let ¢ = Lie(G) be its Lie superalgebra. As-
sume further that G is embedded as a supergroup into GL(V) for some suitable
finite-dimensional super vector space V'; in other words, G is realized as a matrix
Lie supergroup.

Recall that — see Definition 7.5.1 — in the super context the role of one-dimensional
Lie subalgebras is played by cyclic Lie subalgebras.
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Definition 7.5.2. Let X € g = Lie(G) be a homogeneous element. We define the
one-parameter subgroup associated with X to be the Lie subgroup of G corresponding
to the cyclic Lie supersubalgebra (X ), generated by X in g, via the Frobenius theorem
for Lie supergroups (see Chapter 6).

For the definition it is clear that in general one-parameter supergroups may depend
on more than just one parameter, however we prefer to keep this terminology in analogy
with the ordinary case.

Now we describe these one-parameter subgroups. Fix a supermanifold 7" and set
A := O(T) (the superalgebra of global sections). Lett € Ay, 8 € A1, and X € go,
Y € g1, Z € go such that [Y, Z] = 0. We define

400
exp(tX) = ZOI”X”/n! =1 +1X + 5 X2+ e GL(V(T)), (7.17)
n=

exp(¥Y) := 1+ 9Y € GL(V(T)),
exp(tZ +vY) :=exp(tZ) -exp(¥Y)
=exp(dY) -exp(tZ2)
=exp(tZ)- (1 +9Y)
=(14+9Y)-exp(tZ) € GL(V(T)).

All these expressions single out well-defined elements in GL(V/(T')). In particular,
exp(tX) in (7.17) belongs to the subgroup of GL(V(T)) whose elements are all the
block matrices with zero off diagonal blocks. This is the standard group of matrices
GL(4p ® Vp) x GL(4p ® V1), and exp(¢X) is defined here as the usual exponential
of a matrix: in particular, no convergence problems arise.

The set exp(AoX) = {exp(tX) | t € Ap} is clearly a subgroup of GL(V(T)), once
we define, very naturally, the multiplication as

exp(tX) -exp(sX) = exp((t + 5)X).

On the other hand, if we consider the same definition for exp(A4;1Y) := {exp(dY) |
¥ € A1}, we notice that in general it is not a subgroup. In fact, if we compute

exp(91Y) - exp($2Y) = (1 + 9 Y)(1 +0,Y) = 1 +9,Y + 0¥ + 919,72,
it follows that it is not the same as
exp((h +)Y) =1+ (1 + %)Y =1+ 1Y + Y.

So, recalling that Y2 = [Y, Y]/2, we find that exp(A4Y) is a subgroup if and only if
[Y,Y] = 0 or 9,9, = O for all 4,9, € A;. This reflects the fact that the R-span
of X € go is always a Lie supersubalgebra of g, but the R-span of Y € g; is a Lie
supersubalgebra if and only if [V, Y] = 0.

Thus, when [Y, Y] # 0 we must take exp((Y }(T)) = exp(4;Y + AgY?) as the
one-parameter subgroup corresponding to the Lie supersubalgebra (Y).

We summarize our discussion in the following result.
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Proposition 7.5.3. There are three distinct types of one-parameter subgroups asso-
ciated with a homogeneous element in g of dimension 1|0, 0|1, and 1|1, respectively.
Their functors of points are:

(a) forany X € go we have
xx(T) = {exp(tX) | 1 € O(T)o} = R'(T) = Hom(C*™(x). O(T)):
(b) foranyY € g1, [Y,Y] = 0, we have
xy(T) = {exp(@Y) = 1+0Y | & € O(T),} = RO(T) = Hom(R[£], O(T));
(c) foranyY € g1, Y? :=[Y,Y]/2 # 0, we have
xy(T) = {exp(tY? +9Y) |t € O(T),, ¥ € O(T),}
= R'(T) = Hom(C*(x)[£]. O(T)).
In cases (a) and (b) the multiplication structure is trivial, while in case (c) it is
givenby (t,%)- (', 0) = (@t +t — 3,9 + ).

Proof. The case (a), namely when X is even, is clear. When instead X is odd we have
two possibilities: either [X, X] = 0 or [X, X] # 0. The first possibility corresponds,
by the Frobenius theorem, to a 0|1-dimensional subgroup whose functor of points is,
as is easily seen, representable and of the form (b). Let us now examine the second
possibility.

The Lie subalgebra (X) generated by X is of dimension 1|1 by (7.16). Hence by the
Frob?nius theorem it corresponds to a Lie subgroup of the same dimension, isomorphic
to R,

Now we compute the group structure on this R'!!, using the usual functor of points
notation to give the operation of the supergroup. For any commutative superalgebra
A, we have to calculate " € Ag, " € A such that

exp(tX? + 9X) -exp(t’ X2 + 9'X) = exp(t"X? + 9" X)

where t,t’ € Ag, 0,9 € A;. The direct calculation gives
exp(tX? + 0X) -exp(t'X? + 9'X)
= (1 +0X)exp(tX?) -exp(t’ X)) (1 + ¥'X)

(1 +3X)exp((t +t)X*)(1 + ¥'X)
=exp((t + ) X?)(1 + 9X)(1 + ¥'X)
=exp((t + X1+ ¥ + )X — 99’ X?)
=exp((t + X1 =9 X>)(1 + (& + 9)X)
=exp((t + 1) X?) exp09' X (1 + (¥ + ¥)X)
=exp((t +1' =9 X>)(1 + D + ) X)
=exp((t +1' —99) X%+ (¥ + ¥)X),
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where we use the property
exp(U + V) =exp(U)exp(V) if[U, V] =0,

and also the fact that [X, X?] = [X2, X?] = 0. O

7.6 References

Historically the concept of supermanifold was introduced in order to formalize the no-
tion of super Lie group. In fact, although super Lie algebras were already an object of
study by the physicists who originally introduced them to describe super-time infinites-
imal symmetries (see [36], [80], [34], [65]), the geometrical global objects encoding
such infinitesimal structure were not introduced until 1975 in [11].

The basic reference where super Lie groups are systematically studied for the first
time is again [49]. In particular, in [49], Kostant introduced Lie—Hopf algebras and
stated the analogue of Theorem 7.4.5. In the notes by Deligne and Morgan [22] there is
a brief discussion of super Harish-Chandra pairs that we fully develop in Section 7.4.
The realization of the structure sheaf of a super Lie group we give in terms of the
corresponding super Harish-Chandra pair is due to Koszul and appeared in [50].

The material in Section 7.5 appeared first, to our knowledge, in [31].
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Actions of super Lie groups

In this chapter, we want to focus our attention on the concept of action of a super
Lie group G on a supermanifold M. When G acts on M, if we fix a topological
point p € |M|, the orbit morphism G(T) > g — g - p € M(T) is a constant rank
morphism. This nice property gives us the representability of the stabilizer functor and
hence allows us to show right away the representability of all the supergroup functors
for the classical supergroups like SL,,|, and Osp,,,, the orthosymplectic supergroup
(see Example 8.4.8).

In the previous chapter we have seen how the concept of super Lie group is essen-
tially captured by the super Harish-Chandra pair associated with it, so that we have an
equivalence of categories between super Lie groups and SHCP. It is only natural to ask
how the concept of action of a super Lie group translates in the language of SHCP, to
give an equivalent approach to the theory of homogeneous spaces.

8.1 Actions of super Lie groups on supermanifolds

Let us start by briefly recalling the notion of action of an ordinary Lie group on an
ordinary manifold M .

Definition 8.1.1. Let G be a Lie group, M a manifold. We say that G acts on M or
equivalently that M is a G-space if there is amorphism G x M — M, (g, x) — g- X,
such that

(I) 1-x =xforallx e M,
(2) (g182) - x =g1-(g2-x)forallx € M andall g1, g5 € G.

In Chapter 7 we have briefly discussed the definition and a few properties of actions
of Lie supergroups on a supermanifold. Let us quickly recall them.

Definition 8.1.2. Let G be a super Lie group, with multiplication, inverse and unit
given by p, i and e, respectively. A morphism of supermanifolds

a:GxM —-> M

is called a (left) action of G on M if it satisfies for all supermanifolds 7':
(1) 1-x =xforall x € M(T), 1 the unitin G(T),
(2) (g182) - x =g1-(go-x) forallx € M(T) and all g1, g2 € G(T),
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or equivalently:
ao(uxidy) =ao(idg xa), (8.1a)
ao (e, idy) =idy. (8.1b)

If we have an action a of G on M, then we say that G acts on M, or that M is a
G -supermanifold.

Remark 8.1.3. Equations (8.1a) and (8.1b) correspond to the commutativity of the
diagrams

exid

uxidag
GXGxM——GxM M~R x M GxM

| ] \M P

GxM M,

and formalize the usual properties satisfied by classical actions. As we already pointed
outin Remark 7.2.8, we could also define right actions by introducing the flip morphism
in equation (8.1a).

Let p € |M|. We can interpret, as usual, a point p in the topological space |M | as
an element of M(R°/°), i.e., as morphism pgojo: R%1® — M with | pgoio|: R — | M|
assigning to the only element in R® the point p and pEOlO being the evaluation at p.

Since we always have the unique morphism 7 — R°! for any supermanifold 7', by
functoriality we also have a morphism M(R°®) — M(T) and we can define pr the
image of pgojo under such a morphism. We also define p: M — M as the morphism
pr: M(T) - M(T), m+— pr.

Definition 8.1.4. If p € |M| and g € |G| define the morphisms
ap:G—->M, a®: M —->M
in the functor of points notation as
ap: G(S) > M(S), g g-ps.
a®: M(S) —> M(S), m—> gs-m.
Equivalently:

ap:=ao (idg, p), a®:=ao (g idy),

idgXxp gXidps

G ~ G x RYI0 GxM M~ROxM—GxM

AT A

)

The maps a, and a¥ satisfy the relations
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—1 .
e afoaf =idy forall g € |G|,
*afoa,=apolgforallg € |G|and p € |[M|.
We call a,, the orbit morphism.
The next proposition states some nice properties of the maps a€ and a,. In particular
we have that a,, is a constant rank morphism. In the super context, this is a more delicate
result than its classical counterpart since, as we have seen in Chapter 5, the concept

of constant rank itself is more subtle. As we shall see, this result is of fundamental
importance in the proof of the existence of the stabilizer subgroup (see Section 8.4).

Proposition 8.1.5. Let G be a Lie supergroup acting on a supermanifold M via the
action a. Then

(1) a? is a superdiffeomorphism for all g € |G|,
(2) ap has constant rank for all p € |M|.
Proof. The first item follows at once from a8 o a¥ = idps for all g € |G].
Let us consider the second point. Suppose that M is a supermanifold of dimension
(m, n) and G is a super Lie group of dimension (k, 7).
Let g be the super Lie algebra of G and let J,, be the Jacobian matrix of a, in a
neighbourhood of a point g € |G|. Since

/0, 1(8) = (dap), = (da®),(dap),(dtg-1),

and a® and £, are diffeomorphisms, |J,,[(g) has rank dim g — dim ker (da,), for
each g € |G|. Recall that if X € g we denote by D)% = (1 ® X)u™* the left-invariant
vector field associated with X'. Using equation (8.1a) we have, foreach X € ker (day),,

D)%a; =1 X)n* (1®evpy)a*
=(1® X Qevy)(n* ® N)a* (8.2)
= (1® (dap),(X))a™ = 0.

If {¢!, 67} and {x*, £’} are coordinates in a neighbourhood U of e, and in a neigh-
bourhood V' 2 |a,|(U) of p, respectively, then

day (xk) day; (xk)
_ atl Y .
Ja, = | sazeny  sapen | € Maaikg(@a(U))-
at! 96/

We want to find a matrix 4 € GL; ((9(;(U )) such that J,, A has a certain set of
column equal to zero. We are going to use equation (8.2).

Let m|n = dimker (da,), and let { X, } and {E,} be bases of go and g such that
Xy, Ey € ker (dap), foru <mand v < n. Let

DXM Zaut +Zﬂu1891 Zyvl +Z '”891
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(with ay,i, dy,j € Og(U)o and By, j,¥v,i € Og(U)1) and 4 = (g:; ;Z”jl) Clearly,
the vector fields X,,, €, being linearly independent at each point, we have that the
reduced matrix |A| is invertible so that A € GL1€|q (Og(U)).

Now use equation (8.2) to conclude that the matrix

JoA= D}%ua;(xk) —Déva;(xk)
«d=\pLaxe) DL i)

has m + n zero columns.
Suppose hence that we have an even matrix J,, in M. . » . such that |J, | has
P m,ilk,g P

rank equal to k — m|q — n with entries in Og(U) and only the first k—m+ g—n
columns non-zero: (5) 8). It is not restrictive to assume that z invertible so that the

matrix G = (_z} —217 . (I’) is such that GJ = (}) 3). More precisely, it has the form

0 ar 0 By
0 az 0 B2
0 y1 0 &
0 y2 0 &

Since |Jg, | has rank (12 —m,q — n), we can suppose that o1 and 8, are invertible. As
in Proposition 5.2.6, we can rearrange the matrix so that it takes the form (5) 8), with

z invertible and the matrix G = (_i)_zl_l 9) such that GJ = ({ §).
We can then conclude that J, » has constant rank in U and, by translation, in all
of |G|. O

8.2 Infinitesimal actions

In this section we discuss the infinitesimal interpretation of a super Lie group action
on a supermanifold. In particular we will show that any action (resp. right action) of a
Lie supergroup G on a supermanifold M induces an anti-morphism (resp. morphism)
from the Lie superalgebra of G to the tangent bundle of the supermanifold.

Let G be a super Lie group, M a supermanifold, and let

a:GxM—- M

be an action. If v € T,G and U, is a neighbourhood of the identity e, then the
composition
a* (1)
Om(U) — Oxpm(Ue x U) —— Oy (U)
is a derivation of Ops (U) for any open U C |M|. The Leibniz property can be verified
directly by calculating in local coordinates. The next definition is thus well posed.
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Definition 8.2.1. The composition (v ® 1) o a* defines a vector field on M which we
denote by p,(v):

pa()(f) = (v ® D)(@*(f)) (8.3)

for f alocal section on M.
It is clear that as v varies we get a well-defined morphism of super vector spaces
pa: Te(G) — Vecy, v > pa(v),
from T, (G) into the super vector space of vector fields on M.
Remark 8.2.2. Let M = G and let the map a = ¢ be the anti-group law defined by
t: G(S) x G(S) = G(S), 1(g(S),h(S)) := h(S)g(S). Itis aright action. Then
p() = (v ® W* = (1@ v)u* = DE

is the unique left-invariant vector field on G which defines the tangent vector v at e. If
we take a = u, where u(gg’) = gg’ is the ordinary group law, then

pu(v) = (v ® Hu* = DX,

where Df is the unique right-invariant vector field defining the tangent vector v at e.
We know that v + DL is a linear isomorphism of 7,(G) with Lie(G), and one can
check that DUL — Df is an anti-isomorphism of super Lie algebras. We leave this to
the reader as an exercise.

The next theorem asserts that the association
. plL
IOa . D v i 10!1 (U)
is an antimorphism of super Lie algebras from Lie(G) to Vecyy.

Theorem 8.2.3. Let a be an action of the super Lie group G on the supermanifold M.
The map
0a: Lie(G) — Vecyr, v (vQ® Na*,

(see (8.3)) is an antimorphism of super Lie algebras. Moreover,
(D) ® loan)(@* f) = a*(pa(v) f) (8.4)

for v € T.(G), DR its corresponding right-invariant vector field, and f a function
on M.

Proof. In order to prove the first statement it is enough to prove the second one. Indeed,
suppose that we have proved (8.4). Then

pa([DE. D) = [(eve ® 1) o ((DE. DRY® D] 0 0
= [eve ® (D @ (D ® 1) — (D ® (D @ 1)]a*
= (eve ® D[(DF @ 1) 0 a*pa(w) — (DE ® 1) 0 a* pa(v)]
= [0a(v), pa(w)],



146 8 Actions of super Lie groups

and the first statement follows from the fact that the assignment D)% — D}; is a super
Lie algebra anti-isomorphism.
It thus remains to prove equation 8.4. This is proved by

(DE® Da*(f) = (v ® Toe) ® lown) ° (W* ® loan) o a*(f)
= (® o) ® louan) ° (lo) ®a*) ca™(f)
=@W®a")oa™(f)=(1®a")v®1)oa™(f)
= a*(pa(v) f). O

Corollary 8.2.4. The anti-morphism p, extends to an associative algebra anti-mor-
phism (which we also call pg)

pa: ULie(G)) — U(Vecyr).

Proof. We use the universal property of the universal enveloping algebra and extend
the anti-morphism by mapping basis to basis. We can characterize the extension also
by the relation (8.4): for vy, vs,...,vx € T.(G) and f alocal section of Oy, we have

(V102 ...k ® To))(@” f) = a*(pa(viva ... vE) f)
= a*(pa(v1)pa(V2) . .. pa (Vi) f). O

8.3 Actions of super Harish-Chandra pairs

In this section we want to translate the concept of action of a super Lie group on a
supermanifold into the language of SHCP. As we shall see, the following definition
comes naturally.

Definition 8.3.1. We say that an SHCP (G, g) acts on a supermanifold M if there is
a pair (a, p) such that the following holds:

(i) a: Go x M — M is an action of Gy on M ;

(ii) p: g = Vec(M) is a super Lie algebra anti-morphism
such that

Plgo(X) = (X ® loary)a™ forall X € go,
p(g-Y)= (f_lg_l)*p(Y)Lag)* forallg € |G|, Y € g.

Since the category of super Lie group is equivalent to the category of SHCP, one
could ask whether assigning an SHCP action on a supermanifold M is equivalent to
assigning an action of the corresponding super Lie group on M. The answer is positive
as we shall presently see.
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Proposition 8.3.2. Leta: G x M — M be an action of the super Lie group G on the
supermanifold M, then the morphisms B
Ma:GxM — M, witha :=ao (j xidy), where j: G — G is the natural

immersion of the reduced Lie group G into G,
(2) pa: g = Vec(M)®, X — (X ® loan)a™ (8.5)

define an action of the associated SHCP (G, g) on M.

Proof. This is a simple check that we leave to the reader as an exercise. |

We are going to discuss the converse of the previous proposition. In other words, we
want to understand how to recover the action of a super Lie group G on a supermanifold
M from the knowledge of the action of its associated SHCP.

In analogy with the classical case, one could use the super Frobenius theorem to
reconstruct a local action of G from its infinitesimal action (8.5). However, we want
to take a different path and avoid the use of the super Frobenius theorem, proceeding
instead to the explicit reconstruction of the global action.

Assume that we have an action a of G on M, and let (a, p,) be the corresponding
action of its SHCP as in Proposition 8.3.2. If f € (M), then by definition

a*(f) € [Homy g, (M(g), C*(G))]®O(M) = Homy g,y (U(g), CX(G)RO(M)).

Using equation (8.1a) and the form of the left-invariant vector fields as given in the
previous chapter, we have

a*(f)(X) = (~HX[(DF ® Da*(](1)
= (=D¥I® X ® 1) o (u* ® D)o a™(/)I(1)
= DXI®X @ 1) o (1®a*)oa*(f)](1)
= (=DX(1 & pa(X))(@*()(1))
= (=DX(1 ® pa(X))a*(f).

This suggests the definition of the action a, and proves its uniqueness, as we shall
see in the next proposition.

Proposition 8.3.3. Let (G, g) be the SHCP associated with the super Lie group G and
let (a, p) be an action of (é, g) on a supermanifold M. Then there is a unique action
ap,: G x M — M of the super Lie group G on M whose reduced and infinitesimal
actions are (a, p). a, is explicitly given by

a%: O(M) — Homy, ,(U(g). C®(G) ® O(M)),

X . (8.6)
£ X = DX 1) ® p(XD))a* ()]
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Proof. Let us check that aj;(f) is U(go)-linear. For all X € U(g) and Z € go we
have, using the fact that p, is an anti-homomorphism,

ar(f)(ZX) = (D)¥a® p(ZX))a*(f)
= (=DXIep(X)I® Z, ® (I ®a*)a*(f)
= (DXI®p(X)I® Z, ® D(|ul* ® Da*(f)
= (D} ® Dlaj (/X

We now check that a; is a superalgebra morphism:

[a,:(fl) : a;(f2)](X) = mcoo(é)@@(M)[a*(fl) ® a*(f2)]A(X)
= (=D¥m[(1® p(X1y))a*(f1) ® (1® p(X2))a* ()]

= (-D¥I1 ® p(X))(@*(f1) - a*(f2))
=a,(f1- f2)(X),

where f; € O(M) and X(;) ® X(2) denote synthetically A(X). Concerning the
“associative” property, we have, for X,Y € U(g) and g, & € |G|,

(1" ® Day(HIX,Y)(g. h) = lay(HIh™" - XY)(gh)
= ()X (1) o X) @) ()
= ()XY XI5 7 (M) p(X) (@®)* (f)
= [(1®ag)ay(HIX.Y)(g.h)
and, finally, (eve ® Dag(f) = p(1)(@*)*(f) = f. O
We end this section by revisiting Example 7.4.14.

Example 8.3.4. Consider again the super Lie group G = GL; introduced in Exam-
ple 7.4.14. Then G acts on itself by left multiplication, and, using the same notation
as in the previous example, we have:

(1) Left action of |G| on G:
tho0 (xt & _ (' il
0 12 g x2) 7 \r? *x%)

(2) Representation of gl(1]|1) on the super Lie algebra Vec(G)°P:

a 9 , 9
X=X +§1 o8, Xo = x Wﬁ-éza—sz,
d 0 0
2 1
®1l—>x g—}—gzaxl, ®2l—>x @_{_élaxZ
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In this case the representation sends each element of g[(1|1) into the correspond-
ing right-invariant vector field.

The action p can be reconstructed using equation (8.6); a simple calculation shows that

prh) =1+ 010%) + 1150, p*(?) = 2x*(1 + 0'0%) + 12£,6%,
M*(el) — tlgl(l + 9192) + [lxlel’ /’L*(QZ) — 12%_2(1 _ 9192) + 12X192.

The usual form of the multiplication map (as given in Example 7.4.14) is obtained
using the isomorphism
61 62

th— (1469, 6'— [—1; 2 12(1460'9%), 6’ R

8.4 The stabilizer subgroup

Let G be a super Lie group acting on a supermanifold M. The aim of this section is
to define the notion of stabilizer subgroup at a point in | M | and to characterize it from
different perspectives. Let us start by recalling such a concept in the ordinary setting.

Definition 8.4.1. Suppose that G is a Lie group acting on a manifold M, and let
Xo € M. We define Gy, the stabilizer subgroup at xq to be the subgroup of G given
by

Gy :=1{8€G | g-x0= X0}

This definition has a natural generalization to the super context. Let p € |M| be a
topological point. As we already remarked in Section 8.1, such p can be interpreted as
an element pr € M(T) for all supermanifolds 7.

Definition 8.4.2. Let G be a super Lie group acting on a supermanifold M, and let
p € |M|. We define F G, the stabilizer functor at p, to be the functor from (smflds)
to (sets) given by

FGy(T):={geG(T) | g -pr=pr} CG(T) forall T € (smflds).
(We leave to the reader its definition on morphisms.)

Notice that we have defined just a functor F'G,: (smflds) — (sets), so we are not
sure that it corresponds to a supermanifold; in other words, we do not know if this is
the functor of points of a supermanifold.

We want to reformulate this definition using the language of categories in order to
prove the representability of such functor in the category of super Lie groups. We first
need to establish some terminology.
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Definition 8.4.3. Given two objects X and Y in a category and two arrows « and j
between them, an equalizer is a universal pair (E, €) that makes the following diagram
commute:
E—fSsX—=>Y.
B
This means that if t: 7 — X is such that @ o T = f o 7, then there exists a unique
o0: T — E such that € o 0 = 7. If an equalizer exists, it is unique up to isomorphism.

One can also define the notion of coequalizer in the same way, by reversing all the
arrows.
Let p € |M| and denote by p the morphism

5 G5 RI0D M

where !: G — R%% and i P RO19 — M denote respectively the unique morphism from
G to a point supermanifold and the canonical injection of p in M.

Definition 8.4.4. Let G be a super Lie groupanda: G x M — M an action of G on
the supermanifold M. The stabilizer subgroup at p € |M| is the supermanifold G,
equalizing the diagram

As one can readily check, in the functor of points notation we have
Gp(T)={g€G(T)|g-p=p}, T € (smilds).

We notice that it is not a priori clear that such an equalizer exists. We are going to
establish a proposition relating the two Definitions 8.4.2 and 8.4.4 of stabilizer functor
and stabilizer subgroup, showing that the stabilizer subgroup always exists and its
functor of points is precisely the stabilizer functor.

Before this, we need a category-theoretic lemma.

Lemma 8.4.5. Let € be a category. The Yoneda embedding, i.e., the injection € >
X — Hom(, X), preserves the equalizers.

Proof. For this proof, we temporarily adopt the following notational convention. If X
is an object in €, the corresponding representable functor is denoted by Ay .

Suppose that E 5 x = Y is an equalizer in a category €. Then we need to
show that for any equalizing diagram F' — hy =3 hy, the natural transformation
a: F — hy factors uniquely via hg — hy.

For any object Z of € and any x € F(Z), az(x) is an arrow Z — X that
composes equally with X = Y and therefore factors uniquely via e. Therefore define
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bz(x): Z — E,bz(x) € hg(Z) to be the unique map such that e o bz (x) = az(x).
Such b is functorial in Z. Certainly &, o b = a by construction.

F—%——>hy
NS
hEg.

For uniqueness, if b’ is some other natural transformation with 4, ob’ = q, then for any
object Z and any x € F(Z) we have e o b’,(x) = az(x) = e o bz(x). This implies
that b, (x) = bz(x) since e is a monomorphism. Hence b = b’ and uniqueness is
established. |

Lemma 8.4.6. If A and B are two (super)algebras and a, B are morphisms between
them, their coequalizer is the algebra C = B/ J, where J is the ideal («(a) — B(a) |
a € A).

Proof. The coequalizer makes the following diagram commute:

C<~—B=——A.
o

The result is then clear. O

We are ready for the main result of this section.

Proposition 8.4.7. Let G be a Lie supergroup acting on the supermanifold M and let
pe[M|
(1) The diagram

admits an equalizer G, € (smflds).

(2) Gp is a super Lie subgroup of G.

(3) The functor FGp: T +— FG,(T) assigning to each supermanifold T the
stabilizer of pr of the action of G(T) on M(T) is represented by the supermanifold
Gp.

(4) Let (G, ap) be the SHCP associated with the stabilizer G,. Then Gp CGis
the classical stabilizer of p with respect to the reduced action and g, = ker day,.

Proof. (1) According to Proposition 8.1.5 a,: G — M is a constant rank morphism.
Let J, ={f € O(M) | f(p) =0} and I be the ideal in O(G) generated by a*(J,).
By Proposition 5.3.13 there exists a closed embedded submanifold (6 , j(f,,) of G
distinguished by the ideal 7.
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Since the embedding jép : C/};, — G isregular and closed, jc’% is surjective. Hence
pr

0(Gp) ~ O(G)/ ker jép, and moreover,

ker j& = {a5(/)] £ € Jp)
=(a,(f = f(p) | [ € O(M))
={a,(/)=p" (/)] f € OM)).
Therefore we have the co-equalizing diagram

* j ¥
ij

O(M) p: 0(G) —> 0(G,).

Hence é}, is the equalizer of

~ JGp ap
G, —>G6G—=M.
b

By the uniqueness of the equalizer we have GAp = G,.
(2) In order to prove (2) we have to show that G, is a super Lie subgroup of G.
Due to Yoneda’s lemma, it is enough to prove (3).
(3) This can be proved easily by noticing that the functor F G, equalizes the natural
transformations
a
hg :;:” har .
b
(Again here hg and hys denote the functor of points of the supermanifolds G and
M .) Since (see Lemma 8.4.5) the Yoneda embedding preserves equalizers and due to
uniqueness, it follows that FG, ~ hg, .
(4) The first statement is clear since |G| ~ G(R) as set-theoretical groups.
Moreover, since jép oay(f)isaconstant forall f € O(M), we have g, C ker dap,

and equality holds for dimension considerations. |
We are ready for some important examples.

Examples 8.4.8. (1) Consider the action (expressed with the functor of points notation):
a: GLy,), xR0 [Rllo, (g.c) = Ber(g)c, g€ GLy,(T), c€ [RllO(T).

The stabilizer of the point 1 € |R'I?| coincides with all the matrices in GL,y,, () with
Berezinian equal to 1, that is, the special linear supergroup SL,,,(T). By Proposi-
tion 8.4.7 we have immediately that SL,,,|, is representable and that it is a super Lie
subgroup of GL,,.
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(2) Consider the action
a:GLm|nX£_)‘(B7 (g,W(,))ﬁW(g’g%

where B is the super vector space of all the symmetric bilinear forms on R”" . Consider
the point in B that corresponds to the standard bilinear form in B:

0 I, 0 O 0
I, 0 0 O 0

d=]0 0 1 O 0 ifm=2p+1, n=2gq,
0 0 0 0 I
0 0 0 —I; O

or

0 I, O 0

o= I(‘;’ 8 8 21 ifm=2p, n =2gq.
0 0 —-I; O

The stabilizer of the point ® is the supergroup functor Osp,,,|,,. Again this is a Lie
supergroup by Proposition 8.4.7.

For more details on the Lie superalgebras and the bilinear forms see Appendix A.

8.5 References

The action of the super Harish-Chandra pairs appears in [22]. The representability of
the stabilizer functor in Proposition 8.4.7 is stated in [22]; however a complete proof
of this statement appears only in [4].
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Homogeneous spaces

In this chapter we examine the construction of the quotient of supergroups in the
ordinary and the super geometric context. Classically we have that if G is a topological
group and H is a closed subgroup, we can give to the quotient G/H the quotient
topology, which is the finest topology for which the natural projection 7 : G — G/H
is open. If the groups G and H have an additional structure, for example if they are
Lie groups or algebraic groups or the corresponding super objects, it is very natural to
ask if the topological space G/H inherits the extra structure in a unique way.

We start our discussion by describing transitive actions of super Lie groups on su-
permanifolds. We then proceed with a review of the classical construction of quotients
of groups in the differential category. We do not include the proofs for the statements,
referring the reader to [75], Ch. 2, for a comprehensive treatment of this subject. Fi-
nally we discuss the problem of the construction of quotients in the category of super
Lie groups in full detail, including the description of the functor of points of quotients
together with some physically relevant examples.

9.1 Transitive actions

In this section we want to describe transitive actions in the super setting and to look at
them from different perspectives. Let us start by recalling the classical definition.
Let G be an ordinary Lie group.

Definition 9.1.1. We say that Lie group G acts transitively on an ordinary manifold
M, or that M is a homogeneous space for G if there is an action

GxM—>M, gmw—g-m,

of G on M and a point xo € M such that the morphism ¢, : G — M, ¢x,(g) = g-x,
is surjective.

We now turn to the supergeometric setting.
Let now G be a Lie supergroup, 1 and e its multiplication and identity element
respectively.

Definition 9.1.2. We say that a Lie supergroup G acts on a supermanifold M if there
exists a morphism of supermanifolds a: G x M — M, a(g,x) = g - x for all
g € G(T),x € M(T), where T is a generic supermanifold, such that
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(1) 1-x =xforall x € M(T),
(2) (8182)-x = g1 (g2-x) forallx € M(T) and all g1, g> € G(T).
We say that the action a is transitive, if there exists p € |M | suchthata,: G — M,

ap(g) := g - p, is a surjective submersion. In this case we also say that M is a
homogeneous superspace or a G-superspace.

Remark 9.1.3. Letag. p = ap o rg, withrg: G — G defined by r; = (1 @ evg)u®
or equivalently, in the functor of points notation, rg : G(T') — G(T), rg(x) = xg. If
ap is submersive for one p € | M| then it is submersive for all p € |M|.

The next proposition characterizes transitive actions.

Proposition 9.1.4. Suppose that M is a G-superspace, for a fixed action a. Then the
following facts are equivalent:

(1) a is transitive.
(2) |a|: |G| x | M| — |M| is transitive,

(dap),: g — Tp(M) is surjective for one p (hence for all p € |M|).
(3) If q denotes the odd dimension of G, then

a,goia: G(RO) — M(RO)

is surjective.

(4) The shedfification of the functor (see Appendix B) ima, : (smflds)®® — (sets)
(imap)(T) :={apog|lgeG(T)}=1{g-prlgeG()}cMT)

is the functor of points of M, where pt € G(T) is the topological point p € |G|
viewed as an element of G(T).

Proof. (1) <= (2). This is an immediate consequence of Proposition 8.1.5 and our
previous remark.

(1) = (3). If¢p € M(R®9) = Hom(R%9, M), let |p| € |M | be the image of the
reduced map associated with ¢ (with a small, but usual, abuse of notation we denote
by the same symbol |¢| both the morphism ¢: R® — |M | and the point p which is its
image |¢|(R?) € |M ). The pullback ¢* depends only on the restriction of the sections
of Oy to an arbitrary neighbourhood of |¢|. This is an easy exercise, which we leave
to the reader. If a,, is a surjective submersion, there exists a local right inverse s of a,,
defined in a neighbourhood of |¢|. By the locality of ¢, s o ¢ is a well-defined element
of G(R%!9) and, moreover,

Ap ROl (Sgolg © @) = ap ROlg © SROlg © ¢p=¢

so that a, Rola is surjective.
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(3) = (2). Suppose that a,, gois surjective. Looking at the reduced part of each
morphism in a,, goio (G([Ro‘q)), we have that a,, goo = |ap|: |G| — [M| is surjective.
As a consequence of the ordinary manifold theory result in [48], Theorem 5.14, |a| is a
classical transitive action and |a|, is a submersion. Let now m € |M| and {t', 8/} be
coordinates in a neighbourhood U of it. Consider the element ¢ € M ([R("q) defined
by

% O (U) — ORY) = A(nt,....0%), ' |ti|(m), 67— g/,

By surjectivity of a,, pois, there exists ¥ € G(R%9) such that a, gola (¥) = ¢:

Yroay(th) = |i'[(m), Y*oay(0)) =1’
This implies that T}, (M) is in the image of (dap),,. Since, by our previous con-
siderations, |ap| is a submersion, 7,,(M )¢ is in the image as well. Hence, due to
Proposition 8.1.5 we are done.

(I) = (4). Let us suppose that a, is a surjective submersion. Let m € |M|
and g € |a,|~1(m) (Jap| is surjective, so it exists). Since a, is a submersion there
exists I/ C |G| with coordinates X1, ..., Xp4q (dimG = p|g) and W C |M| with
coordinates Y1,..., Y4, (dim M = m|n) such that

a,(Yi) = X;.

Lett € U C |T| for a generic supermanifold 7 and «: U — M such thatm = |o|(?).
We can assume that |a|[(U) € W. Ifa™(Y;) = f; € O (U), then 8: U — V defined
by
. 7 ifi <m +n,
prXi) = {O otherwise,
satisfies a, o B = . Then [«] € (imap,T);, hence (imap,7); = M;. This shows that
irﬁp = M (see Proposition B.2.9).

(4) <= (1). Let us suppose that ima, = M. Taking T = R°/% we have that |a,|
must be surjective. Let us now assume that 7 = M and m € |M|. There exists U > m
and ¥ : U — G such that a, o ¥ = idy. Then a, must be a submersion at |y |(m),
and this is true everywhere since a, has constant rank. Indeed for all g € |G|,

(dap), o (dIF), = (dI) )., © (dap),

where the isomorphisms / g and / Z,"’ are the left actions of g on G and M, respectively.
d

Remark 9.1.5. Notice that in the statement of (4) in Proposition 9.1.4, it is too restric-
tive to require the transitivity of ar for each T, i.e., ima,(T) = M(T). In fact, in
the ordinary setting, this would imply that we can lift every morphism 7" — M to a
morphism 7 — G. As a consequence, we have the existence of a global section of the
fibration G — M (take T = M and the identity map), which is not true in general. It
is hence necessary to take the sheafification of the image functor, as we do in point (4).
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9.2 Homogeneous spaces: The classical construction

In this section we review the classical construction of the quotient of a complex or real
Lie group G by a closed subgroup H. For the complete discussion we refer the reader
to [75], p. 74.

As we shall see, this construction is made possible by the existence of a local section
of the natural projection 7: G — G/H. Such a section in general does not exist in
the algebraic category; this is due to the different nature of the topology involved. For
this reason the arguments cannot be replicated in the algebraic setting, which requires
a much deeper analysis of the problem. We shall not pursue this question further.

We have the following result.

Proposition 9.2.1. Let G act transitively on a manifold M and let Gy, = {g € G |
gXo = Xo} be the stabilizer subgroup at xo € M. Then Gy, is a closed subgroup of
G and the morphism ¢y, : G — M, ¢x,(g) = g - xo is a submersion of G onto M.

Proof. See Lemma 2.9.2 in [75]. O

Let us assume that we have a Lie group G acting transitively on a manifold M and,
for a fixed xo € M, let us consider Gy, the stabilizer subgroup at x¢, which is a closed
subgroup of G by the previous proposition. The set G/Gy, is a topological space
with the quotient topology with respect to the natural projection 7 : G — G/ Gy,. We
would like to give to G/ Gy, a manifold structure compatible with the natural action
of G. Also, we ask if every homogeneous space arises in this way and if the manifold
structure on G/ Gy, is unique. All these questions have positive answers, summarized
in the following theorem.

Theorem 9.2.2. Let G be a Lie group, H a closed Lie subgroup. Then there exists
a unique manifold structure on G/H such that the natural action of G on G/H,
g, xH +— gxH is a morphism. Moreover, if M is any manifold on which G acts
transitively and xg is a fixed point in M with G, = H, then the map

G/Gxy > M, gGyxy = g-xo,
is a diffeomorphism of G/ Gy, onto M.
The manifold G/H is called the quotient of G by H .
Proof. See Theorem 2.9.4 in [75]. O

We would like to make some comments on the construction of the manifold structure
on the quotient G/H in the classical context, without going into the technicalities of
Theorem 9.2.2.

We begin by defining a sheaf O = O,z on G/H as follows. For all open subsets
U in G/H, we define O (U) as the algebra of functions on U, consisting of all the
f:U — Rsuchthat f - is C*® on 7~ '(U), where 7: G — G/H is the natural
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projection. It is easy to check that this is a sheaf. We need to show that this defines a
manifold structure on G/H and that G acts on the corresponding ringed space naturally.
To this end, it is enough to show that, for some open subset V in G/H containing 7 (1),
there is a homeomorphism & of V' with a smooth manifold W such that @|y goes
over O under £. We obtain such W as a submanifold of G containing 1 such that
V =nx(W)and 771 (V) = W x H in the following way. The map w,h — wh of
W x H into G is a diffeomorphism of W x H onto 7~!(V) (which is open in G)
commuting with the right actions of H (y + yh) on G and (w,k) — (w,kh) on
W x H.

The crucial existence of W, based ultimately on the local Frobenius theorem, is
equivalent to the existence of a local section V C G/H — W x H C G. Moreover,
as mentioned above, one has W x H =~ WH. The sheaf @|y can hence be identified
with the sheaf of C* functions on W. This proves that we have defined a manifold
structure on G/H. The uniqueness and the universal nature of this structure are not
difficult to prove (see [75], Ch. 2).

What we have described above is the key idea to the proof of Theorem 9.2.2, and
we shall see in Section 9.3 that, despite the different context, the existence of a local
section plays a crucial role also in the construction of a quotient of Lie supergroups in
very much the same way.

9.3 Homogeneous superspaces for super Lie groups

We are now interested in the construction of homogeneous spaces for super Lie groups.

In Section 9.2 we have seen that we have a unique manifold structure on the quotient
of a Lie group by a closed subgroup, preserving the natural action of the group on its
quotient. We now want to obtain a similar result in the super setting.

Let G be a Lie supergroup and H a closed Lie subgroup.! We want to define a
supermanifold structure on the topological space |G|/|H|. This structure will turn
out to be unique once we impose some natural conditions on the action of G on its
quotient. In order to do this we first define a supersheaf Oy on the topological space
|X| = |G|/|H]|, in other words, we define a superspace X = (|G|/|H |, Ox). We then
prove the local splitting property for X, that is we show that X is locally isomorphic to
domain in RP!9 for some p and ¢. We start by defining the supersheaf Ox on |G |/|H]|.

Let g = Lie(G) and ) = Lie(H). For each Z € g, let Dz be the left-invariant
vector field on G defined by Z (see Chapter 7 for more details). For xo € |G| let £,
and ry, be the left and right translations of G by xo. We denote by iy, = {x, © rx_o1 the
inner automorphism defined by x¢. It fixes the identity and induces the transformation
Ady, on g (see Definition 7.3.8).

"We say “subgroup” instead of the more cumbersome “subsupergroup”. However, the reader must be
aware that our H has a supergroup structure, inherited naturally from the one on G.
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Definition 9.3.1. For any subalgebra ¥ of g we define the subsheaf Oy of O¢ as
Os(U)={f €0OgU)| Dzf =0onUforall Z € t}.

On the other hand, for any open subset W c |G|, invariant under right translations by
elements of | H |, we define

O (W) = {f € Og(W) | f is invariant under rx, forall xo € |H|}.
If | H| is connected we have
O (W) = O3, (W),

as one can readily check by looking infinitesimally at the condition ry /' = f for all
Xo € |H|. For any open set |W| C |X| = |G|/|H| with |W| = 7y L(|W) we put

Ox(IW]) = Oy (W) N Og(W) C Og(W).

Clearly Ox (|W]) = (95(171\/) if | H| is connected. The subsheaf Oy is a supersheaf on
| X|. We have thus defined a ringed superspace X = (| X|, Ox). Our aim is to prove
that X is a supermanifold with Ox as its structure sheaf.

It is clear that the left action of the group |G| on | X | leaves Oy invariant and so
it is enough to prove that there is an open neighborhood |W | of the topological point
|7|(1) = 1in |G|/|H| with the property that (|W|, Ox|jw/) is a super domain, i.e.,
isomorphic to an open submanifold of R?!.

We will do this using the local Frobenius theorem (see Chapter 6). Also, we identify
as usual g with the space of all left-invariant vector fields on G, thereby identifying the
tangent space of G at every point canonically with g itself.

On G we have a distribution spanned by the vector fields in f). We denote it by Dy.

On each |H |-coset xo|H | we have a supermanifold structure which is a closed
submanifold of G. It is an integral supermanifold of Dy, i.e., the tangent space at any
point is the subspace b at that point. By the local Frobenius theorem there is an open
neighborhood U of 1 and coordinates x;, | <i <n,and 6y, 1 <a < m, on U such
that Dy, is spanned on U by 9/0x;, 0/36, (1 <i <r,1 < a <s). Moreover, from the
theory on |G| we may assume that the slices L(¢) := {(x1,...,x,) | xj =¢j, r+1 <
Jj < n} are open subsets of distinct | H |-cosets for distinct ¢ = (¢y+1,...,¢y). These
slices are therefore supermanifolds with coordinates x;, Oy, 1 <i <r,1 <o <.
We have a submanifold W’ of U defined by x; = O with 1 <i < r and 6, = 0 with
1 <a <s. The map |7|: |G| — |X| may be assumed to be a diffeomorphism of
|W'| with its image |W| in | X |, and so we may view |W| as a superdomain, say W.
The map || is then a diffeomorphism of W’ with W. What we want to show is that
W = (W], Ox|jw)-
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Lemma 9.3.2. The map
W/XHLG, w,h — wh,

is a super diffeomorphism of W' x H onto the open submanifold of G with reduced
manifold the open subset |W'||H| of |G|.

Proof. The map y in question is the informal description of the map u o (iw X ig)
where i)y refers to the canonical inclusion M < G of a sub-supermanifold of G into
G,and u: G x G — G is the multiplication morphism of the Lie supergroup G. We
shall use such informal descriptions without comment from now on.

It is classical that the reduced map |y| is a diffeomorphism of |W’| x | H| onto the
openset U = |W|'|H|. This uses the fact that the cosets w|H | are distinct for distinct
w € |W'|. It is thus enough to show that dy is surjective at all points of |W'| x |H|.
For any i € | H|, right translation by / (on the second factor in W' x H and simply ry,
on G) is a super diffeomorphism commuting with y and so it is enough to prove this
at (w,1). If X € gistangentto W’ atw and Y € ), then

dy(X.Y) = dy(X,0) + dy(0,Y) = du(X,0) + du(0,Y) = X + Y.

Hence the range of dy is all of g since from the coordinate chart at 1 we see that the
tangent spaces to W’ and w|H | at w are transversal and span the tangent space to G
at w which is g. This proves the lemma. |

Lemma 9.3.3. We have
Y Oxlw) = Ow ® 1,

where y*: Og — V«Owixg.

Proof. To ease the notation we drop the open set in writing a sheaf superalgebra, that
is, we will write Oy instead of Ox (U).

We want to show that for any g in Ox |y, y*g is of the form f ® 1 and that the
map g — f is bijective with Oys. Now y* intertwines Dz (Z € §) with 1 ® Dz and
so (1® Dz)y*g = 0. Since the Dz span all the super vector fields on | H |, it follows
using charts that for any p € |H| we have y*g = f, ® 1 locally around p for some
Jp € Owr. Clearly f, is locally constant in p. Hence f, is independent of p if |H |
is connected. If we do assume that |H | is connected, the right invariance under | H |
shows that f, is independent of p. In the other direction it is obvious that if we start
with f ® 1, it is the image of an element of Ox |y . |

Theorem 9.3.4. The superspace (|X |, Ox) is a supermanifold.

Proof. By the previous lemmas we know that (| X |, Ox) is a super manifold at 1. The
left invariance of the sheaf under |G| shows this to be true at all points of | X|. |
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We now want to describe the action of G on the supermanifold X = (|G|/|H |, Ox)
we have constructed. Notice that in the course of our discussion we have also shown
that there is a well-defined morphism7: G — X.

Proposition 9.3.5. There is a unique morphism B: G x X — X such that the diagram

GxG—t>G

commutes.

Proof. Leta :=mwou: GxG — X. The action of |G| on | X | shows that such a map
| B| exists at the reduced level. So it is a question of constructing the pullback map

,3*1 (9X —> (9GxX
such that

(Ixm)*oB*=a".

Now 7 * is an isomorphism of Ox onto the sheaf O¢g restricted to a sheaf on X
(W = Og (||~ (W))), and so to prove the existence and uniqueness of f* it is a
question of proving that «* and (1 x 7)* have the same image in Ogx¢. It is easy to
see that (1 x 77)* has as its image the subsheaf of sections f killedby 1 ® Dz(Z € §)
and invariant under 1 x ry (h € |H ). It is not difficult to see that this is also the image
of a™. O

We tackle now the question of the uniqueness of X .

Proposition 9.3.6. Let X' be a super manifold with |X'| = |X| and let n’ be a
morphism G — X'. Suppose that

(1) =’ is a submersion,

(2) the fibers of T’ are the supermanifolds which are the cosets of H.
Then there is a natural isomorphism X ~ X'.
Proof. Indeed, from the local description of submersions as projections it is clear
that, for any open |W| C |X|, the elements of 7"*(Ox/(|W])) are invariant under
rn, (h € |H|) and killed by Dz(Z € §). Hence we have a natural map X' — X

commuting with 77 and /. This is a submersion, and by dimension considerations it
is clear that this map is an isomorphism. |

We have proved the following result:

Theorem 9.3.7. Let G be a Lie supergroup and H a closed Lie subgroup. There exist
a supermanifold X = (|G|/|H|, Ox) and a morphism w: G — G/H such that the
following properties are satisfied:
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(1) The reduction of m is the natural map |x|: |G| — | X]|.
(2) m is a submersion.

(3) There is an action B from the left of G on X reducing to the action of |G| on | X|
and compatible with the action of G on itself from the left through :

GxG =G

mi ,3 l

GxX—X.

Moreover, the pair (X, ) subject to the properties (1), (2), and (3) is unique up to
isomorphism. The isomorphism between two choices is compatible with the actions,
and it is also unique.

Proof. This is an immediate consequence of the previous lemmas and propositions.
O

9.4 The functor of points of a quotient supermanifold

In this section we want to understand how to write the functor of points for the quotient
of a Lie supergroup G by a closed Lie subgroup H. Our intuition suggests that we
write the functor T — G(T')/H(T') that associates to each supermanifold 7" the coset
space G(T')/H(T). As we shall see, this is not far from the correct answer, however, as
we already know giving a functor is by no means sufficient to define a supermanifold
unless we can prove the functor is representable, i.e., it is the functor of points of a
supermanifold.

Our goal is first to prove a representability criterion that enables us to single out
among all the functors from the category of supermanifolds to the category of sets,
those which are representable. This criterion is very formal, hence very similar in
statement and in proof to the same result in the algebraic category, which we are going
to describe in detail in Chapter 10. However, since the context and the notation here
are slightly different, we feel that it is worth giving a proof in both cases, although the
proofs of Theorem 9.4.3 and Theorem 10.3.7 are essentially the same.

This section is very much independent from the rest of our work and can be skipped
in a first reading. We suggest that the reader compare it with Section 10.3 of Chap-
ter 10, which deals with the representability issues in the algebraic context. Since our
treatment is very formal and relies on very general categorical results and definitions,
like Yoneda’s lemma and the sheaf property of functors, the reader will realize that
statements and proofs are very much the same in the differential and algebraic settings.

In dealing with representability issues we need to distinguish between a superman-
ifold X and its functor of points Ay, so in this section we shall use this convention. We
start with the notion of local functor (see Appendix B for more details).
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Definition 9.4.1. Let F: (smflds)® — (sets) be a functor (not necessarily repre-
sentable). We say that F is local if it has the sheaf property, in other words if we
have the following. For any supermanifold 7' and any open covering {7;} of T let
¢i: T; — T, ¢ij: T; N Tj — T; be the natural immersions. If we have a family
a; € F(T;) such that F(¢;;)(;) = F(¢ji)(c;), then there exists a unique o € F(T)
such that ¢; (o) = «;.

Notice that this implies that when F is restricted to the category of the open sets of
a fixed supermanifold, F is a sheaf in the ordinary sense.

Definition 9.4.2. Let U and F be functors from (smflds)? to (sets). We say that a
functor U is a subfunctor of F if U(T) C F(T) for all T € (smflds).

We further say that a subfunctor U C F is an open subfunctor if for all super-
manifolds S, 7 and morphisms a: hr — F we have a~ ' (U(S)) = hy(S), for V
open in T'. We say that a collection of open subfunctors U; cover F if «: ht — F,
o Y (U;(T)) = hy, forall T € (smflds), and the V; cover T.

U is an open supermanifold subfunctor of F if U is arepresentable open subfunctor
of F.

Theorem 9.4.3 (Representability criterion). Let F : (smflds)®® — (sets) be a functor.
Then the functor F is representable if and only if

(1) F islocal,
(2) F is covered by the collection of open supermanifold functors {U;}.

Proof. If F is representable, F' = hy for a supermanifold X. One can check directly
that 2y has the two properties listed above, in particular a cover by open supermanifold
functors is given by hy, where the X, are open submanifolds covering X.

Now the other direction. We shall assume that U; = hy, instead of U; = hy,
leaving to the reader the slightly more general case as an exercise.

Define hy,, 5 = hx, XF hxﬁ (for the definition of fibered product refer to Ap-
pendix B).

The functor iy, X r hx 4 isrepresentable, in factby its very definition hx,xFhx 5 =
iﬂ_l(Xa) = iy '(Xg). By our hypothesis (2) this is representable, hence we can
write it as th,g, for Xy an open submanifold of X,. Notice that X,g is also an
open submanifold of Xg (by a slight abuse of notation we shall use the same symbol
Xgp to denote isomorphic supermanifolds). As we shall see, X, corresponds to the
intersection of the two open submanifolds X, and Xg of the supermanifold X, that we
shall construct, whose functor of points is F'.

By the definition of fibered product we have the commutative diagram

.I'BAa
thB = th XF hXﬂ —_— hXB

ol o

hxy ———F.
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We now proceed and build the supermanifold X by gluing the supermanifolds X,,.
We start by defining the underlying topological space.
As a set we define

| X|:= L1 Xal/~.
o

where ~ is the following equivalence relation: x, ~ xg if and only if there exists
Xap € |Xap| With |ja,g|(Xep) = X, |jp.al(Xap) = xp forall x4 € [Xq|, xg € |Xp|.
Here we use j, g to denote also the superscheme morphism j, g: Xop — Xq. One
can check this is an equivalence relation and that the map ny: |Xy| — |X]| is an
injective map. |X | becomes a topological space through the topology induced by the
(open) topological spaces | Xy |-

We now want to define a sheaf of superalgebras Ox on | X| by using the sheaves
Ox,, and “gluing” them. Let U be open in | X | and let Uy = 7, 1(U). Put

Ox(U) 1= {{fu} € Lnes Oxa(Ua) | j5,(f3) = j5(fy) forall By € I}.

The condition j 5 y (fp) = j;’ 8 (fy) simply states that to be an element of Ox (U), the
collection { fo } must be such that fg and f, agree on the intersection of Xg and X,
for any B and y. Here we are again abusing the notation using j,g for both the functor
of points morphism and the supermanifold morphism. One can check directly that Ox
is a sheaf of superalgebras by its very construction.

We have defined a supermanifold X = (|X|, Ox); in order to finish the proof,
we need to show that hy =~ F. We are looking for a functorial bijection between
hx (T) = Hom(T, X) and F(T), forall T € (smflds).

We first construct a natural transformation pr: F(T) — hx (T).

Lett € F(T) = Hom(hr, F), by Yoneda’s lemma. Consider the diagram

hTa = th XF hT 4>hT

hxy —*—>F.

Since {hx,} is an open cover of F, the {7} form an open cover of T. Since by
Yoneda’s lemma: Hom(hr,, hx,) = Hom(7,, X,) we obtain a family of morphisms:
to: Ty — X4 C X. The morphisms 7, glue together to give a morphism¢': T — X,
hence ¢’ € hyx (T). So we define pr () =¢'.

Next we construct another natural transformation o7 : hyx(T) — F(T), which
turns out to be the inverse of p.

Assume that we have f € hy(T),ie., f: T — X. Let T, = f~1(Xy). We
immediately obtain morphisms g4: 7, — Xo C F. By Yoneda’s lemma, g, corre-
sponds to a natural transformation g4 : 7, — hy,. Since F is local, the morphisms
io * 8o hT, — hx, — F glue together to give a morphism g: hr — F, i.e., an
element g € F(T). Define or(f) = g.
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One can directly check that p and o are indeed natural transformations inverse to
each other, hence F =~ hy. O

Remark 9.4.4. The representability criterion we just proved, holds as it is, also for the
category of analytic supermanifolds discussed in Section 4.8. The proof is the same,
and the reader is invited to check that at no point did we make any use of the fact that
a sheaf has any local C®° property. In fact Theorem 9.4.3 is a categorical result, the
reader may also consult [77], Ch. 1, for a more general setting of this statement. We
are going to revisit this same proposition for the case of superschemes in Chapter 10.
However, we are going to employ a slightly different category and for this reason the
statement is only apparently not the same. All we say in Theorems 9.4.3 and 10.3.7 is
contained in [77], where the treatment is the most general possible.

We now turn to examine the functor of points of the quotient of a Lie supergroup
G by a closed subgroup H. We are interested in a characterization of the functor of
points of X = G/H in terms of the functor of points of the supergroups G and H.

Theorem 9.4.5. Let G and H be supergroups as above and let é/\PI be the sheafifica-

tion of the functor: T — G(T)/H(T). Then G/H is representable and is the functor
of points of the homogeneous space supermanifold X = G/H constructed above.

Proof. In order to prove this result, we shall use the uniqueness property which char-
acterlzes the homogeneous space G, G/H (see Theorem 9.3.7). So we only need to prove
that G/ H is representable, i.e., G/ H = hy for a supermanifold X, and that X satisfies
the three propertles detailed in Theorem 9.3.7.

To 0 prove that G / H is representable we use the criterion in Theorem 9.4.3. The fact
that G / H has the sheaf property is clear by its s very definition. So itis enough to prove
there is a open supermanifold subfunctor of G / H around the origin (by translation we
can transport such open supermanifold subfunctor to obtain a neighbourhood at every
point). But this is given by Ay, with W =~ W’ x H constructed as in the previous
section.

We now turn to the properties (1), (2) and (3). (1) and (3) are left to the reader as
an exercise. The fact 7 is a submersion, that is property (2), comes by looking at it in
the local coordinates given by W. O

We now examine some interesting examples.

Example 9.4.6 (Coadjoint orbits of SL,,,). Consider the following action of G =
SL,,|» on its Lie superalgebra g = sl,;,:

p: G(T)xg(T) = a(T), g X+ gXg™".

Let us fix a topological point Xg = diag(A1,...,Am+n) € |g|, where the real
numbers Ay, ..., Am4, are all distinct. Then one sees immediately that the stabilizer
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subgroup H at X is given by

ay ... 0
HT) ={| : : C G(T).

0 e Am+n

We now want to describe the orbit of X¢ as a submanifold of g. Consider the
ideal I in O(g) generated by the polynomial functions str”, where str(Z) returns the
supertrace of an element Z € g. I is a regular ideal (see Proposition 5.3.5), hence it
defines a closely embedded supermanifold X in g. We leave to the reader the routine
check of properties (1), (2) and (3) in Theorem 9.3.7 so that we have X = G/H. One
also immediately verifies that hy = éﬁ] . Moreover, hy is the functor of points of
the regular coadjoint orbits of SL,,,. A similar calculation can be done to compute
the regular orbits of the other classical supergroups.

9.5 The super Minkowski and super conformal spacetime

In this section we want to examine the example of F¢ = F{(2|0,2|1;4|1): the an-
alytic supermanifold of 2|0, 2|1 flags in the space C*! (for the definition of analytic
supermanifolds refer to Section 4.8) and one of its real forms. This example has a
special importance in physics since it is the complexification of the super conformal
space. This supermanifold is the compactification of the Minkowski superspace in 4|4
dimensions, where the Minkowski is realized as the “big cell”, which is a dense open
set inside the conformal superspace.

We define F{(T) as the set consisting of all pairs F; C F5, where Fy and F5
are locally free subsheaves of (94T|1 = 07,0 ® C*° ® 07, ® CI' of rank 2|0 and
2|1, respectively. In other words, for each point ¢t € |T'|, (Fy); and (F3), are free
submodules of (9;'} of rank 2|0 and 2|1, respectively (recall that projective modules
over local superrings are free, see Appendix B). The pairs F; C F, are called flags.
Notice that if 7 is a point so that O(T) = C, we have that F; C F, are super
vector spaces of dimension respectively 2|0 and 2|1 in C*!, thus recovering the usual
definition of flag.

On O(T)*" there is a natural action of G = GLy; (T') which s inherited by F£(T):

GL4y(T) x FUT) — FUT), g F CFhw—g-FCg-F,

where g - F; are defined as follows. Since F; is a locally free subsheaf of (94T|1, it
follows that F;(T,) is free for a suitable base {T,} of open sets in T so that g - F;(T)

makes sense. For instance, for Fj it is

g - (v1,v2) 1= (gv1, gva).
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Thus we have defined (g - F;)(Ty) for a base of open sets. Since the compatibil-
ity conditions in Definition 2.2.10 are satisfied, g - F; is a B-sheaf and we can use
Proposition 2.2.11 to obtain a sheaf on T that we denote by g - F;.

Let us fix the flag ¥ = {(9%‘0 C (9%‘1} € F{(T). The stabilizer subgroup at ¥ is
the subgroup H of G given in terms of the functor of points by

g11 g1z 813 L14 V15
821 822 823 824 V25
H(T) = 0 0 g33 g O € G(T).
0 O ga3 gas O
0 0  ys3 Vysa gss

In fact, one can check directly that H stabilizes ¥ and that the functor 7+ H(T)
is the functor of points of a closed subgroup of G. Hence locally, we can identify the
set F£(T) with the set G(T)/H (T) so that the sheafification of both functors coincide
(see Proposition B.2.9). Since F{ is already a sheaf, by its very definition, we have
that F{ is the functor of points of the quotient supermanifold G/H .

Next we want to describe the big cell inside F£. Thisis an open submanifold, which,
as we shall see, has a special importance in physics since it is the complexification of
the super Minkowski space.

Locally at a point ¢ € |T|, an element F; C F, in F{(T) consists of two free
submodules of (94T[: or rank 2|0 and 2|1, and is thus described by a pair of subspaces

(v1,v2) C (w1, wa, w3) with v;, w; € (94T|; of suitable parity. Let Uy (T') and U, (T')

be the set of subsheaves of (9‘;,|1 of ranks 2|0 and 2|1 expressed locally as

V11 V12
V21 U2 Vi1 Uia
U(T); = vt |, ] vaz det invertible § ,
t
V21 V22
V41 V42
Us1 Us2
W11 Wiz w13
W21 W22 W23 wip Wiz W13
U2(T)t= w3 |, ws2],| wss ‘BCI‘ Wp1 Wpp Wp3 | invertible
W41 W42 W43 Ws1 Ws2 Ws3
Ws1 Ws2 Ws3

In order to simplify the notation, from now on we shall write everything locally
without further mention.

Using the identification F{(T) = (G/H)(T), which locally amounts to having
FU(T) = G(T)/H(T), we can write an element in U, (T) x U(T) uniquely as

1 I 0
Al | B B||€U(T)xUxT),
o 0 1
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where [ is the identity, A4 and B are (2x2)-matrices with even entries, and @ = (o1, r2),
B" = (B1, B2) are rows with odd entries in O;.

We define the big cell U(T) inside F{(T) as the pairs (u,v) € Uy (T) x Ux(T).
Notice that an element of U;(T') is inside U, (T) if

A= B + Ba. ©.1)

So a flag in the big cell U is completely described by the triplet (A4, o, ). We see also
that U is an affine 4|4 superspace, i.e., the functor U is representable and is the functor
of points of a 4|4 superspace. Equation (9.1) is also known as the twistor relation in
the physics literature. Since there are no relations among A4, o and 8, we can take them
as local coordinates in a neighbourhood of the identity in |G|/|H |.
In these coordinates, the flag ¥ corresponding to the identity that we fixed at the

beginning becomes

1 I 0

0].10 0 ~ (0,0,0).

0 0 1

The big cell U; x U, is obtained by requiring the invertibility of the determinant
(1, 2) and the Berezinian (1, 2, 5) (obtained by taking respectively columns (1, 2) and
rows (1, 2) and columns (1, 2, 5) and rows (1, 2, 5)) in the generic expression of a flag
in F£. Clearly one can repeat the same argument and obtain a total of six different big
cells by requiring the invertibility of the determinant and Berezinians:

1,2) (1,2,5), (1,3) (1,3,5), (1,4) (1,4,5),
(2,3) (2,3,95), 2,4) (2,4,5), (3,4 (3.4,5).

We leave to the reader the easy check that these big cells cover the whole of F£. Hence
we can apply the representability criterion in Theorem 9.4.3, thus proving that F ¢ is
an analytic supermanifold.

We now want to write explicitly the morphism 7: G — F{, n(g) = g- ¥ inthese
coordinates and see it is a submersion. In a suitable open subset near the identity of
the group we can take an element g € G(T) as

_ [ & Vis ..
= , Lj=1,...,4.
& (Vsj 855) /

Then we can write an element g - ¥ € U1(T) x Up(T) C FL(T) as

811 g12 g11 812 V15

g21 &22 821 &22 V25 1 1 0
g1 gn|.|gn g2 vis |~ | WZH, VYT (m—-WZlt)a|,
g41 g2 41 &42 Va5 o Z! 0 1

Y51 V52 Y51 VY52 855
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where

p1 = (rs1 ¥s2), W:(g31 g32), Z:(g“ g12)7

841 842 821 822
= (V15) . = ()/35), d = (gss—vZ '),
Y25 Vas

V=W-gxnp. Y=2Z-g5up.

Finally the map 7 in these coordinates is given by
g WZ V0 Z7 (o —WZ 7 r)d).

At this point one can compute the super Jacobian and verify that at the identity it is
surjective, so 7 is a submersion. This gives an equivalent and independent proof of the
fact that F'£ is the quotient G/H (see Theorem 9.3.7).

The subgroup of G leaving invariant the big cell is the set of matrices in G of the
form

L 0 0
NL R Ryl,
dp 0 d

with L, N, R being 2 x 2 even matrices, y and odd 1 x 2 matrix, ¢ a 2 x 1 odd matrix
and d a scalar. This is then what the physicists call the complex Poincaré supergroup
and its action on the big cell can be written as

A— RA+ ya)L™' 4+ N, a—da+eL™t, B—d 'RPB+y).

If the odd part is zero, then the action reduces to the one of the classical Poincaré group
on the ordinary Minkowski space.

We see that the big cell of the flag supermanifold F¢(2|0, 4|0;4|1) can be inter-
preted as the complex super Minkowski space time, the flag being its superconformal
compactification.

We now turn to the construction of the real Minkowski superspace which is ex-
tremely important in physics. We start with a real form for the supergroup G. In order
to obtain such a form (see Section 4.8 for the definition) we need a natural transforma-
tion from G to its complex conjugate G. Define the natural transformation (7 being a
supermanifold) as

— T .T
onan e=(2 -~ )

Lemma 9.5.1. We have (hg)? = g?h®.

Proof. Direct calculation. |
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Remark 9.5.2. It is important to notice that we are under the following convention: if
0 and ¢ are odd variables, then

0F = 0E. 9.2)
This convention is opposed to the one used most commonly in physics, namely
05 = &6,

but as it is explained in [22], it is the one that makes sense functorially. According to
this convention, then for matrices X, Y with odd entries

XN’ =-@)Tx)7".

We are ready to define the involution & which gives the real form of G:
G(T) S G(T), g gf = LG:P)'L, L= (’; (1)) F= (? (1))

We have (hg)¢ = hégf and (¢¥)¢ = g, so it is a conjugation.
As one can readily check from the definitions, we have the following lemma and
proposition.

Lemma 9.5.3. The map x — x¢ is a natural transformation. It defines a ringed space
involutive isomorphism p: G — G which is C-antilinear.

Proposition 9.5.4. The topological space G¥ consisting of the points fixed by p has a
real supermanifold structure and the supersheafis composed of those functions f € Og

such that E*(f) = f.

The involution we chose has important physical properties and we invite the reader
to consult [32] for a complete treatment of them.

Also, it is easy to check that it reduces to a conjugation on the Poincaré supergroup
and we can compute explicitly such conjugation as follows:

L 0 0 L} 0 0
g = M R R)( s g_l = | R IML1 + )((PL_I R _Xd_l ,
d(p 0 d —(pL_l 0 d-1
Rt 0 0
g = | —Lt MR S L gty LT gt
—jd T 0 a1

It follows that the fixed points are those that satisfy the conditions

L=R"" y=—jof, ML =—ML™Y — ;LT pTeL™".  (93)
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To get a more familiar form for the reality conditions, we observe that the last
equation in (9.3) can be cast as

1 .
ML =ML 4 oL YofoL™t, M =-—m'",

This is just an odd translation and amounts to multiplying g on the right by the group
element

I 0 0
g =|-LjR'LT pTeLt 1 0
0 0 1

We want now to compute the real form of the big cell. The first thing to observe is
that the real form is well defined on the quotient space G/H (the superflag), where H
is the group described previously.

Notice that a point of the big cell (4, «, B) can be represented by an element of the

group

since
I I I 0 I 0 1 0
glol=14), g{10 0]=14 B|l~|A—PBa B
0 o 0 1 oa 1 0 1

We first compute the inverse

1 0 0
gl=-A+Ba I —B].
—o 0 1
and then
1 0 0
gSZ _AT_aT,gT I —jaT
—jBt 0 1

The element g¢ is already in the desired form, so the real points are given by
A=—-A"—jaTa, p=—jal.
We can make a convenient change of coordinates,
1

NEA+§mw,

so the reality condition is
A/ — _A/T

and we recover the usual form for the (purely even) Minkowski space time.
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9.6 References

This treatment of quotients of supergroups, via their functor of points and, equivalently,
through the direct construction of the sheaf of invariant functions, is found in [32], [4],

[5]. As for Example 9.4.6 see [76], [56].



10

Supervarieties and superschemes

The aim of this and the next chapter is to lay down the foundations of algebraic su-
pergeometry, using the machinery of sheaves and schemes together with their functor
of points that we have described in detail in the classical setting in the previous chap-
ters. The presence of nilpotents in the structural sheaf of an ordinary scheme makes its
generalization to supergeometry very natural and allows us to carry most definitions
and results from the ordinary to the super setting, almost with no changes. There are,
however, some remarkable differences that we shall point out along with our treatment.
The most striking one is the rigidity of the projective superspace, which does not con-
tain as many subvarieties as its classical counterpart. We shall, in fact, see that the
Grassmannian superscheme is not in general a projective supervariety. This fact has
some deep consequences, for instance, the strategy for the construction of the quotient
of algebraic supergroups has to be suitably modified. We shall however not pursue this
point further in the text.

We start by giving the definition of superscheme and its functor of points and we
examine some important examples, including affine and projective superspaces and
Grassmannian superschemes. We then describe a representability criterion, which al-
lows us to single out among functors from the category of superalgebras to the category
of sets those which are the functors of points of a superscheme. This criterion is espe-
cially useful in supergeometry since the functor of points is often the only way we can
handle supergeometric objects. Taking this point of view, we discuss the infinitesimal
theory in the algebraic super-setting. In particular we study superderivations and their
relations with the tangent space at a rational point of a superscheme over a field, making
some concrete calculations to exemplify our definitions. Our study of the infinitesimal
theory is of capital importance for the theory of algebraic supergroups that we shall
treat in the next chapter.

10.1 Basic definitions

In this section we give the basic definitions of algebraic supergeometry. Because we
are in need of a more general setting in the next chapters we no longer assume that the
ground field to be R or C and actually we are going to replace it with a commutative
ring.

Let k be a commutative ring. Assume that all superalgebras are associative, com-
mutative (i.e., xy = (—1)?®?O) y x) with unit and over k, unless otherwise specified.
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We denote their category by (salg). For a superalgebra A, let J4 denote the ideal gen-
erated by the odd elements, i.e., J4 = (A1)4. Write A" for the quotient A/J4. We say
that A" is reduced or super reduced even if it may contain some (even) nilpotents.

In Chapter 3 we have introduced the categories of superspaces and of superschemes.
Let us briefly recall these notions.

A superspace X = (|X|, Ox) is a topological space |X | together with a sheaf of
superalgebras Oy such that Ox , is a local superalgebra, i.e., it has a unique two-sided
maximal homogeneous ideal.

The sheaf of superalgebras Oy is a sheaf of Ox o-modules, where Ox o is the sheaf
over | X | defined as Ox o(U) := Ox (U)o for all U open in | X|. Notice that also the
sheaf Oy, defined as Ox,1 (U) = Ox (U)1, is also a sheaf of Ox ¢-modules.

Given two superspaces X = (|X|,Ox) and Y = (|Y |, Oy), amorphism f: X —
Y of superspaces is given by a pair f = (| f|, f™*) such that

(1) |f]: X — Y is a continuous map;

(2) f*: Oy — f«Ox is a map of sheaves of superalgebras on |Y |, that is, for U
open in |Y | there exists a family of morphisms f;f: Oy (U) — Ox (| /7' (U))
compatible with restrictions;

(3) the map of local superalgebras f,": Oy, r|(p) = Ox,p is a local morphism, i.e.,
sends the maximal ideal of Oy 7|(p) to the maximal ideal of Oy .

A superscheme X is asuperspace (|.X |, Ox) such that Oy 1 is a quasi-coherent sheaf
of Ox,o-modules. Oy is called the structure sheaf of X. A morphism of superschemes
is a morphism of the corresponding superspaces.

For any open U C |X| we define the superscheme U = (|U|, Ox|y|), called an
open subscheme in the superscheme X .

The most important example of a superscheme is given by the spectrum of a super-
algebra A. It consists of the spectrum of the even part Ay together with a certain sheaf
of superalgebras on it. Let us see this construction in detail.

Definition 10.1.1 (The superscheme Spec A). Let A be an object of (salg). We have
Spec(Ag) = Spec(A”) since the algebras A” and A differ only by nilpotent elements.

Letus consider @4, the structure sheaf of Spec(A4g) (see Chapter 2 for more details).
The stalk of this sheaf at the prime p € Spec(Ayp) is the localization of Ag at p. As for
any superalgebra, A is a module over Ay. So, according to the classical construction
detailed in Chapter 2, Section 2.5, we have a sheaf A (that we shall denote also by O 4)
of O4,-modules over Spec Ap, with stalk

Ap={L|feA gedy—p}

the localization of the Ag-module A over each prime p € Spec(Ag). This localization
has a unique two-sided maximal ideal which consists of the maximal ideal in the local
ring (Ap)o and the generators of (A,)1 as Ag-module.

As one can easily check, A (or Oy) is a sheaf of superalgebras and (Spec Ay,
()4) is a superscheme that we denote by Spec A. In fact we just showed that it is a
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superspace since (4, p is local; moreover, by its very definition, we have that O4,; is a
quasi-coherent sheaf of @4 9-modules since it is a sheaf of O4, = @4,0-modules.
Notice that on the basic open sets

Ur ={peSpec Ao | (f) Zp}. [ € Ao
we have O4(Uy) = Ay = {a/f" | a € A}.

Definition 10.1.2. An affine superscheme is a superspace that is isomorphic to Spec A
for some superalgebra A in (salg). Such superalgebra A, by the construction of Spec A,
is isomorphic to the superalgebra of the global sections of the structure sheaf of X,
which we shall denote by (X ) (instead of the more cumbersome notation Ox (| X|)).

An affine algebraic supervariety is a superspace isomorphic to Spec A for some
affine superalgebra A, i.e., a finitely generated superalgebra such that A/J4 has no
nilpotents. We will call A the coordinate ring of the superscheme or the supervariety.

The next proposition tells us that superschemes have affine superschemes as local
models, as it happens for the ordinary setting.

Proposition 10.1.3. A superspace S is a superscheme if and only if it is locally iso-
morphic to Spec A for some superalgebra A, i.e., for all x € |S| there exists Uy C |S|
open such that (Ux, Os|y,) = Spec A. (Clearly A depends on Uy.)

Proof. Since S is a superscheme, by definition S” = (|.S|, Os,0) is an ordinary scheme,
that is, for each point x € |S| there exists an openset U C |S|suchthat (U, Osolv) =
Spec Ay for an ordinary commutative algebra Ay.

By definition of superscheme, Os 1 |y is a quasi-coherent sheaf of O 5 ¢ |y -modules,
i.e., of O4,-modules. Hence there exists an Ag-module A such that Og ; |y (U) = 4
(see Chapter 2, Section 2.5). So if we look at global sections we have

Oslu = Osolu ® Os,1lu = 04y ® 04, = Oy,

where A := Ay @ A;. Since Oy is a sheaf of superalgebras, A is also a superalgebra
and one can readily check that (U, Og|y) = Spec A. |

Given a superscheme X = (|X|, Ox), let O% denote the sheaf of algebras
Ox(U) = (0x/Jx)(U),

where Jy is the ideal sheaf U > Jo, () with Jo, () the ideal generated by the odd
nilpotents in Ox (U).

We will call X" = (|X|, Oy) the reduced space associated to the superspace
X = (|X|,0Ox). This is a locally ringed space in the classical sense. The scheme
(IX|,O%) is called the reduced scheme associated to X. Notice that the reduced
scheme associated to a given superscheme may not be reduced, i.e., Oy (U), U open in
| X[, can contain nilpotents. This is because Oy (U) is obtained by taking the quotient
of Ox (U) by the ideal generated only by the odd nilpotents.
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In Section 2.5 of Chapter 2 we have discussed quasi-coherent sheaves in the ordinary
setting and we examined the equivalence of categories between the category of quasi-
coherent sheaves of (4-modules over Spec A and the category of A-modules for an
ordinary commutative algebra A. We want to generalize this picture to the super
setting.

Let A be acommutative superalgebra and let M be an A-module. We can regard M
as an Ag-module and construct the sheaf M on Spec Ay as in Section 2.5 of Chapter 2.
However, since M is a module for the superalgebra A, we have that the sheaf M
inherits naturally an @ 4-module structure, i.e., M (U) has an O4(U )-module structure
forall U C Spec Ao and such a structure is compatible with restriction morphisms. We
summarize all the properties of the sheaf M in a theorem, which is the supergeometric
counterpart of Propositions 2.5.1 and 2.5.4. The proof is a direct check, very similar
to the classical setting, and can be found for example in [43], Ch. II; we leave it to the
reader.

Theorem 10.1.4. Let M be an A-module for a superalgebra A, and let M be as above.
Then:
(D) M has a natural structure of O g4-module.

(2) (1\71)p =~ M, for all p € Spec Ay, i.e., the stalk at any prime p of the sheaf M
coincides with the localization of the Ag-module M at p.

3) (]\2 )(Spec Ag) = M, i.e., the global sections of the sheaf coincide with the
A-module M.

Again we have as in the classical setting an equivalence of categories:

Proposition 10.1.5. The functor M +— M gives an equivalence of categories between
the category of A-modules and the category of quasi-coherent O 4-modules. The inverse
of this functor is the functor ¥ +— ¥ (Spec Ay).

As in the classical setting we can define the notion of closed subsuperschemes.

Definition 10.1.6. We say that Y = (Y|, Oy) is a closed subscheme of a superscheme
X = (| X], Oy) if:

(1) |Y|]is aclosed subset of | X | and Y is a superscheme.

(2) Oy = Ox /I where I is a quasi-coherent sheaf of ideals in Oy . In other words,
for each x € | X| there exists an open affine set U, x € U, such that I(U) is an
ideal in Oy (U).

Remark 10.1.7. If X = Spec A, the closed subschemes of X are in one-to-one corre-
spondence with ideals in A as it happens in the ordinary case. Such a correspondence
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is realized in the following way:

quasi-coherent sheaves two-sided homogeneous
of ideals in O4 ideals in A

I —>  I(SpecAyp)

I «— 1
Here I is the quasi-coherent sheaf associated to the Ag-module /.

Examples 10.1.8. (1) Affine superspace A™". Consider the polynomial superalgebra
k[x1,...,Xm,&1....,&,] over an algebraically closed field k, where x1, ..., x,, are
even indeterminates and &1, . . ., &, are odd indeterminates (see Chapter 1). We define
Speck[x1,...,Xm, &1, ..., &n] to be the affine superspace of superdimension m|n and
denote it by A™/",

The topological space underlying A™" is Spec k[x1, ..., Xm. €1, ..., En]o and con-
sists of the even maximal ideals

(xi —ai. &), i=1,....m, jk=1,...,n,
and the even prime ideals

(P1.---. 0 §8), Jok=1,....n,

where (p1, ..., pr) is a prime ideal in k[x1, ..., X, ]. In other words the prime ideals
ink[x1,...,xXm,&1,...,&]o are generated by the prime ideals in k[x1, ..., x;] and
the even nilpotent ideal (§;§;,i < j).

At the prime ideal p € Speck[x1,...,Xm,&1,...,&En]o the stalk of the structure
sheaf of A™I" is

(9Am|",p = {% | f S OAm\n(Am), g e QArnln(Am)(), g ¢ p}

(2) Supervariety over the sphere S?. Consider the polynomial superalgebra gener-
ated over an algebraically closed field k, k[x1, x2, x3, £1, &2, &3], and the ideal

I:(xf—i-x%—i-x%—l,xl'&+x2'§2+x3'53)-

Let k[X] = k[x1, X2, x3,&1.&,&3]/1 and X = Speck[X]. Then X is a supervariety
whose reduced variety X7 is the sphere S2. A maximal ideal in k[X] is given by

m= (x; —a;, §§) withi,j =1,2,3, a; €k andaf —|—a§ —|—a§ =1.
The local ring of k[X]o at the maximal ideal my is the ring of fractions

(k[X]o)m = {§ | f.g € k[X]o, g ¢ m}.
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The stalk of the structure sheaf at m is the localization of k[X] as a k[ X ]o-module, that
18,
k[Xlm ={% | m € k[X], g € k[X]o. g ¢ m}.

Notice that if a; # 0 (not all a; are zero simultaneously), then x; is invertible in the
localization and we have

&1 = —i(ngz + x3§3),
X1

so {&2, &3} generate k[X | as an Og[x],-module.
X is an example of a closed subscheme of the affine superspace A3, Notice also
that the reduced scheme corresponding to X is the unitary sphere S2 C A3.

We are now going to see that the category of affine superschemes is equivalent to
the category of superalgebras; in other words, the superscheme X = Spec A and the
superalgebra A contain the same information. This is a generalization of the equiva-
lence between the category of affine schemes and the category of algebras (for a proof
of the classical result see Chapter 2).

Let (aschemes) denote the category of affine superschemes. Letus define the functor
F: (salg)® — (aschemes) on the objects as F(A) = Spec A. In order to define F
on the morphisms, let ¢: A — B and ¢o = ¢|4,. We need to give a morphism
f = F(¢): Spec B — Spec A. On the topological space we have immediately
| f]: Spec By — Spec A defined as | f|(p) = ¢ ' (p). For the sheaf morphism, we
need to give a family of morphisms,

fir: 04(U) — Op(|fI7"(U)), U openin Spec Ao,

commuting with restrictions. If a € OQ4(U), ie., a: U — [[,cy Qax(U) (see
Definition 2.2.6), define f7(a): p +— ¢p(a(]f](p))) and ¢, : A¢0—l(p) — By, p €
Spec By. One can check that this determines a sheaf morphism f*: O4 — f.Op and
that such f™* is local.

We now claim that F' gives an equivalence between the category of superalgebras
and the category of affine superschemes. In order to show that F realizes an equivalence
of categories, we need to prove that there is a one-to-one correspondence between
objects and morphisms in the categories. We are going to do this by establishing an
inverse functor G. On the objects the inverse functor is given by

G : (aschemes) — (salg), Spec A = Q4(Ao) = A.

On the morphisms G is given as follows. Let f: Spec B — Spec A be a morphism.
Since the global sections of the structure sheaves coincide with the rings B and A
respectively, we obtain immediately a morphism from A to B, so we set

G(f) = fopec ao: Qa(Spec Ag) = A — Op(Spec By) = B.

We leave it to the reader to verify that F and G are functors and moreover that
F-G=idand G - F = id.
We have proven the following proposition.
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Proposition 10.1.9. There exists an equivalence of categories between the category of
commutative superalgebras and the category of affine superschemes.

When we restrict the functor F to the category of affine superalgebras, it gives an
equivalence of categories between affine superalgebras and affine supervarieties.

We now would like to give an example of a not affine superscheme which is of
particular importance: the projective superspace.

Example 10.1.10 (Projective superspace). Let S = k[xo,...,Xm,&1,...,En]. Then
S isa Z/2Z and Z graded algebra and the two gradings are compatible. Define the
topological space Proj S as the set of Z-homogeneous non-irrelevant primes in Sy (i.e.,
those primes not containing (xo, . . ., X, §;&;)), with the Zariski topology. Proj Sy is
covered by open affine sets U; consisting of those primes not containing (x;). That is
to say that U; consists of the homogeneous primes in k[xo, . ... Xm. &1, ..., Ea][x; ']
which in turn can be identified with the primes in the ring of elements of degree zero
in k[xo, ..., Xm,&1,...,Ex][x7!]. One can readily see that such ring is isomorphic
to k[uo,...,Uj,...,um,&1,...,&,]. Hence, as in the classical setting (see Example
2.3.4), we have

U; = Specklug,...,0i,...,Um,E1,...,En]o, 1 =0,...,m.

We can define the sheaves

so that (U;, Oy, ) are affine superschemes corresponding to these open affine subsets.
One can check that the conditions of Proposition 2.2.12 are satisfied, hence these
sheaves glue together to give a sheaf @g on all the topological space Proj S. So we
define the projective superspace P, denoted also by Proj S, as the superscheme
(Proj So, Os). o

The same construction can be easily repeated for a generic Z-graded superalgebra.

10.2 The functor of points

As for supermanifolds, we employ the functor of points approach from algebraic ge-
ometry to better handle the nilpotent elements and to recover the geometric intuition.
It is very important to realize that in ordinary algebraic geometry one could introduce
this subject at an elementary level, avoiding altogether this level of abstraction and
deal only with algebraic varieties described by prime ideals in a polynomial algebra
and their regular functions over an algebraically closed field. On the contrary here,
even when the superscheme has a reduced irreducible underlying ordinary scheme (that
is, it corresponds to an algebraic variety), this machinery is unavoidable and often the
functor of points and the representability criterion are the only means we have to handle
these objects in the algebraic setting, even when the field is algebraically closed.
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Definition 10.2.1. For a superscheme X, the functor of points of X is the representable
functor
hyx : (sschemes)® — (sets), hx(Y) = Hom(Y, X),

defined as usual on the morphisms as hx (¢)(¥) = Y o ¢, ¢p: Y — Z. The elements
in hy (Y') are called the Y -points of the superscheme X .

In the previous chapters, we have mostly used the same notation to denote both a
supergeometric object, say a supermanifold, and its functor of points. In this chapter,
however, we want to make a distinction since we will also deal with non-representable
functors and with representability issues.

As in the ordinary setting, the functor of points of a superscheme is determined by
looking at its restriction to the category of affine superschemes. This result is obtained
in the same way as the corresponding classical one. We briefly sketch the proof and
describe the ideas involved (for more see [29], Ch. VI).

Definition 10.2.2. Let T be a superscheme. We say that {7;} is an open cover of T,
if each 7; is an open subscheme of 7" and the 7;’s cover T, that is | J; |Ti| = |T'|. We
further say that {7;} is an open affine cover of T, if it is an open cover and each T; is
affine, that is to say 7; = Spec A; for superalgebras A;.

Lemma 10.2.3. Let X and T be superschemes and let {T;} be an affine open cover
of T. Consider a family of morphisms (¢;)ier, ¢i € hx(1;), such that hx (1;)(¢;) =
hx (tji) (@), where ;j: T; N T; < T; and vj;: T; N T; < T;. Then there exists a
unique ¢ € hx (T) such that hx (1;)¢ = ¢;, where 1;: T; — T.

Notation. In algebraic geometry it is customary to summarize the statement of the
lemma by saying that the following sequence is exact:

hx (i)
hx(T) — [ ] hx (Th) ﬁ [Thx @01y,
x i

Proof. We have to look for a morphism ¢: T — X, which amounts to finding a pair
consisting of a continuous map |¢|: |T| — |X| and a sheaf morphism ¢*: Ox —
¢«Or. The hypothesis guarantees that since the continuous maps |¢;|: |T;| — |X]|
agree on the intersections |7;| M |7}, there exists a unique continuous map |¢|: |T| —
| X |, which is |¢;| when restricted to the |7;|. For the sheaf morphism the reasoning is
similar. Consider the commutative diagram

Ly
i(bi
bij
X.

Clearly there is a corresponding commutative diagram, with the arrows reversed, in-
volving the sheaf morphisms (for clarity we remove the |- | that indicates the continuous
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maps between the topological spaces underlying our superschemes):

Or,|1;01; (8771 (U)) = O1y001; (87, (U)) <— O, (971 (U))

\ T

Ox (U).

We want to define ¢*: Ox — ¢«Or, in other words, we want to define for all open
U C|X|¢f: Ox(U) — Or (¢~ (U)).

Clearly the diagram detailed above, for f € Ox(U), gives us a family { f;}, fi €
Or, (¢71(U)) = Or|1, (971 (U)) = Or(¢;1(U)). The commutativity of the above
diagram ensures that the f;’s glue together to give f’ € @7 (¢~ (U)), so that we can
define ¢7;(f) = f’. We leave to the reader the routine checks that show that ¢* so
defined has all the necessary properties.

Uniqueness is clear. |

Proposition 10.2.4. Let X and T be superschemes andlet ¢: T — X be a morphism.
Then ¢ is determined by its restrictions to an open affine cover of T

Proof. Let {T;} be an open affine cover of T and let ¢; = ¢|7,. As an exercise one
can check that the ¢; satisfy the hypothesis of the previous lemma, hence we have that
there exists a unique morphism 77 — X, whose restriction to each 7; is ¢;. Such a
morphism hence coincides with ¢. |

Theorem 10.2.5. Let X be a superscheme, hy its functor of points. Then hy is
determined by its restriction to the category of affine superschemes.

Proof. Assume that we know hy (Z) for all affine superschemes Z. Any morphism ¢
in hx (T') corresponds to a family of morphisms ¢; € hx (7;) for an open cover of T'.
Hence it can be uniquely extended to a morphism in Ay (T), necessarily ¢. (|

Since we have the contravariant equivalence of categories detailed in Proposi-
tion 10.1.9, we can view the restriction of hy to the category of affine superschemes
also as a functor:

h%: (salg) — (sets), hg(A) = Hom sschemes) (Spec 4, X).

When the superscheme X is affine, i.e., X = Spec R, h§ is representable. In fact
by Proposition 10.1.9,

h% (A) = Hom schemes) (Spec A, Spec R) = Homge) (R, A).

Observation 10.2.6. Since we have the equivalence of categories between affine su-
perschemes and superalgebras, we can define an affine superscheme X = Spec R
equivalently as a representable functor

(salg) — (sets), A > Homgye) (R, A).

With an abuse of notation we shall use 4% (X = Spec R) to denote this functor as well.



182 10 Supervarieties and superschemes

Remark 10.2.7. To simplify notation we drop the suffix a in 7% ; the context will
make clear whether we are considering hy or its restriction to affine superschemes.
Moreover, whenever we want the restriction of iy to affine superschemes, we shall use
the same symbol, /spec g, for the two functors

(salg) — (sets), A+ Hom(R, A4),
(aschemes) — (sets), A +— Hom(Spec A, Spec R).

Observation 10.2.8. Let X° be an affine variety over an algebraically closed field k.
Consider an affine supervariety X whose reduced part coincides with X°. Then one
can immediately check that the k-points of X correspond to the points of the affine
variety X©. For example, if X = A™/" we have X° = A™ and, as we shall see in the
next example, iy (k) = k™ = hyo(k).

Examples 10.2.9. (1) Affine superspace revisited. Let A € (salg) andletV = Vo d V;
be a free supermodule (over k). Let (smod) denote the category of k-modules. Define

V((A) =(AQV)o=A40®@ Vo @ A1 ® V1.

Notice that following a very common abuse of notation we are using the same letter V'
to denote both the super vector space V' and its functor of points. The abuse will soon
become worse when we shall also use V' to denote the superscheme whose functor
of points is V. In general this functor is not representable. However, if V' is finite-
dimensional, the functor is indeed representable and in fact we have

(A by V)O = Hom(smod)(V*’ A) = HOm(salg) (Sym(V*), A),

where Sym(V *) denotes the symmetric algebra over the dual space V' *. Recall that I'*
is the set of linear maps V' — k not necessarily preserving the parity, and Sym(V*) =
Sym(Vy) ® A Vi*, where /\ V}* denotes the exterior algebra over the ordinary space
V1.

Let us fix a basis for V' and let dim V' = p|q. The functor V is represented by

k[V] =klx1,....xp,&1,....&],

where x; and &; are respectively even and odd indeterminates.

Hence the functor V' is the functor of points of the affine supervariety A”!" intro-
duced in Example 10.1.8 (1).

We also want to remark that the functor Dy defined as

DV(A) = Hom(smod)(Vv A)

is representable for any V' (not necessarily finite-dimensional), and it is represented by
the superalgebra Sym(V'). Clearly V = Dy when V is finite-dimensional.
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(2) Supermatrices revisited. Let A € (salg). Define My, |, (A) as the set of endo-
morphisms of the A-supermodule A”!”. Choosing coordinates we can write

=3 1))

where a, b are m x m, n x n blocks of even elements in A and o, f are m X n, n X m
blocks of odd elements in A.

This is the functor of points of an affine supervariety represented by the commutative
superalgebra: k[M(m|n)] = k[x;;,&k;] where x;;’s and &;’s are respectively even
and odd variables with 1 < i,j <morm+1<1i,j <m+n,1 <k < m,
mtl<l<minorm+l1l1<k<m+n1<l<m.

Notice that My|n = 1 g 2 1n212mn -

Now consider the invertible matrices in M,|,,(4). This clearly gives us another
functor

(salg) — (sets), A > invertible matrices in M|, (A).

As we shall see in the next chapter, this is the functor of points of the superscheme
GL,|, introduced in Example 3.3.4, though this fact is far from being immediate.

This example raises a very natural question: how can we determine whether a func-
tor F': (salg) — (sets) is the functor of points of a superscheme? We can reformulate
this question in an equivalent way: can we give a representability criterion for functors
(sschemes) — (sets)? These questions have a positive answer in the classical setting
and a comprehensive treatment can be found in [23], Ch. I, and in [29], Ch. V1. In the
next section we are going to see how the classical argument can be replicated, with
small changes, in the supergeometric environment.

10.3 A representability criterion

We now want to single out among all the functors F : (salg) — (sets) those that are the
functor of points of superschemes. As we shall presently see, they are characterized by
two key properties. The first property is locality, which is the analogue of the gluing
property in the sheaf definition. Local functors are in fact also-called Zariski sheaves in
the literature. The word Zariski refers to the fact that essentially we are considering the
Zariski topology on the spectrum of the rings.! The second property is more delicate
and corresponds to the fact that these functors locally look like the functor of points of
affine superschemes.

Let us recall some notation from Chapter 2, Section 2.3.

Let A be a superalgebra. Given f € Ao, let A¢ denote

Ar = Alf = Ha/f" |a € A}

There are other relevant topologies for this theory, but we are unable to treat them in our text.
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The sets Ur = Spec(Af)o = {p € Spec Ao|(f) ¢ p} are the basic open sets in
the topological space X = Spec A (see Chapter 3). In fact by definition the open sets
in the Zariski topology of Spec A are

Uy ={p€SpecAo| I ¢ p}

for all the ideals I in Ayg.
Let us start with the notion of local functor.

Definition 10.3.1. Let F': (salg) — (sets) be a functor. Let { f;}ie; be a family of
elements in Ao, (f;,i € I) = Ag and let ¢;: A — Ay, and ¢;j: Ay, — Ay, 5, be the
natural morphism. We say that the functor F is local or that it is a sheaf in the Zariski
topology if for any family {o; }icr, o; € F(Ay;), such that F(¢i;)(a;) = F(¢ji)(a;)
for all i and j, there exists a unique o € F(A) with F(¢;)() = ;.

As we shall presently see, this is a far reaching generalization of the concept of
sheaf on a topological space, as we have described it in Chapter 2.

Let F be a local functor. By Observation 10.2.6, we can regard it as a functor
F: (aschemes)® — (sets), via the equivalence of categories described in Proposi-
tion 10.1.9. Let F4 denote its restriction to the affine open subschemes of Spec A.
Since these subsets form a basis for the topology on Spec A4, we are going to see that
F4 is a B-sheaf in the sense specified in Chapter 2, where we forget the scheme struc-
ture on the affine open subschemes of Spec A and treat them just as open sets in the
topological space Spec A, their morphisms being the inclusions.

Since Fj4 is a functor it is automatically a presheaf in the Zariski topology. If
U = SpecO(U) and V = Spec O (V) are two open affine sets in the topological space
Spec A, the very definition of Fy4, as a functor from the category of the open affine sets
in Spec A to (sets), tells us that Fy4 is a presheaf of sets. In fact, if i: U < V is the
inclusion of two open sets, one sees immediately that F4(i): F4(V) — F4(U) satisfies
the properties of the restriction morphism, customarily denoted as «|y = F4(i)(®),
fora € Fa(V).

We are now going to see that the locality of F guarantees the gluing of any family of
local sections which agree on the intersection of any two open sets of an open covering.

Take an open affine covering {Uy, };<r of Spec A, that is, Spec A9 = | Spec Ay, o,
Uy, = Spec Ay, o. We can assume that for oour problem any open covering to be of
this kind without any loss of generality since in the topological space Spec Ag, {Uy =
Spec A} req, is a base for the open sets. The condition Spec A9 = | Spec Ay, ¢ is
equivalent to saying that (f;,i € I) = Ap. The condition that F is local can hence
be translated in this context in the following way. Given any family {«; };e; With o; €
F4(Uy,), such that o; |Ufi nUy, = 0 |Ufi Uy, » there exists a unique o € F4(Spec Ap)

such that o[y = (where, again, we denote by a; |y £, 0Uy,; the image of «; under
Fa(uj), where j: Ug, N Uy, < Uy,). This is precisely the condition to impose on
the presheaf Fy4 in order to have a B-sheaf (see Chapter 2).
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The examples of local functors are many; the one that interests us most is the
following.

Proposition 10.3.2. The functor of points hx of a superscheme X is local.

Proof. We briefly sketch the proof since it is the same as in the ordinary case. Let the
notation be as above. Consider a collection of maps «; € hx (Ay,) which map to the
same element in hix (Ay, r;). Each o; consists of a continuous map |«;|: Spec Ay, , —
| X | and a family of o/, : Ox (U) — Oa,, (Jae|~1(U)) respecting restrictions. The fact
the |o; | glue together is clear. The gluing of the o’s to give o: Spec A — X depends
on the fact that Oy and (9AA s, are sheaves. T O

We now want to define the second ingredient for our representability criterion,
namely the notion of open subfunctor of a functor F: (salg) — (sets). If we assume
F to be the functor of points of superscheme X, there is a sensible notion of an open
subfunctor of F = hy, namely, we could simply define it as the functor of points
of an open superscheme U C X. However since we are precisely interested in a
characterization of those F' that come from superschemes, we have to carefully extend
the notion of open subfunctor to subfunctors of functors which do not come necessarily
as the functor of points of a superscheme.

Definition 10.3.3. Let U be a subfunctor of a functor F : (salg) — (sets); this means
that we have a natural transformation U — F such that U(A) — F(A) is injective for
all A. We say that U is an open subfunctor of F if for all A € (salg), given any natural
transformation f : hgpec 4 — F, the subfunctor f~!(U) coincides with iy for some
open V in Spec A, where

STHUNR) == fR'(UR).  fr: hspecA(R) — F(R).

We say U is an open affine subfunctor of F if it is open and representable, in other
words U =~ h% R for some superalgebra R.

Very naturally, an open subfunctor of the functor of points of a superscheme X is
hy where U is open in X, as we shall see in the next observation.

Observation 10.3.4. Let X = (| X|, Ox) be a superscheme and U C X open affine
in X. Then Ay is an open affine subfunctor of iy.
By Yoneda’s lemma f': hspec4 —> hx corresponds to a map f': Spec A — X.

Let V = f'~1(U) open in Spec A. We claim
fr'(hu(R)) = hy(R) forall R € (salg).

Let ¢ € hSpecA(R)a then fR(¢) = f, : ¢ € hX(R)
Hence if fr(¢) € hy (R) immediately we have that ¢ factors out as:

¢: SpecR — V = f~1(U) — Spec A.
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So fr(¢) € hy(R) if and only if ¢ € hy(R). We leave to the reader all the routine
checks.

We want to define the notion of an open cover of a functor.

Definition 10.3.5. Let F: (salg) — (sets) be a functor. F is covered by the open
subfunctors (U;);ey, if and only if for any affine superscheme Spec A and natural
transformation f : hgpec 4 — F we have that the fibered product hgpec 4 XF U; = hy;,
and (V;);ez is an open cover of Spec A. (For the definition of fibered product see the
Appendix B). o

Notice that, by the very definition of open subfunctor, the functor higpec 4 X U is
always representable. In fact, it is equal to f~1(U;) which is by definition the functor
of points of an open and affine V; in Spec A. Moreover, as before, we have that if F is
the functor of points of a superscheme_X,i.e., F = hy, the family of open subfunctors
(Ui)ier covers F if and only if U; = hw, and the W; cover X, thatis | X| = [ [W;].

Remark 10.3.6. Notice also that asking F(A4) = | U;(A) for all superalgebras A is
far too restrictive. This is already a phenomenon we observe at the ordinary level. For
example let us consider F' = hspecz. F admits {Uy = hspec z[1/2]: U2 = hspec z[1/3]}
as open affine cover, in fact {Spec Z[1/2], Spec Z[1/3]} cover Spec Z. However
F(Z) # U (Z) U Uy(Z) since F(Z) = id, while U, (Z) = U(Z) = 8.

We are ready to state the main result of this section that allows us to characterize,
among all the functors from (salg) to (sets), those which are the functors of points of
superschemes.

Theorem 10.3.7. A functor
F: (salg) — (sets)

is the functor of points of a superscheme X, i.e., F = hy if and only if
(1) F islocal,

(2) F admits a cover by affine open subfunctors.

Proof. The proof of this result is similar to that in the ordinary case detailed in [23],
Ch. 1, §1, 4, 4.4, but given its importance we shall rewrite it. We first observe that if
hyx is the functor of points of a superscheme, by Proposition 10.3.2 it is local and by
Definition 10.3.5 it admits a cover by open affine subfunctors.

Let us now assume that F satisfies the properties (1) and (2) of Theorem 10.3.7. We
need to construct a superscheme X = (| X |, Ox) such that hy =~ F. The construction
of the topological space | X | is the same as in the ordinary case. Let us sketch it.

Let {hx, }ac 4 be the affine open subfunctors that cover F 2 Define h Xop = Nxo XF
h X4, (Xop Will correspond to the intersection of the two open affine X, and Xg in

2We are now assuming that the open affine subfunctors of F are equal and not just isomorphic to Ay, .
We leave to the reader the checks necessary to verify all the statements in the slightly more general setting
required by the theorem.
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the superscheme X, that we are now constructing). Notice also that hy, Xfr hxﬁ is
representable, as we remarked after Definition 10.3.5.
We have the commutative diagram

jB.a
thﬁ = th XF hXB 4>hXB

wl |l

hx, o F.

As a set we define
1X|:= 11 [Xal/~.
a€A

where ~ is the following relation: if x, € |Xql|, xg € |Xp| then xo ~ xg if and
only if there exists xo8 € |Xqpg| such that |jy gl(xeg) = Xo and |jgol(xXep) =
xg. Notice that we are (improperly) using the symbol j, g also for the superscheme
morphism j, g: X4 g — Xq. As one can check, this is an equivalence relation, | X| is
a topological space and 7, : |Xq| < | X | is an open continuous injective map.

We now need to define a sheaf of superalgebras Ox. We shall use the sheaves in
the open affine X,,’s, “gluing” them appropriately.

Let U be open in | X | and let Uy, = ;' (U). Put

Ox(U) = {(fu) € Lluen Ox, (Ua) | 5, (f3) = 5 (fy) forall B,y € A}.

The condition j E y (fp) = j;’ 8 (fy) simply states that to be an element of Ox (U), the
collection { fo } must be such that fg and f, agree on the intersection of Xg and X,
for any  and y. One can check that Oy is a sheaf of superalgebras.

Hence we have defined a superspace X = (| X|,Ox). X is a superscheme since,
as a superspace, it admits a cover by open affine subschemes whose functor of points
are the X, ’s.

To finish the proof, we need to show that iy =~ F. We are looking for a functorial
bijection between hx (A) = Hom (gchemes) (Spec A, X) and F(A) for all A € (salg). It
is here that we use the hypothesis of F' being local.

We first construct a natural transformation pq: F(A) — hx(A).

Lett € F(A) = Hom(hspec 4, F'), by Yoneda’s lemma. Consider the diagram

hTa = th XF hSpecA HhSpecA

;T

hx, i F.

Since the hy, are an open affine cover of F, the {7} form an open affine cover
of Spec A. Since by Yoneda’s lemma Hom(h7,, hx,) = Hom(7y, X,), we obtain a
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morphism #o: T, — Xo C X. One can check that the morphisms 7, glue together to
give a morphism ¢': Spec A — X, hence t’ € hy(A4). So we define pa(¢t) = ¢'.

Next we construct another natural transformation o4 : hy (A) — F(A), which turns
out to be the inverse of p.

Assume that f € hy(A), ie., f: SpecA — X. Let T, = f~'(X,). By our
hypothesis, the T,’s form a cover of Spec A that we can assume to be affine. We
immediately obtain morphisms g, : 7o — X,. By Yoneda’s lemma, g, corresponds
to a natural transformation go: ht, — hx,. Since F is local, the morphisms iy o
8a: hr, — hx, — F glue together to give a morphism g: hspec4 — F, ie., an
element g € F(A). Define o4(f) = g. o

One can directly check that p and o are indeed natural transformations, moreover
poo and o o p are the identity so that p and o are inverse to each other. Hence F = hy.

d

An important consequence of this theorem is the existence of fibered products in
the category of superschemes. We start with a lemma for the affine case.

Lemma 10.3.8. Let X = SpecO(X), Y = SpecO(Y), Z = Spec O(Z). Then the
fibered product X xz Y is an affine superscheme and

X xz Y = SpecO(X) Ro(2z) o).

Proof. The proof is a simple exercise that makes use of Proposition 10.1.9 and the
universal properties of the tensor product and the fibered product. |

Corollary 10.3.9. Fibered products exist in the category of superschemes. The fibered
product X xz Y, for superschemes X, Y, Z,

XXZYHY

L,k

X Zl

is the superscheme whose functor of points is hx Xy, hy.

Proof. We sketch the argument, since it is the same as in the ordinary case, found for
examplein [23]18§1,5.1. Let F': (salg) — (sets) be the functor F'(A) = hx (A) X, (1)
hy (A). We want to show that F is the functor of points of a superscheme. We shall
use Theorem 10.3.7. The fact that F is local, comes from its very definition and we
leave it to the reader as an exercise. It is based on the fact that iy, hy and hz are all
local.

We now want to show that it can be covered by open affine subfunctors. Let
{Z;} be an affine open covering of Z. Define X; = X xz Z; = f~(Z;) and
Y; =Y xz Z; = g~ (Z;). Notice that we know that X; and Y; are superschemes
since they are open subschemes of X and Y, respectively. Let X;, and Y;g be open
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affine covers of X; and Y; respectively. A straightforward check shows that both
hx;, Xn, hy and hy xp, hyjﬂ are open subfunctors of F'. Moreover, since

hxo (A) Xn,, (4) hy5(A) = (hx;, (A) Xn,(a) Ry (A)) O (hx (A) Xp,(4) hy;5(A)).

also hy;,, Xhy, hy g is an open subfunctor of F'. Hence {/1x;, Xhy, hy,} form an open
covering of F' by open subfunctors. These functors are affine since if X;, = Spec R,
Yjp = Spec S;p and Z; = Spec T}, hx,, Xhy, hy,z = hspecRia(gTi Sis

Hence by the representability criterion, Theorem 10.3.7, F is the functor of points
of a superscheme, which is X xz Y, as one can readily check. O

We end this section with some remarks on an equivalent approach to the problem
discussed in Theorem 10.3.7.

As we have seen in the previous section, the functor of points of a superscheme X
can be also equivalently defined as the functor sy : (sschemes)® — (sets), hy (T) =
Hom (7, X). Hence the question whether a generic functor F : (sschemes)® — (sets)
is (isomorphic to) the functor of points of a superscheme, can be reformulated by asking
the conditions for F to be representable.

In such a setting, we can give an equivalent definition for F to be local, formulated
as a proposition, whose proof is a straightforward check, based on the results of the
previous section.

Let F: (sschemes)® — (sets) be a functor. Since the category of affine super-
schemes is equivalent to the category of commutative superalgebras, we can regard
F restricted to the category of affine superschemes as a functor from the category of
superalgebras to the category of sets. We shall call such functor F¢.

Proposition 10.3.10. Ler F: (sschemes)®® — (sets) be a functor. Then F¢ is local if
and only if the following condition is satisfied. Let X be a superscheme, X; an open
cover of X. Assume that there is a family of elements f; € F(X;) such that fij = fji
foralli, j, where f;j is the image of f; under the natural map F(X;) — F(X; N X;)
induced by the inclusion X; N X; C X;. Then there exists aunique € F(X) mapping
to each f; under the natural map F(X) — F(X;).

The analogue of the notion of an open affine cover of such F (see Definition 10.3.5)
makes sense as it is in this setting, hence we are ready for the Representability Theorem.

Theorem 10.3.11 (Representability criterion for superschemes). A functor
F: (sschemes)®® — (sets)

is representable if and only if F is local, and F is covered by open affine subfunctors.

The proof is very similar to the proof of Theorem 10.3.7 and actually we have seen
it in the context of differentiable supermanifolds in Theorem 9.4.3. Since the checks
involved are very formal, that proof holds practically with no changes here and for this
reason we leave it to the reader as an exercise.
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10.4 The Grassmannian superscheme

In this section we want to discuss the Grassmannian superscheme corresponding to the
r|s-dimensional superspaces inside a super vector space of dimension m|n, r < m,
s < n. We will show that it is a superscheme using the representability criterion
Theorem 10.3.7. This is a particularly important example since it is the first non-trivial
example of a non-affine superscheme.

Consider the functor Gr: (salg) — (sets), where for any superalgebra A, Gr(A)
is the set of projective A-submodules of rank r|s of A" (for the definition of the
rank of a projective A-module see Appendix B.3). When A is a local superalgebra,
i.e., it contains a unique maximal ideal, one sees immediately from the definitions, that
Gr(A) consists of the free A-submodules of dimension r|s of the free module A™!". For
example if A is a field, say A = k, Gr(k) are the super vector subspaces of dimension
r|s inside k™!, thus recovering the more familiar notion of Grassmannian, as the set
of subspaces of a given dimension inside a vector space.

Equivalently, Gr(A) can also be defined as the set Gr(A) = {a: A™" — L},
where « is a surjective morphism, L is a projective A-module of rank r|s, modulo the
following equivalence relation: @ = o if and only if they have the same kernel. Notice
that in this definition L also varies.

We need also to specify Gr on morphisms ¥ : A — B.

Given a morphism ¥ : A — B of superalgebras, as usual we can provide B with
the structure of an A-module in a natural way by setting

a-b=vy(b, acA beB.

Also, given an A-module L, we can construct the B-module L ®4 B. So given ¥ and
the element of Gr(A), f: A™" — L, we can define an element of Gr(B) as follows:

Gr(y)(f): B™" = A"" @, B - L ®4 B

where L ®4 B is clearly a projective B-module of rank r|s. We want to show that Gr
is the functor of points of a superscheme.
We will start by showing it admits a cover of open affine subfunctors. Consider

the multi-index I = (iy,...,i|(1,...,1s) and the map ¢y : ATIS 5 Amin \where
Or(x1, ..., x7E1, .. &) withl <@y <---<ip, <m,1 <y <--+- < g <nisthe
m|n-uple with x1, ..., x, occupying the positions i1,..., i, and &1, ..., & occupying
the positions i1, .. ., (s and all the other positions are occupied by zero. For example,

letm =n=2andr =5 = 1. Then ¢;2(x, &) = (x,0]0,§).

Now define the subfunctors vy of Gr as follows. The vy(A) are the morphisms
a: A™n — [ ie., the elements in Gr(A) such that « o ¢y is surjective. Notice that
ifoog: A”S — A™" s [ is surjective, since A’/ and L are projective modules
of the same rank, o o ¢ is an isomorphism, hence L is free. This is crucial for the
representability of vy and ultimately of Gr.

The functor vy is in fact representable: vy = hM(mIn)x(mfrlnfs)’ that is, vy is
isomorphic to the functor of points of ((m|n) x (m — r|n — s))-matrices. In fact
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vr (A) consists of morphisms o : A" — L =~ A"lS, where we specify the images of
r|s elements in the canonical basis of A™/". We leave to the reader the easy checks
involved.

We want now to show that the vy are open affine subfunctors of Gr. The condition
that vy is an open subfunctor is equivalent to asking that f~!(v;) be open for any
morphism f: Spec A — Gr. So we fix one of such morphisms f.

By Yoneda’s lemma, a map f: Spec A — Gr corresponds to a point f in Gr(A).
We need to find an open subscheme V; in Spec A such that

hy,(B) = f~'(vi(B)) = {y: A — B | f(¥) € vi(B)} C hspec a(B)

for all B € (salg), where fg: hspec a(B) — Gr(B). Notice that fg(y) = f o y*,
with ¥*#: Spec B — Spec A is the morphism of affine schemes induced by v (we
prefer ¥* instead of the more cumbersome notation Spec V).

To show that V; is open, we fix the canonical basis in A" s and we define

Zag(f) = f-¢r € Hom(A"™", L).

We want to determine which conditions must be satisfied to have f € v;(A).
Since vy is local (it is representable), we can assume without loss of generality that A
is local (see also Appendix B), so that Z4,7(f) € M,|s(A). In this case we have that
f € vr(A) if and only if Z4 7 (f) is invertible. By Chapter 1, Section 1.5, we know
that this is equivalent to having the determinants, say d; and d», of the diagonal blocks
of Z4,1(f), invertible. This is an open affine condition, but let us look at it in more
detail.

We have f € wvy(A) if and only if d; and d, are invertible in A. Let now
Y € hspec 4(B),ie., ¥ : A— B. Wehave ¥ € f~!(v;(B)) if and only if ¥ factors via
Ald; ', d;?],inotherwords y: A — A[d[',d;'] - B. Soy € hpee a1 a5 (B)-

This shows that the v;’s are open and affine. It remains to show that these subfunc-
tors cover Gr.

Given f € Gr(A), that is a function from hgpec 4 — Gr, we have that since f is
surjective, there exists atleast an index I sothat Z4 ; (f) isinvertible, hence f € vy (A)
for this /. The above argument shows also that we obtain a cover of any Spec A by
ta-king V1 XGr hSpecA-

Next we want to show that Gr is local. We shall do this by identifying Gr(A4) with
locally free coherent sheaves of rank 7 |s. By Appendix B.3, we have that any projective
module is locally free and moreover, by Theorem 10.1.4, one obtains the functorial cor-
respondence between (locally free) coherent sheaves and finitely generated (projective)
modules in the super-setting. Hence we have:

Gr(A) = {¥ C (9:'1”" | ¥ is a subsheaf of locally constant rank r|s},

where (92"'" =0y kM,
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By its very definition this functor is local. This is perhaps best seen by using the
correspondence detailed in Proposition 10.3.10:

Gr(T)={¥ C (9?'" | ¥ is a subsheaf of locally constant rank r|s}.

In other words, we are considering the functor Gr extended to the category of su-
perschemes: Gr: (sschemes)® — (sets) (by a common abuse of notation we use
the same symbol to denote it). If {7;} is an open cover of the superscheme 7T, as-
sume that we have a family of subsheaves %; € Gr(T;),  C (9'T"i|" = (9;”"|Ti,
with F; |T,-nT,- = F; |T,-nTj-- Then it is clear the F;’s glue together to give a subsheaf

F C (9?‘" on T, still locally constant of rank r|s, hence ¥ € Gr(T).

We have shown that Gr is the functor of points of a superscheme that we will call
the Grassmannian superscheme (or superGrassmannian for short) of r|s subspaces in
an m|n-dimensional space.

10.5 Projective supergeometry

The aim of this section is to give a brief introduction to projective supergeometry and
to show that the Grassmannian superscheme described in the previous section is not
projective, that is, it is not a subscheme of the projective superspace. This section is
independent from the rest of our work and can be skipped in a first reading. Also:
in this section we assume that the reader is comfortable with some basic algebraic
geometry constructions, such as line bundles and cohomology groups. Such notions
will not appear elsewhere in our work.

Let S be a Z-graded superalgebra, with the Z-grading compatible with the super
grading. Denote by S” the subalgebra of elements with degree n. Assume further
that S is generated by S!, the subalgebra the elements of degree 1. S is a Z-graded
S-module in a natural way. We can define, very much in the same way as the ordinary
setting, the twisted module S(n) as

S(i’l)d — Sn+d.

Clearly also S(n) is an S-module (recall that upper indices refer to the Z-grading while
lower indices to the Z,-grading).

Let M be a graded S-module. Then M is also an Sp-module, hence we can follow
the classical recipe (see Chapter 2, Section 2.5) and build the sheaf on Proj Sy, M. One
can check right away that M (U) is an Os(U)-module for all open sets U in Proj So.
We summarize the properties of M in the following theorem.

Theorem 10.5.1. Let M be an S-module, for a Z-graded superalgebra S. Then:

(D M has a natural structure of Os-module.
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2) (1\71)p = M, for all homogeneous prime ideals p € Proj Sy, i.e., the stalk at any
prime p of the sheaf M coincides with the localization of the So-module M at p.

(3) For all homogeneous f € S, ]\ZlU_/. = W), where Uy is the basic open
set in Proj So corresponding to f, Myry are the elements of degree zero in the
localization My (this is commonly called projective localization).

Proof. We leave the proof to the reader as an exercise: it is done precisely as in the
ordinary setting that is found in [43], Ch. II, Section 5. O

At this point one could define supercoherent sheaves as sheaves modeled after M,
in analogy to what we have done in Capter 2, but we shall not take this direction.

We now turn to the generalization of the Serre’s twisting sheaf in order to charac-
terize the morphisms from a superscheme to the projective superspace.

Definition 10.5.2. We define Og(n) as the sheaf S'-(\I;) Note that Os(1) is called
Serre’s twisting sheaf.

Os(n) is a locally free @ g-module of rank 1. The proof is essentially the same as
the classical one (see [43], Ch. II, Section 5).

Definition 10.5.3. Let X be a superscheme. A super line bundle on X is alocally free
Ox-module of rank 1. Moreover we say that a super line bundle £ is generated by the
global sections s1, . .., Sm, 01, - - ., 0y if the images of such global sections in the stalk
&£, generate the stalk for all p € | X]|.

For example, for S = k[xo, ..., Xm, &1, ..., Ey] consider the line bundle O (1) :=
Os(1) on P™" = Proj S. As one can readily check, this super line bundle is generated
by the global sections Xo, . . . , Xm, £1. . .. n.

The next proposition relates the morphisms of a superscheme X into the projective
superspace P™!" with the set of global sections of super line bundles.

Proposition 10.5.4. Let X be a superscheme.

(1) For any morphism ¢: X — P™\"_ ¢*(O(1)) is a super line bundle on X and is
generated by the global sections ¢*(x;), ¢*(&;), i =1,....m, j =1,...,n.

(2) Vice versa, if £ is a super line bundle on a superscheme X and if sg, ..., Sm,
01,...,0, are global sections generating £, then there exists a unique morphism
¢: X — P suchthar £ = ¢*(O(1)) and s; = ¢p*(x;), 07 = ¢*(&),i =0,...,m,
j=1,...,n

Proof. This is an exercise, once one follows the proof for the ordinary setting; see [43],
Ch. 11, Section 7. O

For a generic sheaf of rings ¥, let £ * denote the sheaf of invertible sections, i.e.,
F*(U) are the invertible sections in % (U). The first cohomology group H ! (| X/, (9;0)
for an ordinary scheme X)) classifies the equivalence classes of line bundles on X ([43],
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Ch. III, Section 4). The next proposition tells us that the same happens also for super
line bundles. We leave the proof of this result to the reader since it is a precise replica
of the classical one.

Proposition 10.5.5. Let X = (|X|, Ox) be a superscheme. There is a one-to-one
correspondence between the equivalence classes of super line bundles on | X | and the
elements in the cohomology group H'(]1X |, O%).

‘We now turn to the main goal of this section: we want to show that the Grassmannian
superscheme cannot in general be embedded into any projective superspace. This
statement appears for the analytic category in [56]; the reasoning here is the same, we
include it for completeness. We start with some general considerations on super line
bundles on superschemes.

Let X be a superscheme and let X be its reduced scheme, i.e., X = (| X|, Ox),
Xo = (|X],0x,) = (IX|,Ox/I) where I is the ideal sheaf generated by the odd
nilpotents.

Consider the exact sequence of sheaves

0— I— Oy — Oy, —0.
We can construct the usual long exact sequence:
0 HO(IX|. I) > H°(IX|.05) > H°(I1X|.0%,) > H'(X|. ]

> HY(X|,05) % H'(X],04,) % H2(X|,1) > - .

As we remarked previously, H'(|X|, 9%) is in one-to-one correspondence with the
super line bundles on | X |, while H!(|X|, (9;0) is in one-to-one correspondence with
the line bundles on |Xo| = | X|. The map ¢ tells us which super line bundles on | X|
restrict properly to line bundles on |Xo|. We are going to show that, for a specific
Grassmannian superscheme X, the super line bundles in H'(|X|, O5) restrict via
¢ only to line bundles in H'(|X|, (9;0) which have no global sections. Since the
projective morphisms are given via global sections of super line bundles, this will
show that X does not admit any projective embedding.

Let us take X = Gr(1]1,2|2) so that Xy = P! x P! with projective coordinates
[x0.x1] and [yg, y1] for the first and second copy of P!. Then |X| = |Xy| has the
following open covering:

[Uoo| = {([1. uol. [L.voD)}. |Urol = {([u1.1].[1. vo])}.
[Uo1| = {([L,uo], [vr, 1D}, [Un1] = {([ur, 1], [v1, 1D}
Consider the functor of points of X on local superalgebras (that is, superalgebras

which have only one maximal homogeneous ideal) since by the arguments in Ap-
pendix B.2, we know such superalgebras completely determine the functor of points.
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X is the quotient of GL,|, by the parabolic subgroup

P(4) = C GL2(4),

S * O ¥
* ¥ X ¥
S ¥ O ¥
* ¥ ¥ ¥

which is the stabilizer of the element (e, €1) € X (A). This leads to the usual identifi-
cation of points in X (A) with matrices in GL;|>(A)/P(A).

The open covering of | X| = P! x P! described above induces the following open
covering of X by the open affine subfunctors U;;:

I = 0 =% U, x ¢ %

_ Ug * Nk . I = 0 =
UOO(A) - 0 * 1 * ’ UIO(A) - 0 * 1 * ’

Vv * Vg * v * Vg *k

1 = * Uy * ¢ x*

_ Ug * N * _ I = 0 =%

Uoi(4) = E x vy x|[° Uni(4) = E *x v %

0 *x 1 = 0 =+ 1 =

Assume that we have a line bundle on X and let us see how sections transform
under coordinate changes. Generic sections on |Ugy| and |Uy1 | respectively are given
by

Uoo — Ugo x C,  (uo,vo,v,n) = ((to, vo, v, n),s(uo, vo, v, 7)),

U = U xC,  (u1,v1,84,8) = ((u1,v1,4,8),1(u1,v1,8,§)).

Let us see the behaviour of the transition function on the intersection |Ugo| N |U11]. A
straightforward calculation shows that (see also Chapter 1, Section 1.5):

(uo n )_1 _ ( (o —nug'v)™t  —ugtn(vo — vuo‘ln)‘l)) ‘

v v —vg T (ug — nugtv)~! (vo —vug'n™!

This allows us to view a generic element in Upg(A) as an element in Uy (A):

1 * 0 = (uo — nvg tv)~! x  —ugln(vo —vugln™ x
Ug * N * 1 * 0 *
0 x 1 = —vg(ug —nugtv)™! % (vo —vuyn)™! *
Vo ok vy * 0 * 1 *

We have that sections transform in the following way:

t(uy,v1,8,8) H>x - t((ug — nvglv)_l, —valv(uo — nvalv)_l,

—ug (o —vug m)~, (vo —vug'm)™") = s(uo, vo, v, 1),
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where x is an invertible element in |Ugg| N |U11]. This means that in order to have a
polynomial function the invertible element x must contain a power of the Berezinian.
When we consider this transition function, together with all the requirements of the
other variables, which we do not compute here, one sees that uo and v appear with
exponents with opposite sign. This means that one copy of P! can get embedded (the
one corresponding to the positive sign) while the other cannot.

With this particular affine covering, X cannot have any projective embedding since
its reduced variety Xy does not admit such embedding.

In the course of our calculation, we have computed the generic element in
H' (U, O3) using the covering U = {Ugo, Uo1, Uro, U1} of |X| and Cech coho-
mology. Since H'(U, O3) = H'(]X|. Oy), the argument we give for the special
covering is actually a generic argument and shows that the image of the map ¢ consists
only of line bundles with no global sections, hence they will not correspond to line bun-
dles that classically projectively embed into Xo = P! x P!. Hence X = Gr(1]1,2]2)
does not admit any projective embedding.

10.6 The infinitesimal theory

In this section we want to discuss the infinitesimal theory of superschemes, that is
we define the notion of tangent space to a superscheme and to a supervariety at a
point of the underlying topological space. We then use these definitions in explicit
computations.

Let k be a field. We want to restrict our attention to the algebraic superschemes.

Definition 10.6.1. Let X = (|X|, Ox) be a superscheme (supervariety). We say that
X is algebraic if it admits an open affine finite cover {X;};es such that Oy (X;) is a
finitely generated superalgebra for each X;.

Unless otherwise specified, in this section all superschemes are assumed to be
algebraic.

Given a superscheme X = (|X|, Qx) each point of x in the topological space
| X| belongs to an open affine subsuperscheme Spec A, x = p € Spec Ay, so that
Ox,x = Ap. Recall that A, is the localization of the Ag-module A at the prime ideal
p C Ao and that

Ap:{§|feA,geA0—p}.

The local ring A, = Ox,x contains the maximal ideal my y generated by the
maximal ideal in the local ring (A)o and the generators of (4,)1 as an Ag-module.

We want to define the notion of a rational point of a superscheme. We will then
define the tangent superspace to a superscheme at a rational point.

We want to remark that it is possible to define (as in algebraic geometry) the notion
of tangent space at a generic point of a superscheme, not necessarily rational. We
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however shall restrict our attention to the rational points since, as we shall see, they
are in one-to-one correspondence with the k-points of the superscheme and in most
applications these are the only interesting points to consider.

Definition 10.6.2. Let X = (| X |, Ox) be a superscheme. A point x € | X|is said to be
rational if Ox x/mx x = k. A point x € |X| is said to be closed if it corresponds to a
maximal ideal in Spec Ag, where (Spec Ag, O4) C X is any affine open neighbourhood
of x.

Remark 10.6.3. As in the commutative case we have that if k is algebraically closed,
then all closed points of | X | are rational. This is because the field Ox . /myx  is a finite
algebraic extension of k (see [2], 7.9, and [23], §3, n. 6, for more details).

It is important not to confuse the points of the topological space | X | with the ele-
ments in iy (A) for a generic A € (salg). These are called A-points of the superscheme
X. The next observation clarifies the relationship between the points of | X| and Ay,
the functor of points of X.

Observation 10.6.4. There is a bijection between the rational points of a super-
scheme X and the set of its k-points hx (k). In fact, an element (| |, f*) € hx (k),
|f1: Speck — |X|, f*: Oxx — k, determines immediately a point x = | f|(0),
which is rational since Ox /myx » = k. Vice versa a rational point x € |X| cor-
responds to a morphism ¢, where ¢*: Ox . — Oxx/mxx = k, and we obtain
|¢|: Speck — |X| simply by assigning to the only prime (0) the point x € | X|.

Definition 10.6.5. Let A be a superalgebra and M an A-module. Let D: A — M be
an additive map with the property D(a) = O for all a € k. We say that D is a super
derivation if

D(fg) = D(f)g + (=D?P?D fD(g),  fg € A,

where p as always denotes the parity.

Definition 10.6.6. Let X = (| X|, Ox) be a superscheme and let x be a rational point
in | X|. We define the tangent space of X at x to be

Ty X = Der(Ox x, k),

where k is viewed as an Oy ,-module via the identification k = Ox x/mx x, with
my  the maximal ideal in Ox .

The next proposition gives an equivalent definition for the tangent space.

Proposition 10.6.7. Let X be a superscheme. Then

TeX = Der(Ox,x. k) = Hom g o) (mx, /mk .. k).
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Note that my ./ m§( . s an Oy x-supermodule which is annihilated by mx ., hence
itisa k = Ox x/mx x-supermodule i.e., a super vector space.

Proof. Let D € Der(Ox x, k). Since D is zero on k and Ox » = k & my x, we have
that D is determined by its restriction to my x, D|my .. Moreover, since mx,x acts as
zero on k = Ox x/mx x, one can check that

w: Der((DX,ka) - m(smod)(mx,x/mgf,x?k)’ D = D|mx,x,

is well defined.
Now we construct the inverse. Let a: myx x — k, a(m% ) = 0. Define

Dy: (9X,x =k@mX,x_>k’ Dy(a, f) =a(f).

This is a well-defined superderivation.
Moreover one can check that the map a — Dy is ¥ 1. |

The next proposition provides a characterization of the tangent space that is useful
for explicit calculations.

Proposition 10.6.8. Let X = (| X|, Ox) be a supervariety x € |X| a rational closed
point. Let U be an affine neighbourhood of x, my C Ox(U) the maximal ideal
corresponding to x. Then

TxX = m(smod)(mx,x/m)z(,ka) = I_Io_m(smod)(mx/mgzc’k)‘

Proof. The proof is the same as in the ordinary case and is based on the fact that
localization commutes with exact sequences. O

Let us compute explicitly the tangent space in an example.

Example 10.6.9. Consider the affine supervariety represented by the coordinate ring

Clx,y, & nl/(xE + yn).

Notice that the reduced variety is the affine plane.

Since C is algebraically closed, all closed points are rational. Consider the closed
point P = (1,1,0,0) @mp = (x—1,y —1,&,n) C C[x,y,&,n]/(xE + yn), where
we identify (xg, y9, 0, 0) with maximal ideals in the ring of the supervariety, as we do
in the commutative case. By Proposition 10.6.8, the tangent space at P consists of all
the functions a.: mp — k, a(m%) = 0.

A generic f € mp lifts to the family of f = fi + fo(x§ + yn) € C[A%?] =
Clx, y,& n] with f1(1,1,0,0) = 0 and where f> is any function in C[A22] =
Clx, y,&,n]. Thus f can be formally expanded in power series around P:

f=3P) -1+ Py -1+ CREP) + f(P)E
+ (%(P) + f2(P))n + higher order terms.
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Define

x=4p), v=4p), E=3P). E=YLP).
These are coordinates for the super vector space Mp / IM%,, Mp =(x—1,y—1,&,1n) C
C[x, y. £, 1]. Abasis for the dual space (M, /M2)*, which is the tangent space to A212,
consists of functions sending the coefficient of one of the x — 1, y — 1, &, 1 to a non-zero
element and the others to zero. We get equations for the tangent space (mp / m%,)* as
a subspace of (Mp/M3)*:
E—E=0.

So we have described the tangent space (mp/m%)* as a subspace of (Mp/M3%)*,
the tangent space to the affine superspace A™".

There is yet another way to compute the tangent space, in the case X is an affine
supervariety. Before we examine this construction, we must understand first the notion
of differential of a function and differential of a morphism. We start by defining the
value and the differential for the germs of sections.

Definition 10.6.10. Let X = (] X|, Ox) be a superscheme, x a rational point.
Consider the projections

. ~ . 2
7:Oxx = Oxx/mxx =k, p:myx— mx,x/mX’x.

Let f € Ox,x. We define the value of f at x to be

J(x) == n(f).

Notice that f — f(x) € myx x, where we interpret f(x) € k C Ox . We also define
the differential of f at x to be

(df)x = p(f — f(X).

We now want to define the value and differential of a section at a point.
If U is an open neighbourhood of x and f € Ox (U), we define the value of [ at
X to be

f(x) = m(@(f)).

where ¢ : Ox(U) — Oy x is the natural morphism.
Finally, the differential of f at x is

(df)x = (dp(f))x.

We leave to the reader the simple check that this definition is independent from the
chosen open neighbourhood U of x.
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Example 10.6.11. If P = (x?,...,x%,0,...,0) is a closed rational point of the affine
superspace A" with coordinate ring k[x1, ..., Xm, 1, ... £x], a basis of mp/m%, is
{x — x?, & }i=1,..,m,j=1,..n}- Hence one can readily see that

(dxj)p =x—x2, (d&§)p =&, i=1,....m, j=1,....n

Definition 10.6.12. Let (Jo|,a*): X — Y be a morphism of superschemes and
x a rational point in |X|. Then |x|(x) is also rational and « induces a morphism
dleI T X — Tla\(x)Y by

dax(D)f = D(O(;(f)), DeT,X = Der(OX,xv k)9 Ol;: (DY,lotI(x) - (9X,x,
called the differential of o at the point x € | X|.

Definition 10.6.13. We say that «: X — Y is a closed embedding if |«| is a homeo-
morphism of | X | onto a closed subset of |Y'| and o™ is a surjective sheaf morphism.

If X and Y are affine superschemes, X = Spec A, Y = Spec B, then « is a closed
embedding if and only if o™ is surjective on the global sections, thatis, «*: A — B =~
A/I for some ideal [ in A.

Proposition 10.6.14. If (||, «™) is a closed embedding, then da, is injective.
Proof. Direct check. |

If X is a subsupervariety of A”!" it makes sense to ask for equations that determine
the tangent superspace to X as a linear subsuperspace of TxA”!" =~ k™" as we did
in Example 10.6.9 for a special case.

Proposition 10.6.15. Let X be a subvariety of A™" defined by the ideal I C O (A™") =
klx1,...,Xm,&1,...,&4]. Let x be a rational closed point of X. Then

ToX = {v e k™" | (df)x(v) = Oforall f €1},

Proof. The closed embedding a: X C A™/" corresponds to a surjective morphism
¢: O(A™") — O9(X), hence O(X) =~ (9(Am|”)/1. Let m, and M, denote respec-
tively the maximal ideal associated to x in X and Spec @(A”"),, respectively. The
map ¢ induces a surjective linear map

Y My/M2 = my/m>.

between superspaces. Let us recall the following simple fact of linear algebra.

Ifa: Vi — V3 is a surjective linear map between finite-dimensional vector spaces
Vi, Vo and b: V) C V* is the injective linear map induced by a on the dual vector
spaces, then s € im(b) if and only if §|ker(q) = 0.

We apply this observation to the maps ¥ and the differential (do)y,

(da)y: To(X) = (mx/m2)* <> Ty (A™") = (My/M2)*,
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and we see that
Te(X) = {v € Tiaj) (A™") | v(ker(y)) = 0}.

Observe that ker(¥) = {(df)x | f € I}. Byidentifying A" = k™" with its double
dual (k™")** we obtain the result. O

Remark 10.6.16. In the notation of the previous proposition, if / = (f1,..., f;) one
can readily check that

TeX ={v e k™" | (dfi)x(v) =0foralli =1,....r},

thus obtaining a quick and effective method to calculate the tangent space to a super-
variety.

Let us revisit Example 10.6.9 and see how the calculation is made using Proposi-
tion 10.6.15.

Example 10.6.17. Consider again the supervariety represented by the superalgebra

Clx,y,&,nl/(x§ + yn).

We want to compute the tangent space at P = (1, 1,0,0) = (xo, Yo, 0, 10):

d(x§ + yn)p = xo(d&)p + &o(dx)p + yo(dn)p + no(dy)p
= (d&)p + (dn)p
~ (0,0, 1,1).

Hence by Proposition 10.6.15 the tangent space is the subspace of k22 given by the
equation
§—n=0.

10.7 References

The definition of superscheme together with its functor of points appears in the work
of Manin [56], where also the examples of the Grassmannian and flag superschemes
are described in detail in the complex analytic category. The representability criterion
Theorem 10.3.7 appears in [23], Ch. I, for the ordinary setting and is used, however
not formally proved, in the work by Manin [56].
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Algebraic supergroups

In this chapter we restrict our attention to the superschemes that have an additional
structure, namely the group structure, and thus are called supergroup schemes or sim-
ply supergroups for short. The simplest way to introduce this extra structure is the
requirement for the functor of points to be group-valued, that is, if X is a superscheme,
we are asking that hy (A) be a group for each superalgebra A.

As a general rule in supergeometry, the functor of points is valued in the ordinary
categories like sets, groups, vector spaces or Lie algebras and the supernature of the
geometrical object stems from the category we start from, in our case superalgebras
or superschemes. As it happens for the ordinary setting, when the superscheme G is
affine, G is a supergroup if and only if its representing superalgebra O (G) is a Hopf
superalgebra. We shall discuss in detail the example of the general and special linear
supergroups together with their Hopf superalgebras.

As for the ordinary setting, we can associate very naturally to any supergroup its
Lie superalgebra, which is a Lie algebra-valued functor, identified with the functor of
points of the super tangent space of the supergroup at the identity. We also introduce
the concept of representation of a supergroup and we prove the following two important
results: we show that any affine supergroup can be embedded into some GL (V') for
a suitable V', and then we prove the representability of the stabilizer functor for the
action of a supergroup on a superscheme. This gives the representability of the classical
algebraic supergroups corresponding to the classical Lie superalgebras (see Appendix A
for their list).

Our treatment follows very closely [23], Ch. II; most of the classical statements go
unchanged to the super-setting and we shall point out the differences when they arise.

11.1 Supergroup functors and supergroup schemes

Let k be a commutative ring. All superalgebras are assumed to be commutative and
over k unless otherwise specified. Their category is denoted by (salg).

A supergroup scheme is a superscheme whose functor of points is group-valued,
that is to say, it associates a group to each superscheme or equivalently to each super-
algebra. In fact, as we know, the functor of points of a superscheme is determined by
its restriction to affine superschemes, whose category is equivalent to the category of
superalgebras.

As often happens in algebraic geometry, in order to study supergroup schemes we
need first to define and understand the weaker notion of supergroup functor, which
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is simply a group-valued functor, from (salg) to (sets), without any representability
requirement that characterizes the functor of points of supergroup schemes and more
in general superschemes.

Definition 11.1.1. A supergroup functor is a group-valued functor
G : (salg) — (sets),

where by group-valued functor we mean a functor valued in the category of groups.
This is equivalent to having the following natural transformations:

(1) Multiplication : G x G — G such that o (u x id) = (u x id) o , i.e.,

wxid
GxGxG——=GxG

idxul iu
w

GxG G.

(2) Unit e: e — G, where ey : (salg) — (sets), ex(A) = 14 (in other words,
ex = hspeck) such that p o (id x e) = p o (e xid), i.e.,

Gxek%GxG&eka

\ \LM/
G.
(3) Inversei: G — G such that po (id,i) = e oid, i.e.,

(id,i)

G—GxG
|
e ——G.

The supergroup functors together with their morphisms, that is the natural trans-
formations that preserve u, e and i, form a category.

If G is the functor of points of a superscheme X, i.e., G = hy, in other words
G(A) = Hom(Spec A4, X), we say that X is a supergroup scheme. An affine su-
pergroup scheme X is a supergroup scheme which is an affine superscheme, that is
X = Spec O(X) for some superalgebra (X ). To make the terminology easier we
will drop the word “scheme” when speaking of supergroup schemes, whenever there
is no danger of confusion.

As we shall presently see, the functor of points of an affine supergroup is represented
by a superalgebra, which has the additional structure of a Hopf superalgebra. We refer
the reader to Chapter 1, Section 1.7, for their definitions and main properties.
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Proposition 11.1.2. Let G be an affine superscheme. Then G is a supergroup if and
only if O(G) is a super Hopf algebra. Moreover, we can identify the category of affine
supergroups with the category of commutative Hopf superalgebras.

Proof. We first observe that, if G is a superscheme, and O (G) is a Hopf superalgebra
with comultiplication A, counit € and antipode S, &G (A) has a natural group structure.
In fact we can define the product of two morphisms in g (A) by

Xy = paox®yoA:OG) D> 0G)®0G) 25 A0 At 4,

where (14 is the multiplication in the superalgebra A. One can immediately check that
the multiplication is a morphism, that is,

(x-y)(ab) = (x-y)a)(x-y)b) foralla,be A

(though hidden, the sign rule plays a crucial role here). This multiplication in g (A)
gives rise to A in @ (G) as its associated comultiplication, as one can readily see.
The unit e4 and the inverse i4 in hg(A) are defined by

eAznAoe:O(G)ikn—A>A, ig(x) =x08,

where 74 is the unitin A. We leave to the reader the routine checks of Definition 11.1.1.

Vice versa, if G is a supergroup scheme, then we can define the comultiplication
A: O(G) - O(G) ® O(G) as the dual of the multiplication © € Hom(G x G, G)
using the identification

Hom(G x G,G) = Hom(O(G), O(G x G))

(one can readily check that O(G x G) = O(G) ® O(G)). Similarly one defines the
counit and the antipode € and S as the duals of unit e and inverse i.

A careful look shows that formally the diagrams defining a supergroup functor
are essentially the same as those defining a Hopf superalgebra, with arrows reversed.
We leave to the reader the routine verification that /g satisfies all the diagrams in
Definition 11.1.1 if and only if @ (G) satisfies the diagrams in Definition 1.7.1.

The equivalence between the categories of affine supergroups and commutative
Hopf superalgebras is an immediate consequence of the previous discussion and Propo-
sition 10.1.9. |

Let us now examine some important examples of supergroup schemes and their
associated Hopf superalgebras.

Examples 11.1.3. (1) Supermatrices M, ,. In Remark 1.4.1 we have introduced the
functor of points of supermatrices

Mpun: (salg) — (sets), A~ (Z Z) ;



11.1 Supergroup functors and supergroup schemes 205

where a and b are m x m, n x n block matrices with entries in Ao, while @ and 8 are
mxn, nxm block matrices with entries in A;. As we have seenin Example 3.3.4, M, |,
is a representable functor, represented by the superalgebra of polynomials k[x;;, &]
for suitable indices i, j, k, [. The functor M,,,,, is group-valued, in fact any M,,,,(A4)
has an additive group structure, where the addition is simply defined as the addition of
matrices. Hence by the previous proposition k [x;;, §x;] is a Hopf superalgebra, where
the comultiplication A, the counit € and antipode S are given by

Alxij) = xi; @ 1 + 1@ xi5,  Alk) =6 @1+ 1® &y,
€(x;j) =0, €&y)=0, S(xi)=—xij, SEj)=—&y.

We leave to the reader the verification that k[x;;, §x;] together with A, € and S is a
Hopf superalgebra.

(2) The general linear supergroup GL,,,. Let A € (salg). Let us define GL,;,|,(A)
as GL(A™") (see Chapter 1) to be the set of automorphisms of the A-supermodule
A™I"  Choosing the standard basis we can write

GLua) = {(§ 5} < Mo

As we have previously remarked, GL,,|,(A) are the invertible transformations of
k™" (A) preserving parity.

This is the functor of points of an affine supergroup GL,,, represented by the Hopf
superalgebra

O(GLyjn) = klxij, ki][U, V]/(Udy — 1, Vdy — 1)

where x;;’s, U, V and &;’s are respectively even and odd variables with 1 <i, j <m
orm+1<i,j<m4nl<k<mm+1l<l<m+norm+1<k<m+n,
1</ <mand

di

Z (_l)l(s)xl,s(l) - Xm,s(m)»

SESH

dr = Z (_1)l(t)xm+l,m+t(l) < Xm4n,m+t(n)-
teSy,

It is customary to write d; ! and d; ! in place of U and V, so we shall note
OGLp) = Kl Elldi d5 ).
Notice that the Berezinian function is well defined in O (GL,,,), in fact
Ber = d; ! det(a — b~ ).

Since GL,,, is a representable group-valued functor, Proposition 11.1.2 ensures
that there is a well-defined Hopf superalgebra structure on @(GL,,|,), corresponding
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(dually) to the multiplicative group structure on each GL,,,(A). Nevertheless, we
want to explicitly describe such a Hopf superalgebra structure.

Let us first start with the bialgebra structure of O (GL,,,).

The comultiplication A and the counit € are given by the following formulas. To
ease the notation, let a;; = x;; if p(i) + p(j) is even and a;; = &;; otherwise (an
index is even if it is between 1 and m). We define

m—+n
A(a;j) = Z ajx ®agj, €(aij) = 6ij.
k=1

We need to specify A, € and S also on the generators d; U and dy ! and then to
check that they are well defined with respect to the ideal of the relations d; ld, =1,
dz_ 1d2 =1:

2mn+2 ) )
Adihy = Y (=D7NErh @ (@) (Ad) —dit @ di )
2;;12 . ) i .
Ay = Y (DTN @ (d ") (Aldy) —dy ' @ dy '),
i=1

edi)y=ed; ) =1

We leave to the reader the tedious verification that A, € are well defined and satisfy
respectively the properties of the comultiplication and counit as in Definition 1.7.1 and
they correspond to the group structure of the functor GL,,,.

As for the antipode, the definition turns out to be more complicated and this is
a consequence of the fact that the inverse for a supermatrix has a far more compli-
cated formula than the inverse of an ordinary matrix. For such formulas, we refer the
interested reader to [30].

(3) The special linear supergroup SL,,,. For a superalgebra A, let us define
SLuj»(A) to be the subgroup of GL,,,(A) consisting of matrices with Berezinian
equal to 1. This is the functor of points of an affine supergroup and it is represented by
the Hopf superalgebra

O(SLojn) = klxij. &xilld; *. dy ']/ (Ber —1),

where the comultiplication, counit and antipode are inherited naturally from the ones
in GL,,,.

We end our introduction on supergroup schemes with an observation concerning
the unit of a supergroup scheme that we shall need later.

Observation 11.1.4. When £ is a field, we may interpret the unit e of a supergroup
scheme G = (|G|, O¢) as arational point, denoted by 1, of G. This is a point in |G|
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for which Og 1, /m1; = k, where m is the maximal ideal in the local superring
06,1 in the following way. By definition, the unit e is a morphism of superschemes
e: e — G, hence corresponds to a pair of morphisms e = (|e|, e*), |e|: |ex| = |G|,
e*: Og — e+0,, = k. Define 16 := |e|(|ex|) € |G|. This is a rational point, in
fact Og,1,/m1; = k. Moreover notice that, by the very definition of e, 1 has the
property of a unit for the topological group |G]|.

11.2 Lie superalgebras

In Chapter 1 we defined a Lie superalgebra as a super vector space with a bracket
satisfying the antisymmetry property and the Jacobi identity, of course with suitable
signs. In this section we want to reformulate functorially the same notion.

If g is a finite-dimensional super vector space and /4 is its functor of points, we
shall see that g is a Lie superalgebra if and only if &4 is Lie algebra-valued, in other
words, hg(A) is a Lie superalgebra for all superalgebras A. As we remarked at the
beginning of this chapter, the reader should not be confused by the fact that A4 is valued
in the category of ordinary Lie algebras. This is in complete analogy with the fact that
the functor of points of a supergroup is a group-valued functor. The supergeometric
nature of these objects is expressed by the category we start from, namely the category
of superalgebras.

Consider the functor of points of the superscheme A1, the affine line, O : (salg) —
(sets), Or(A) = Hom(k[x], A) = Ao For notational purposes we use the symbol O
to denote it, instead of /1 4 10.

Definition 11.2.1. Let M be a functor M : (salg) — (sets), with an operation, that
is for each A € (salg) we define functorially the operation M(A) x M(A) — M(A),
(x,y) — xy, sometimes also denoted additively as (x, y) > x + y. We say that M
is an O -module if we have a natural transformation

Or(A) x M(A) - M(A), (a,x)+ ax,

such that
¢ a(xy) = (ax)(ay),
e (ab)x = a(bx)
foralla,b € Or(A) and x,y € M(A),

For example if M is the functor of points of a super vector space V, thatis, M(A) =
(A ® V), we can define the operation (x, y) — x + y that associates to a pair of
elements in the Ag-module M(A) their sum. Then M has a natural structure of an
O -module, which is the multiplication of elements in M(A) by scalars in Ay.
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Definition 11.2.2. Let g be a super vector space. We say that the functor
Lg: (salg) — (sets), Lg(4) = (4 ® g)o,

is Lie algebra-valued if it is an O -module and there is an (9 -linear natural transfor-
mation, called the bracket,

[.]: LgxLg— Lg

that satisfies commutative diagrams corresponding to the ordinary antisymmetric prop-
erty and the Jacobi identity. In other words, for each superalgebra A, there is a well-
defined bracket [ , ]4 that defines functorially a Lie algebra structure on the Ag-module
Ly(A) = g(A). We will drop the suffix A from the bracket and the natural transfor-
mations to ease the notation.

Remark 11.2.3. If the super vector space g is finite-dimensional, then the functor Ly
is representable and we have Ly = hq. In fact

Lg(A) = (A® g)o = Hom(smoq) (g™, A) = Hom(sare) (Sym(g™), A),

where (smod) denotes the category of supermodules (over k in this case) and Sym(g*)
the symmetric algebra over g*. Notice also that in this case L is the functor of points
of an affine superscheme represented by the superalgebra Sym(g*).

We now want to see that the usual notion of Lie superalgebra, as we defined in
Chapter 1, Section 1.2, is equivalent to this functorial definition. We want to show that
g is a Lie superalgebra if and only if the functor L is Lie algebra-valued.

Let us first recall the definition of Lie superalgebra given in Chapter 1, Section 1.2.

Definition 11.2.4. Let g be a super vector space. We say that g is a Lie superalgebra
if there exists a bilinear map [, ]: g X ¢ — g called a superbracket such that

@ [x.y] = (=1)POPOy, x],
) [x,[y,z]] + (=1)P@PO+r@PE)[y 7, x]] 4+ (—1)PXPE+rGIPE)[7 [x, y]]
forall x,y,z € g.

Proposition 11.2.5. Let g be a super vector space. Then g is a Lie superalgebra if
and only if Lq: (salg) — (sets), Lg(A) = (A ® q)o, is a Lie algebra-valued functor.

Proof. This is an immediate consequence of the even rules principle, detailed in Chap-
ter 1, Section 1.8. Nevertheless, given the importance of this construction, we want to
see explicitly how the superbracket on g and the bracket on L4(A) correspond to each
other.

If we have a Lie superalgebra L there is always, by definition, a super vector
space g associated to it. Moreover by the even rules, there is a unique Lie superalgebra
structure on the A-module Lg = A ® g, whose even part is the Lie algebra Lq(A4).
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Given v, w € g, since the Lie bracket on Lg is A-linear, we can define the element
{v,w} e gas

[a®v, b@w] = (=1)?OPWahR (v, w} € (A8g)o € Lq(A), a®v, b@w € (ARg)o.

Clearly the bracket {v, w} € g does not depend on a,b € A. One can verify that it is
a superbracket. Let us see, for example, the antisymmetry property. Observe first that
ifa®v e (4A® g)o, then p(v) = p(a) since (A ® g)o = Ao @ go ® A1 ® g1. So
we can write

[a®@v.b@w] = (—1)"PPPW4h @ (v, w).

On the other hand,

b Rw,a®v]=(—1)PPPWps @ (w, v}
— (_l)p(a)P(w)+P(a)P(b)ab ® {w, v}

= (=1)2PWPr®yp @ {(w, v}
=ab @ {w,v}.

By comparing the two expressions we get the antisymmetry of the superbracket. For
the super Jacobi identity the calculation is the same.

A similar calculation also shows that, given a super Lie algebra g, the functor L4
is Lie algebra-valued. |

Hence the previous proposition shows that a Lie algebra-valued functor L4 ac-
cording to Definition 11.2.2 is equivalent to a super Lie algebra g. With an abuse of
language we will refer to both g and L4 as “Lie superalgebra”.

Remark 11.2.6. Given a super vector space g one may also define a Lie superalgebra
to be the representable functor Dg: (salg) — (sets) so that

Dg (A) = Hom(smod) (g* , A) = Hom(salg) (Sym(g*)’ A)

with an Oy linear natural transformation [ , ]: Dq x Dq — Dy satisfying the com-
mutative diagrams corresponding to antisymmetry and Jacobi identity. When g is
finite-dimensional this definition coincides with Definition 11.2.2, however we have
preferred the one given there since its immediate equivalence with the definition is the
one mostly used in the literature.

Example 11.2.7 (The supermatrices as a Lie algebra-valued functor). Consider again
the functor of points of supermatrices

a0 = (5 ¢))

where P, Q, R, S are respectively (m x m), (m x n), (n X m), (n X n)-matrices with
entries: P and S in Ag, R and Q in A;.
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This is a Lie algebra-valued functor once we define a Lie bracket on each M,;,, (4):
[X.Y]=XY —YX forall X,Y € My,,(A).

In Example 3.3.4 we have seen that M,,,|,, is a representable functor corresponding to
a super vector space M(m|n) (by an abuse of notation we may at times use the same
letter). The super vector space M(m|n) is a super Lie algebra with bracket

[X,Y] = XY — (=1)?WPWyx  forall X,Y € M(m|n).

One word of warning: the super vector space M(m|n) is not M,,),, (k). In fact M,,|,, (k)
consists only of the even part of the super Lie algebra M(m|n) and contains just the
diagonal block matrices with entries in k, while M(m|n), as a vector space, consists of
(m 4+ n x m 4 n)-matrices with entries in k and has superdimension m? + n?|2mn.

The purpose of the next two sections is to naturally associate a Lie superalgebra
Lie(G) to a supergroup G.

11.3 Lie(G) of a supergroup functor G

In ordinary geometry we can associate to any group scheme G a Lie algebra, commonly
denoted by Lie(G), which is identified with the tangent space to the group scheme G at
the identity. This is an extremely important construction since it allows us to linearize
problems, by transferring our questions from the group to its Lie algebra.

We want to proceed and repeat the same construction in the supergeometric setting
and we shall achieve this in two steps: first we define the super vector space Lie(G)
associated to the supergroup G and we show that it is isomorphic to the tangent space
to G at the identity element. Then, in the next section, we show that Lie(G) is a Lie
superalgebra functor. Our treatment follows closely the classical one as detailed in
(23], Ch. II.

As customary in algebraic geometry and in supergeometry, we start by giving the
more general notion of Lie(G) associated to a supergroup functor G (not necessarily
representable).

Let G be a supergroup functor. Let A be a commutative superalgebra and let
A(e) := Al€]/(€?) be the algebra of dual numbers, where € is an even indeterminate.
We have A(e) = A @ €A, and there are two natural morphisms

i:A— A(e), i(1)=1, p:A() > A, p(1) =1, p(e) =0, poi =idy.

Definition 11.3.1. Consider the homomorphism G(p): G(A(¢)) — G(A). For each
G there is a supergroup functor

Lie(G): (salg) — (sets), Lie(G)(A) := ker(G(p)).
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If G is a supergroup scheme, we denote Lie(hg) by Lie(G).
If f: G — H is a natural transformation of supergroup functors, we have the
following commutative diagram (where the vertical arrows form exact sequences):

1 1
G(4) /1 H(4)
G(p) H(p)
G(A(e) — 29— H(A(e))

Lie(G)(A) SaoLie(G)(4) Lie(H)(A)

1 1.

We hence define: Lie(f)(A) = fa(e)lLie(G)(4)- The following proposition is im-
mediate.

Proposition 11.3.2. Lie is a functor from the category of supergroup functors to the
category of groups.

We are going to show that, when G is an algebraic supergroup scheme, Lie(G) is a
Lie algebra-valued functor, thus associating to any algebraic supergroup scheme a Lie
superalgebra. Let us first examine some important examples.

Examples 11.3.3. (1) The general linear Lie superalgebra. We want to determine the
functor Lie(GL,,,) for k a field. Consider the morphism

+ep’ q+eq
GLm\n(p): GLmIn(A(G)) - GLmIn(A)v (€+ Ef/ Z+ 63’) = (f z)’

with p, p’, s, s’ having entries in Ag and ¢, ¢’, r, r’ having entries in Ay; the blocks p
and s are invertible matrices. One can see immediately that

Lie(GLyn) (4) = ker@L () = { (7 27 U )

where /,, is an n xn identity matrix. The functor Lie(GL,,, ) is clearly group-valued and
can be identified with the (additive) group functor My, |,, defined as (see Example 11.2.7)

Mm|n(A) = Hom(smod) (M(m|n)*’ A) = Hom(salg) (Sym(M(mM)*)» A)s
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where M(m|n) is the super vector space

M(m|n) = {(Z g)} o fmPHn2mn

with P, Q, R, S respectively (m x m), (m x n), (n x m), (n x n)-matrices with entries
ink. An element X € M(m|n)isevenif Q = R =0andisoddif P =S = 0.
As we already noticed in Example 11.2.7, M(m|n) is a Lie superalgebra with
superbracket
[X,Y] = XY — (=1)PPrWyx

So Lie(GL,,) is a Lie superalgebra. In the next section we will see that in general we
can give a Lie superalgebra structure to Lie(G) for any group scheme G.
(2) The special linear Lie superalgebra. A similar computation shows that
Lie(SLypjn)(4) = {W = (’m“l” €d’ ) | Ber(W) = 1}.

er’  Ip+es’
The condition on the Berezinian is equivalent to
det(I, —es’) det(l, +€p’) =1,

which gives
tr(p’) —tr(s’) = 0.
Hence
Lie(SLmln)(A) = {X € Mmln(A) | Str(X) = 0}7

where str is the supertrace, i.e., str(f, g) = tr(a) — tr(d).

In the previous examples we have discovered that Lie(G) comes with a built-in
O-module structure. This is actually true in general, that is, for all superalgebras
A, we have that Lie(G)(A) is an Ag-module in a functorial manner. In fact, let
Ug: A(e) — A(e) be the endomorphism, u,(1) = 1, us(e) = ae, fora € Ag. uq
induces G(u,): G(A(€)) — G(A(e)), that by compatibility conditions gives a well-
defined morphism Lie(G)(u,): Lie(G)(A) — Lie(G)(A). Hence there is a natural
transformation O x Lie(G) — Lie(G) such that

(a,x) — ax :=Lie(G)(ug)x, a € Or(A), x € Lie(G)(A),

for any superalgebra A. One can immediately check for GL,,),(A) and its subgroups
that the morphism (a, x) + ax corresponds to the multiplication of all the entries of
the matrix x by a € Ay.

We summarize our discussion with a proposition, the proof of which is a simple
check that we leave to the reader.

Proposition 11.3.4. Let G be a supergroup functor. Then Lie(G) is an O-module
with respect to the morphism (a, x) — ax detailed above. That is:
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(D) a(xy) = (ax)(ay),
(2) (ab)x = a(bx) forall a,b € Ay, x,y € Lie(G)(A).

Moreoverif f: G — H is amorphism of supergroup functors, then Lie( f)(ax) =
aLlie(f)(x), that is, a morphism of supergroup functors induces a morphism
Lie(f): Lie(G) — Lie(H) of O-modules.

We are now going to introduce the adjoint morphism, which plays an important
role in the theory.

Definition 11.3.5. Let G be a supergroup functor. We define the adjoint morphism Ad
as the natural transformation Ad: G x Lie(G) — Lie(G) given by

G(4) x Lie(G)(4) — Lie(G)(4), (g.x) = G(i)(g)xG(i)(g) ™"

Notice that since Lie(G)(A) = ker(G(p)) is a normal subgroup in G(A(¢)), we have
G(i)(g)xG(i)(g)™" € Lie(G)(A) C G(A(e)).

The following proposition establishes the naturality of our definition of Ad; its
proof, amounting to trivial checks, is left to the reader.

Proposition 11.3.6. The adjoint morphism Ad is compatible with the Oy -module struc-
ture of Lie(G), in other words:

(1) Ad(g)(xy) = Ad(g)(x) Ad(g)(y),
(2) Ad(g)(ax) =aAd(g)(x) foralla,b € Ay, x,y € Lie(G)(A).

11.4 Lie(G) for a supergroup scheme G

Let us now assume that G is a supergroup scheme over a field k.

We now want to show that Lie(G): (salg) — (sets) is a representable functor and
its representing superscheme is identified with the tangent space at the identity T, G
of the supergroup G.

We start by showing that Lie(G) is isomorphic as an Or-module (i.e., as a super
vector space) to 71, G, the tangent space to G at 1. Before this we need some general
preliminaries.

Definition 11.4.1. Let X = (| X|, Ox) be a superscheme, x € |X|. We define the first
neighbourhood of X at a point x € | X|, Xx, to be the superscheme Spec Oy x/ m)z( o
where as usual my , is the maximal ideal in the local superring Oy x. The topological
space | X | consists of the one point my , which is the maximal ideal in Oy .

Observation 11.4.2. There exists a natural morphism f: X, — X, from the first
neighbourhood of X at x to the superscheme X . In fact we can write immediately the
topological space map

| f1: Spec @X,x/m)z(,x ={mxx} = [X], mxxx,
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and the sheaf morphism
17 0x(U) —» Ox, — Oxx/mz . = Ox, (/171 (U)).

where f;7 is the composition of a natural map from Oy (U) to the direct limit Oy and
the projection Oy, — (9x,x/m)2(,x (with x € U).

We now want to make some observations on the unit or identity element of a
supergroup G. By definition we have that the identity is a superscheme morphism
e: Speck — G. This corresponds to a natural transformation of the functor of points:
hspeck — hg assigning to the only morphism 14 € hgpec x (A) a morphism that we will

denote by 1G4y € hg(A) = Hom(Spec A, G). The topological space map |1G(4)]
sends all the maximal ideals in Spec 4 to 1g € |G|. The sheaf morphism Og — k
is the evaluation at 1 thatis Og(U) — Og,15 — 0G,15/MG,1; = k (the identity
is a rational point by Observation 11.1.4). Hence it is immediate to verify that 15y
factors through G (the first neighbourhood at the identity 1), i.e.,

lG(a): Spec A — G1 = Spec Og.15/mg,1, = G-
This fact will be crucial in the proof of the next theorem.
Theorem 11.4.3. Let G be a supergroup scheme. Then
Lie(G)(A) = Hommoea) (MG, 14 /mZGJG ,A)
as O -modules.
Proof. We start by defining the (g -linear natural transformation
U Hom(smod)(mg,lc/szilG, A) — Lie(G)(A)

and then we will show that v is invertible by providing an explicit inverse.
Letd: mG,lG/mé,IG — A be a linear map. Let d’ be the linear map

d': 0G16/mg 1, =k ®meag/mg,, — Al€), (s.1) s +d(t)e.

Sowehaved’ € hg, (A(€)) since G is the superscheme represented by 9,1 /sz,lc .

This shows that we have a correspondence between hg, (A) and the elements of
Hom (gmoq) (MG, 15/ mZGJG ,A). Let ¢: G; — G be the morphism described in Obser-
vation 11.4.2. By Yoneda’s lemma, ¢ induces ¢4(c): hg,(A(€)) = hg(A(€)), hence
we have an Ay-linear map

¥ : HoM(smoa) (MG.16/ MG 1 ;- A) = ha(A(€)).,  d = pae(d’).
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The following commutative diagram shows that ¥ (d) € ker(hg(p)) = Lie(G)(A):

he, (A©) — g, (4)

d—— lg(A)

¢A(e)i ld’A

hg(A(€)) hg(A)
V(d)———lg-

hG(p)

We now want to build an inverse for ¢. Let z € ker(hg(p)) C hg(A(€)), ie.,
hG(p)Z = 1G(A)’ where

hG(p): hg(A(e)) = Hom(Spec A(€), G) — hg(A) =Hom(Spec 4, G), z = 1g(4).
We have the commutative diagram
Spec A(e) — 2= G

SpecpT f
G(A)

Spec A4,

where Spec p is the morphism induced by p: A(e) — A.
Here z factors via G because 1 (4) splits via G. Since z factors via G, that is,
z: Spec A(¢) — G1; — G, this provides immediately a map Spec A(¢) — G, i.e., an

element in g, (A(¢€)), corresponding to an element in Hom moa) (mG,1 / mé,lG, A).

So we have defined a map Lie(G)(A) — Hom moa) (mG,IG/mZG,IG , A). One can
check it is functorial and Og-linear. We leave to the reader the check that this is the
inverse of V. |

Corollary 11.4.4. Let G be a supergroup scheme. Then
Lie(G) = T4 G,

that is, Lie(G) is identified as a super vector space with the tangent space to G at the
identity.

Proof. Immediate from Theorem 11.4.3 and Proposition 10.6.8. |

11.5 The Lie superalgebra of a supergroup scheme

We now want to show that Lie(G) is a Lie superalgebra for any supergroup scheme G
overafield k. In other words we want to show that the functor Lie(G) : (salg) — (sets),



216 11 Algebraic supergroups

defined in the previous section, is Lie algebra-valued and is represented by a super affine
space, which carries a Lie superalgebra structure.

Our treatment of these topics again follows closely the classical discussion that is
found in [23], Ch. II. We nevertheless find it necessary to repeat all of the arguments,
given our different scope and in order to make the text self-contained.

We now want to define a natural transformation [, ]: Lie(G) x Lie(G) — Lie(G)
which has the properties of a bracket.

Let GL(Lie(G))(A) be the (multiplicative) group of linear automorphisms of the
super vector space Lie(G) and let End(Lie(G))(A) be the (additive) group of linear
endomorphisms of Lie(G)(A):

GL(Lie(G))(A) = {¢: Lie(G)(A) — Lie(G)(A) | ¢ invertible } C End(Lie(G))(A).

The natural O-module structure of Lie(G) makes the two supergroup functors
(one multiplicative the other additive)

GL(Lie(G)): (salg) — (sets), End(Lie(G)): (salg) — (sets)

valued in the Ag-linear morphisms of Lie(G)(A).

As in the ordinary setting, we have an identification between the Lie superalge-
bra of the general linear supergroup Lie(GL(Lie(G))) and the Lie superalgebra of
endomorphisms End(Lie(G)), as we shall see in the next proposition.

Proposition 11.5.1. Let V be a super vector space. Then
Lie(GL(V)) = End(V).

Proof. Let us first define a natural transformation 1 : End(V) — Lie(GL(V)) and
then we show that it is an isomorphism. Let f € End(V). If € is an even indeterminate
€2 = 0,wehave 1 +¢f € End(V)(A(€)) and actually 1 +€f € GL(V)(A(¢)) since it
is invertible, its inverse being 1 —e f'. Clearly 1 +¢f € ker GL(p) = Lie(GL(V))(A),
so we define ¥ ( f) = 1 +€f. We have immediately that v is functorial and A-linear.
Now we show that ¥ is an isomorphism. Recall in general that if V' is a super vector
space we have

End(V)(A(¢€)) := End(V(A(¢))) = End(V(A4)) ® A(e) = End(V)(A4) ® A(e).

Hence
End(V)(A(€)) = End(V)(A) ® € End(V)(A),
GL(V)(A(¢)) = GL(V)(A) & € End(V)(A),
which gives us the result. O

Asinthe ordinary Lie theory, we can define the adjoint morphisms Ad and ad, which
again play a key role. Though we have already defined Ad for supergroup functors, we
prefer to repeat the definition in the context of supergroup schemes, since the notation
will be different.
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Definition 11.5.2. The adjoint action Ad of G on Lie(G) is defined as the natural
transformation

Ad: hg — GL(Lie(G)),
Ad(g)(x) = hg(i)(g)xhg (i) (&)™, g € hg(A), x € Lie(G)(A).

Notice that Ad(g)x € hg(A(€)); however, since ker(p) is a normal subgroup, we
have Ad(g)x € Lie(G)(A).
The adjoint action ad of Lie(G) on Lie(G) is defined as

ad := Lie(Ad): Lie(G) — Lie(GL(Lie(G))) = End(Lie(G)).
We are ready to define a bracket on Lie(G) by
[x,y] :=ad(x)y, x,y €Lie(G)(A).

Our goal is to prove that [, ] is a Lie bracket for all superalgebras A in a functorial
manner or, equivalently, that Lie(G) is a Lie algebra-valued functor.

Observation 11.5.3. Let ¢(g): hg(A) — hg(A) be the conjugation by an element
g €|G|: c(g)(x) = gxg~!. Then

Ad(g) = Lie(c(g)).
This equality amounts to the commutativity of the diagram

Lie(c(g))
—_—

Lie(G)(A) Lie(G)(A)
he (A©) —229 g (A(e)
T c(g)a T
he(A) he(A).

which is granted by the functoriality of our constructions.
We want to examine in detail the case in which V' = k™" so that GL(V) = GL -

Example 11.5.4. We want to see that in the case of GL,,),, the Lie bracket [x, y] :=
ad(x)y coincides with the bracket defined in Example 11.3.3 (1). We have

Ad: GLpjn(A) — GL(Lie(GLn|n))(4) = GL(Mpjn(4)). g = Ad(g).

Since hgL,,,, (i): GLpyjn(A) = GLpn(A(€)) is an inclusion if we identify GL,), (A)
with its image, we can write

Ad(g)x = gxg_l, X € My (A).
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By definition we have Lie(GL(M,;))(4) = {1 + €B | B € End(M,»)(A)}. Thus,
fora,b € My, ,(A) = Lie(GL,n)(A) = {1 +€a | a € My, (A)} we have

ad(l1 + ea)b = (1 + €a)b(l —ea) = b + (ab — ba)e = b + €|a, b].
Therefore, ad(1 + €a) = id + €f(a), with f(a) = [a, ].

It is important to observe that in G(A(¢)) it is customary to write the product of two
elements x and y as xy. However as elements of Lie(G)(A), their product is written
as x + y (hence the unit is 0 and the inverse of x is —x). In order to be able to switch
between these two ways of writing, it is useful to introduce the notation e*. This is
mainly a notational device and should not be interpreted as the exponential morphism
in a strict sense.

Definition 11.5.5. Let¢: A(e¢) — B(w) be a superalgebra morphism such that ¢ (¢) =
a and €, o are two even indeterminates with square zero. Let x € Lie(G)(A) C
hg(A(€)). Define e** = hg(¢)(x) € hg(B()).
We have the following properties:
(1) e¥* = x for all x € Lie(G)(A). In fact, e¢* = hg(id)(x) = x.

(2) ¥ = ¢@%e®Y Tn fact, 1Y) = hg($)(xy) = ha()(x)hG(P)(y) =
edX eV

(3) €@ = o€x foralla € Ay.

Proposition 11.5.6. Let G and H be two supergroups and let f: hg — hyg be a
natural transformation. Then

f(eaX) — eaLie(f)x.

Proof. This is immediate from the commutativity of the diagram:

he (A(€)) O Lie(G)(A) —=L Lie(H)(A) C hy (A(e))
X Lie(f)(x)
hg (@) th (9)
he (B(@)) Ll hi (B(@)
%X i L Lie(f)x‘

O

Remark 11.5.7. One can readily check that if G = GL(V'), Lie(G) = End(V), we
have
e =1+ ex.
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Proposition 11.5.8. Let the notation be as above. Then
Ad(e®)y =y +¢[x,y] = (id + ead(x))y forall x,y € Lie(G)(A).
Proof. By Proposition 11.5.6, we have
Ad(e€¥) = e LeADx — p€ad™) — g 4 ¢ad(x) € GL(Lie(G))(A). O

Lemma 11.5.9. Let the notation be as above and let €, € be two even elements with
square zero. Then

e Ve oY = o I¥ ¢ o (A(e, €)).

Proof. Reasoning as in Proposition 11.5.6 we have

’y, ’ €x ’
%€ VX — o€ Ad(e€¥)y _ e€ (y+elx,y])

by Proposition 11.5.8. Therefore,

/ _ / / / /
X €Y pmEX — o€y pe€ [x,»] — e€€ [x,y]ee y’
which gives the result. |

Proposition 11.5.10. The bracket [ , | is antisymmetric.

Proof. In the proof of the previous proposition we saw that

’ ’ _ . . ’ _ nm_
e€€ [x,y] — %€ Vo X o€y — o€ yeexe-i—e Vom€X — €€ [ y,x].
The result now follows from the next lemma. O

Lemma 11.5.11. If e’ = ¢<€'Y, thenu = v.

Proof. Clearly if e* = eV, then u = v. Let us consider ¢: A(¢) — A(e€’),
¢(e) = €€’. ¢ induces ¥ = Spec¢: Spec A(e€’) — Spec A(¢). Clearly || is a
homeomorphism of the topological spaces since the spectrum of a ring is not influenced
by the presence of the nilpotents. Moreover ¥ * is a monomorphism of sheaves. We
claim that hy (¢): hx (A(€)) — hx(A(e€’)), hx(¢p)a = « - Y, is one-to-one for all
superschemes X, that is, o - ¢y = B - ¢ implies that « = B. The fact |a| = |B] is
clear. The statement o™ = 8* follows from the fact that we have a monomorphism of
sheaves. |

Proposition 11.5.12. Let p: G — GL(V) be a morphism of supergroup functors.
Then

Lie(p)[x, y] = [Lie(p)(x), Lie(p) (»)]-
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Proof. By Proposition s 11.5.6 and 11.5.8 we have
p(e€¥) = e€HePX — id 4 ¢ Lie(p)x.
Using Lemma 11.5.9 we have
pec BT = p(e™)p(e?)ple™F)ple™<?).
Hence

id + €€’ Lie(p)[x, y]
= (id + € Lie(p)x)(id + €' Lie(p)y)(id — € Lie(p)x)(id — €' Lie(p)y).

which immediately gives
Lie(p)[x, y] = [Lie(p)(x), Lie(p)()]. O
Proposition 11.5.13. The bracket |, | satisfies the Jacobi identity.
Proof. In the previous proposition take p = Ad. Then we have
[ad(x),ad(y)] = ad([x, y]) forall x,y € Lie(G)(A4),
which gives us

ad(x) ad(y)z —ad(y) ad(x)z = ad([x. y])z.
[X[y, Z]] - [y’ [x’ Z]] = [[X, y]7 Z]’

which is the Jacobi identity. O

Corollary 11.5.14. The natural transformation [ , |: Lie(G) x Lie(G) — Lie(G)
defined as

[x,y] :==ad(x)y, x,y € Lie(G)(A),

is a Lie bracket for all A. Lie(G) is a Lie algebra functor and is represented by a Lie
superalgebra (still denoted by Lie(G)).

Proof. Immediate from previous propositions. O

Corollary 11.5.15. If p: G — GL(V) is a morphism of supergroups, then Lie(p):
Lie(G) — Lie(GL(V)) = End(V') is a morphism of Lie algebra-valued functors and
corresponds to a Lie superalgebra morphism of their representing Lie superalgebras.
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11.6 Affine algebraic supergroups

Let k be a field.

We now want to restrict our attention and assume that the supergroup scheme G
is an affine algebraic supergroup. In this case our supergroup G can be effectively
replaced by its (finitely generated) Hopf superalgebra that we shall denote by k[G].
Let A, €, S denote respectively the comultiplication, counit and antipode of k[G].

Definition 11.6.1. We define the additive map D : k[G] — k[G] to be a super deriva-
tion of k[G] if it satisfies the following properties:
(1) D is k-linear, i.e., D(a) = Oforalla € k.
(2) D satisfies the Leibniz identity, D( fg) = D(f)g + (—1)?(P)?()) £D(g).
D is called left-invariant if further:
(3) Ao D = (id ® D) o A, where A denotes the comultiplication in k[G].

Similarly we say that the additive map d : k[G] — k is a superderivation if it is
k-linear and satisfies the Leibniz identity

d(fg) = d(f)e(g) + (=P DPDe(f)d(g).

Notice that in the definition of superderivation d : k[G] — k the sign (—1)?@)r(f)
can be omitted: in fact, whenever p(f) = 1, we have e(f) = 0 since € is a morphism
and therefore it preserves the parity.

We denote by Der(k[G], k[G]) the set of superderivations D : k[G] — k[G] and b
Der(k[G], k) the set of superderivations d : k[G] — k.

Proposition 11.6.2. The set L(G) of left-invariant derivations of k[G] is a Lie super-
algebra with bracket

[D1, D3] := Dy Dy — (=1)?P1P(DIp, p,.

Proof. The fact that [ , ] is a superbracket is a straightforward calculation. We only
want to check that for all Dy, D, left-invariant derivations, [D1, D;] is a left-invariant
derivation, i.e., it satisfies the properties (1), (2), (3) as in Definition 11.6.1. (1) is clear,
(2) is a tedious calculation that we leave to the reader as an exercise. As for (3), since
D1 and D, are left-invariant derivations, we can write

(Ao D1Dy)f = (Ao Di)(D2f)
= ({id ® D1 o Ao Dy)(f)
= ((id ® D1) o (id ® D2) o A)(f)
= ((id ® D1D2) o A)(f).

Similarly,

Ao (—l)p(D‘)p(DZ)Dng = ({d® (_1)p(Dl)p(D2)D2D1) o A.
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Hence
Ao[Dy, D] = (idQ® [D1, D;]) o A,
as we wanted to show. |
In Chapter 7 we have seen the identification between the left-invariant vector fields
and the Lie superalgebra of a Lie supergroup. In the algebraic context the next theo-

rem provides an analogy establishing a one-to-one correspondence between the left-
invariant derivations and the Lie superalgebra of an affine algebraic supergroup.

Theorem 11.6.3. Let G be an affine supergroup scheme. Then we have natural bijec-
tions among the sets:

(1) L(G) the left-invariant derivations in Der(k[G], k[G]),
(2) Der(k[G]. k),
(3) Lie(G).
Proof. Let us examine the correspondence between (1) and (2). We want to construct
an invertible map ¢: Der(k[G],k) — L(G). Letd € Der(k[G], k). Define ¢(d) =
(id ® d)A. Such ¢(d) is left-invariant; in fact,
(Aog(d)(f) =(Acid®d o A)(f)
= A fVd(f®))
=([{[d®ided) (L A/D) e f@)
=(([d®id®d)o(AQid)oA)(f),

where we use the Sweedler notation: A(f) =Y f(V ® £@. On the other hand we
have

MAR@P(@NA(f) = (([d®id®d) o (id ® A) o A)(f)
=((d® @A R®d o A)o A)(f)
which is the same as before since by the coassociativity axiom in a Hopf superalgebra
(A®id)c A =(d® A)o A.
Moreover, ¢(d) is a derivation. In fact, since d is a derivation, it follows that
P(d)(fg) = (id®d) e A(fg)
=Y f(l)g(l)d(f(Z)g(Z))
=Y fWgWd(fP)e(g?®) + (=1)?DPNe(fP)d(g@)).
We can rewrite the last expression as (i denotes the multiplication)
m(C(fP @ d(fP) eV ®eg?))
+ DD Dm((f O @ e(f PN © d(g))
= ([d ® ) A(f)(id ® )A(g) + (=D PPV id ® ) A(f)(id ® d)A(g)
= ¢ d)(f)g + (—DPDPD fp(d)(g),
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since we recall that, by the Hopf superalgebra axioms, (id ® €) o A = id. Then
¢(d) € Der(k[G], k[G]). Vice versa, if D € L(G) define ¥ (D) = € o D. We leave
to the reader, as an easy exercise, the check that ¥ is a derivation. One can check
also that ¥ is the inverse of ¢. We now want a correspondence between (b) and (c).
By Theorem 11.4.3 we have Lie(G) = Hommoa) (71, (G)*, A) = Der(0Og, 14, k).
Observe that, as in the ordinary case,

Der(9g,1;.k) = Der(k[G]. k),

that is, the derivation on the localization of the ring k [G] is determined by the derivation
on the ring itself. |

11.7 Linear representations

We now want to discuss linear representations. In particular we will show that, as in
the classical case, every affine algebraic supergroup G can be embedded into some
GL).

We start by recalling the notion of closed embedding discussed in the previous
chapter.

Definition 11.7.1. Let X = (|X|,Ox) and Y = (]Y|, Oy) be two superschemes and
let f: X — Y be a superscheme morphism. We say that f is a closed embedding if
the topological map | f|: | X| — |Y| is a homeomorphism of the topological space | X |
onto its image in |Y | and the sheaf map f*: Oy — f«Ox is a surjective morphism of
sheaves of superalgebras.

This means that we may identify X with a closed subscheme of Y, so its sheaf is
identified with Oy / I for some quasi-coherent sheaf of ideals I. If both X and Y are
affine superschemes we have by Remark 10.1.7 that f is a closed embedding if and
only if O(X) =~ O(Y)/I for some ideal /.

We now want to introduce the notion of linear representation of a supergroup. Let
hg: (salg) — (sets), hg(A) = Hom(k[G], A) be the functor of points of our affine
algebraic supergroup G, with Hopf superalgebra k[G].

Definition 11.7.2. Let V be a super vector space. We define linear representation of
G in V to be a natural transformation p, which is a morphism of supergroup functors:

p: hg — GL(V).
Here GL(V) is, as usual, the functor
GL(V): (salg) — (sets), GL(V)(A) =GL(AQYV),

and GL(A ® V') denotes the automorphisms of the A-module A ® V preserving the
parity. We will also say that G acts on V.



224 11 Algebraic supergroups

Definition 11.7.3. Let V' be a super vector space. Then V is said to be aleft G -comodule
if there exists a linear map
Ay: V> k[G]RV,

called a comodule map, with the properties
(1) (idg ® Ay)Ay = (A ®idy)Ay,
(2) (e ®idy)Ay =idy,

where idg : k[G] — k[G] is the identity map.

One can also define a right G-comodule in the obvious way.

Observation 11.7.4. The two notions of G acting on V and V being a (left) G-
comodule are essentially equivalent. In fact, given a representation p: G — GL(V),
it defines immediately a comodule map

Ay (v) = prig)(idg)v, idg € hg(k[G]) = Homy) (k[G]. k[G]),
where we are using the natural identification (for A = k[G])
GL(V)(A) C End(V)(A) = Homgmoa) (V. A @ V).
Vice versa if we have a comodule map Ay we can define a representation
pa: hg(A) — GL(V)(A4) C Hommeg) (V. A® V), g v (g ®id)(Ay(v)),
where g € hg(A) = Hom g, (k[G], A).
Let us look at this correspondence in a special but important case.

Example 11.7.5. Let us consider the natural action of GL,,|, on kmin,
pa: GLypn(A) > GL(K™")(A), g = (gij) > ¢ = ) gij ®ei,

Here {e;} is the canonical homogeneous basis for the super vector space k™in - We
identify the morphism g € GL,,|,(A) = Homgg) (kK [GL,),], A) with the matrix with
entries g;; = g(x;j) € A, where x;;’s are the generators of k[GL,,,].

This corresponds to the comodule map

Agmin = k™" = K[GLppa] @ k™", e 5 Y xij @ €.
Vice versa, the comodule map e; — ) x;; ® e; corresponds to the representation

pa: GLyjn(4) — GL(K™")(4),
g=(gij) e~ (g®id(Q_xij ®e) =) gij Dei.
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Definition 11.7.6. Let G act on the superspace V' via a representation p corresponding
to the comodule map Ay . We say that the subspace W C V is G-stable if Ay (W) C
k[G] ® W. Equivalently W is G-stable if p4(g)(AQ W) C AQ W.

Definition 11.7.7. The right regular representation of the affine algebraic group G is
the representation of G in the (infinite-dimensional) super vector space k[G] corre-
sponding to the comodule map

A: k[G] — k[G] ® k[G].

Proposition 11.7.8. Let p be a linear representation of an affine algebraic supergroup
G. Then each finite-dimensional subspace W of V is contained in a finite-dimensional
G -stable subspace of V.

Proof. 1t is the same as in the commutative case. Let us sketch it for the case of a right
representation, the case of left being the same. It is enough to prove for W generated
byoneelementx € V. Let Ay : V — V ® k[G] be the comodule structure associated
to the representation p. Let

Ay (x) = in ® a;
i

where {a; } is a basis for k[G].
We claim that spany {x; } is a G-stable subspace.
By definition of comodule we have

(Ay ®idg)(Ay(x)) = (idy ® A)(Ay (X)),

that is,
YAV ®a; =) x; ®Aa;) =Y x; @b ®a;.
J J i,J
Hence
Ay (xi) =D x; ®bij.
J

The finite-dimensional stable subspace is given by the span of the x;’s.
Moreover we have x € spang{x;}. In fact by property (2) of Definition 11.7.3 we
have

(id ® €)Ay (x) = idy (x). thatis, x = ) x;e(byj). O

Theorem 11.7.9. Let G be an affine supergroup variety. Then there exists a closed
embedding of algebraic supergroups

G C GLyn

for suitable m and n.
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Proof. By Definition 11.7.1 we need to find a surjective superalgebra morphism
k[GL,s)n] — k[G] for suitable m and n. Let k[G] = k[fi,..., fu], Where f; are
homogeneous and chosen so that W = span{ f1, ..., f,} is G-stable, according to the
right regular representation. This choice is possible because of Proposition 11.7.8. We
have

Ae1(fi) =) fi ®aij,  Awor(aij) = ) aix ® a;.
J J

Define the morphism
¢ k[GLmIn] — k[G], Xij > aijj,

where x;; are the generators for k[GL,,,]. This is the required surjective superalgebra
morphism. In fact, since k[G] is both a right and left G-comodule, we have

fi = (€ @IDA(S) = (e @I (Y; fj ®aij) = ). €(fj)aij.

which proves the surjectivity. This shows that we have an embedding of G into GL,,,
as superschemes. In order to see that this is also a supergroup morphism it is enough to
check that ¢ is a Hopf superalgebra morphism, but this is a straightforward verification.

O

We thus have proved the following.

Corollary 11.7.10. G is an affine supergroup scheme if and only if it is a closed
subgroup of GLyy,,, for suitable m and n.

Proposition 11.7.11. Let the G be an affine algebraic supergroup and H a closed
subsupergroup, i.e., k[H] = k[G]/I. Then there exists a finite-dimensional repre-
sentation of G, with super vector space V and a subspace W C V', which is fixed
by H.

Proof. Let V = k[G] and W = I. We have immediately defined two comodule maps
Ap = Ag, Ay = Ag|r where Ag is the comultiplication in the Hopf algebra k[G]:
Ap: V>V RKIGl, Apy:W — W Qk[H].

The second map is induced by the first one, in fact
Ac(l)=1Qk[G]+k[G]® ]

since I is a Hopf ideal. It is simple to check from the definitions that such a comodule
map corresponds to the following action of G on the super vector space k[G]:

(&-Hx) = f(xg). g.xeG(A), [ek[G],

where customarily we denote x( f) by f(x) and as usual xg = mo (x ® g) o A (see
Proposition 11.1.2).

By Proposition 11.7.8 we can find a finite-dimensional subspace V' invariant under
the action of G and containing all the generators of k[G] and a subspace W =1 NV
containing the generators of 7, hence fixed by H. (|
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11.8 The algebraic stabilizer theorem

In this section we want to prove the stabilizer theorem, which asserts the representability
of the stabilizer functor for the action of an affine supergroup on an affine supervariety.
This is important since it allows us to prove that all the classical algebraic supergroups
are representable and to compute explicitly their Lie superalgebras.

Definition 11.8.1. We say that an algebraic supergroup G acts on a superscheme X
if we have a morphism p: G x X — X corresponding to the functorial family of
morphisms

pa: hg(A) x hx(A) = hx(A), (g.x)—>g-x forallg € hg(A), x € hx(A),
satisfying the following properties:

(1) 1-x =xforall x € hy(A).

(2) (8182) - x = g1 (g2 x) forall g1, g2 € hg(A) and x € hx (A).

Let u be a rational topological point of X, that is, v € |X|, or equivalently u €
hx (k) = Hom(O(X), k). Let m,, be the maximal ideal corresponding to u in Ox .
Notice that u can be viewed naturally as an A-point u4 for all superalgebras A since
k C A. So we have a morphism

1:G—>X, gr>g-u4, ge€hg(A), ug € hx(A).
If G and X are affine, we can write equivalently a morphism
7: 0(X) = 0(G).

Definition 11.8.2. We call stabilizer supergroup functor of the point u € |X| with
respect to the action p the group-valued functor Stab,, : (salg) — (sets) defined by

Stab, (4) = {g € hg(A) | Ta(g) = g - ua = ua},
where 74: hg(A) — hx(A), or equivalently if G and X are affine,
Stab, (4) = {g € hg(A) = Hom(O(G), A) | go T = ug4}.
We want to prove that this functor is representable by an affine supergroup.

Theorem 11.8.3. Let G be an affine supergroup acting on an affine supervariety X
and let u be a topological rational point of X. Then Stab,, is an affine supergroup.

Proof. The stabilizer can be described in an equivalent way as
Staby (4) = {g € hg(A) | (g © D)|m, =0},

where m,, C O(X) is the ideal of the topological point u. Let I be the ideal in
O(G) generated by 7(x) for all x € m,. One can immediately check that g €
hg(A) = Hom(O(G), A) is in Stab, (A) if and only if g factors via O(G)/I, that is,
g:0(G) - 0(G)/I — A. So we have Stab,(A) = Hom(O(G)/I, A). O
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We now want to describe some important applications of this result, namely, the
representability of the supergroup functors corresponding to the classical Lie superal-
gebras (for a complete description of such superalgebras we refer to Appendix A).

1. A(m|n) series. A(m|n) consists of the matrices in the super vector space
M(@m + 1|n + 1) with supertrace zero. This is a Lie superalgebra with the bracket
induced by the one in M(m + 1|n + 1).

Consider the morphism
p: GLpn xk'0 = k10 (g, ¢) — Ber(g)c.

The multiplicative property of Ber ensures this is a well-defined action of GL,,|,, on
k19, The stabilizer of the point 1 € k!l° coincides with all the matrices in GL |, (A)
with Berezinian equal to 1, that is, the special linear supergroup SL,,,(A4). From
Theorem 11.8.3 it follows immediately that SL,,), is representable. Moreover in Ex-
ample 11.3.3 we checked that A(m|n) = Lie(SLy,41jn41)-

2. B(plq), C(p), D(p|q) series. Consider the morphism
p: GLpjp XB - B, (8. V() = V(g 8).

where B is the super vector space of all the symmetric bilinear forms on k2", Con-
sider the point in B:

0 I, 0 0 O
I, 0 0 0 O

=10 0 1 O O ifm=2p+1,n=2q,
0 0 0 0 I
0 0 0 —-1; O

or
0o I, 0 0
|, 0 0 O e .

o = 0 0 0 I ifm=2p,n =2gq.

0 0 —-I; O

We define the stabilizer of the point @ to be the supergroup functor Osp,,|»,,. Again
this is an algebraic supergroup by Theorem 11.8.3.

In order to compute its Lie superalgebra, let us consider a generic matrix M =

(Ijl;x IiZZ) in M(m|n) = Lie(GL,,,). We are assuming m = 2p even since for

m odd the calculation is very much the same. The condition for M to belong to
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Lie(Osp, ,(p,) is M'®M = @, which is

0 I, 0 0
I +eX" eW! I, 0 0 0| (l+eX €Y
( eY'! I+eZ’) 0 0 0 I ( ew ]+€Z)
0 0 —I, 0
0 I, 0 0
|, 0 o o
=lo o o 1,
0 0 —I, 0

After a tedious calculation one finds that the generic matrix M in Lie(Osp,,|»,) has

the form
a b x x1

c —a 'y n

yooooxt o d e ’

“y—xt f —d
where the matrices b and ¢ are skewsymmetric and f and e are symmetric and the
entries of all the matrices a, b, ¢, d, e, f, x, X1, ¥, y1, U, v are in k. This shows that
Lie(Osp, p24) = 0sp(2p[2¢), in fact the matrices in osp(2p|2¢) have precisely the
form prescribed above.

So we have

B(plg) :
Cq):

osp(2p + 1]12¢q) = Lie(Osp, 11)24)-
0sp(2|2q — 2) = Lie(Osp,p4—2)

and

D(plg) := osp(2p|2g) = Lie(Osp, pj24)-

3. P(n) series. Define the algebraic supergroup 7Sp,,,, as we did for Osp,,|, by
taking antisymmetric bilinear forms instead of symmetric ones. Consider the action

TSPy X K10 — k10 (g, ¢) > Ber(g)c.

By Theorem 11.8.3 we have that Stab, is an affine algebraic supergroup, hence it is a
Lie supergroup. It corresponds to the P () series of classical Lie superalgebras (see
Appendix A).

4. Q(n) series. Let D = k[n]/(n? + 1). This is a noncommutative superalgebra.
Define the supergroup functor GL,,(D): (salg) — (sets), with GL,(D)(A) the group
of automorphisms of the left supermodule A ® D. In [22] is proven the existence of a
morphism, called the odd determinant,

odet: GL,(D) — k°I1.
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Reasoning as before, define
GL, (D) x k%" — k%' (g, ¢) — odet(g)c.

Then G = Stab; is an affine algebraic supergroup, and for n > 2 we define Qg(n)
as the quotient of G and the diagonal subgroup GLjjo. This is an algebraic and Lie
supergroup and its Lie superalgebra is Q (n).

11.9 References

In [44] Kac proved a classification theorem for simple Lie superalgebras that we have
summarized in Appendix A. The description of the supergroup functors, corresponding
to the classical super series of Lie superalgebras introduced by Kac, appeared in [22],
p- 70; however no representability statement of the supergroups was proved there. In
[14], [15] all the classical supergroup functors together with the Hopf superalgebras
representing them are described in detail.
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Lie superalgebras

The purpose of this appendix is to give a brief introduction to the theory of Lie superal-
gebras and, in particular, to the theory of representations of classical Lie superalgebras.
This material is well known and is mostly found in the works of Kac, [44], [45]. This
appendix is self-contained and does not require knowledge of any material of the pre-
vious chapters. However, we assume basic knowledge of semisimple Lie algebras.

We start by describing the classification of simple finite-dimensional complex Lie
superalgebras. We do not provide any details on the proof of the main Theorem A.1.7,
but we give a full description of the classical families of simple Lie superalgebras,
including the root systems, Cartan matrices, and Dynkin diagrams.

We then discuss the finite-dimensional representations of classical Lie superalge-
bras. In the ordinary setting, the finite-dimensional modules for the special linear Lie
algebra sl, play a key role. Ultimately, for a Lie algebra g, the conditions to impose
to have a finite-dimensional g-module, boil down to the conditions to impose in order
to have finite-dimensionality for the sl,-modules, corresponding to simple roots. The
situation for classical Lie superalgebras is different. In the ordinary setting, the root
vectors Xy and X_g, corresponding to a pair of opposite roots « and —«, always gen-
erate an sl subalgebra inside the given simple Lie algebra. In contrast, given a simple
Lie superalgebra g and a root « of g, the root vectors corresponding to roots propor-
tional to o« may generate a subalgebra of g isomorphic to sl,, osp(1]2), sl(1]1), sq(2),
or even a nilpotent subalgebra. Hence in order to fully understand the representation
theory of Lie superalgebras it is necessary to study in detail and classify all irreducible
representations of all these Lie superalgebras. We shall describe the irreducible rep-
resentations for sly, osp(1/2), sl(1|1), and then we will give the main theorem on the
classification of finite-dimensional representations of basic classical Lie superalgebras,
describing in detail the case of osp(2m + 1|2n). This example is very illuminating
since we can see how the extra conditions for the finite-dimensionality of the modules
make their appearance once we take into account all Borel subalgebras at once. In the
ordinary setting this is not necessary since if we fix a Borel subalgebra, all other Borel
subalgebras are conjugate to the fixed one under the action of the Weyl group. For
Lie superalgebras, the Weyl group, still a classical object, appears to be “too small”
and not all Borel subalgebras are conjugate. For this reason, in order to proceed to the
classification of finite-dimensional representations, we need to use the odd reflections
to compensate for the lack of enough symmetries in the Weyl group. In Section A.5
we will see explicitly in the example of an orthosymplectic Lie superalgebra how this
happens.
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A.1 Classical Lie superalgebras

We assume the ground field k is algebraically closed and of characteristic zero. For
concreteness the reader may think of k as C.
We recall a few definitions from Chapter 1, since here our notation is slightly
different to adhere to the conventions in representation theory of Lie superalgebras.
Throughout this appendix, by a Lie superalgebra, we mean a super vector space
g = go @ g1 with abracket [, |: ¢ X g — g which is a bilinear even map and satisfies
the following properties:

(1) Anti-symmetry: [x, y] + (=1)*?![y, x] = 0 for homogeneous elements x, y
in g.

(2) Jacobi identity:
b Dy 20 (=PI ) I ey = 0

for homogeneous elements x, y,z € g. | - | as usual denotes the parity.

The most important example of Lie superalgebra is the algebra of endomorphisms
of a super vector space.

Let gl(V') be the super vector space of endomorphisms of the super vector space V.
If V = k™" we denote gl(V) by gl(m|n). The even part gl(m|n)q of gl(m|n) consists
of the matrices with entries in k corresponding to endomorphisms preserving the parity,
while the odd part gl(m|n); consists of the matrices corresponding to endomorphisms
reversing parity:

gl(m|n) = gl(m|n)o & gl(m|n); = {(81 g)} © {(g‘ g)} '

Here A and D are (m x m) and (n X n)-matrices, and B and C are (m x n) and
(n x m)-matrices, all with entries in k.
Then gl(m|n) is a Lie superalgebra with bracket

[X,Y]=XY — (-)XIMyx,
We now want to define the analogue of the special linear Lie algebra.

Definition A.1.1. We define the special linear Lie superalgebra, sl(m|n) and the pro-
Jective special linear Lie superalgebra psl(m|m) as

sl(m|n) := {X € gl(m|n) | str(X) = 0},

where str (& B) = tr A—tr D, psl(m|m) := sl(m|m)/ k I>,n. Here str is the supertrace
(see also Chapter 1) and I5,, is the identity (2m x 2m)-matrix. One can easily check
that these are Lie superalgebras with brackets induced by the bracket in gl(m|n).
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As for the even and odd parts, we have
slim|n)o = sl ®sl, ®k, slmn)1 =V @V, @k ®V,, @V, Kk,
psl(m|m)g = sl,, ® sl,y, psl(m|m); = Vi @ V,,, ® V,, @ Vi,
where V},, and V,,, denote respectively the defining representation of sl,, and its dual.

We now seek the analogue for the orthogonal and the symplectic Lie algebras.
Classically, given a non-degenerate bilinear form f on a vector space V', we can define
the orthogonal and the symplectic Lie algebras in the following way:

so(V):={A4 e gl(V)| f(Av,u) = — f(v, Au)} if f is symmetric,
sp(V) := {4 e gl(V)| f(Av,u) = — f(v, Au)} if f is skew-symmetric.
In the super case, as we shall presently see, the two notions come together, since

the condition of symmetry in the odd variables for a bilinear form brings in a minus
sign, hence becomes a skew-symmetric condition.

Definition A.1.2. We say that a bilinear form f on a super vector space V = V@ V;
is super symmetric (or symmetric for short) if

fu,v) = (=DM f,u)

for any homogeneous elements u, v € V. We say also that f is consistent if f(u,v) =
Oforu € Vgandv € V.

Hence, as one can readily see, a super symmetric bilinear form f on V gives a
symmetric form fy on V4 and a skew-symmetric form f on V3.

Definition A.1.3. Let f be a non-degenerate consistent super symmetric bilinear form
on V,dimV = m|n. We define the orthosymplectic Lie superalgebra as

osp(V) :={X € gl(V) | f(Xu,v) = —(=D)X £, Xv)}.

Notice that n has to be even since f defines a non-degenerate skew-symmetric form
on V;.

The standard super symmetric form ¢ in V = k™" corresponds to the following
matrices:

0 I, 0 0 O
I, 0 0 0 O

¢=10 0 1 0 O itm=2p+1,n=2q,
0 0 0 0 I,
0 0 0 —-I; O
0 I, 0 0

| 0 0 O e _

¢ = 0 0 o0 I ifm=2p,n=2q.

0 0 -1, O
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Fixing ¢ as above, the matrix form for the orthosymplectic Lie superalgebra, which
we shall denote by osp(m|n), becomes the following:

1. form=2p+1,n = 2gq,

a b U X X
c —a' vy »n
osp(mln) = ¢ | —v* —u® 0 =z 2, :
yioxiooz2d o e
Syt oxt it f gt
2. form =2p,n =2q,
a b X X1
c =da' 'y n
ospmmy = 1| S [

—yl —xt f —d!

where a, b,c,d, e, f,x,x1,¥, y1, U, v are matrices of appropriate size and the
matrices b and ¢ are skew-symmetric and e and f are symmetric; all matrices
have entries in k.

Notice that if n = 0, then osp(/|0) is the orthogonal Lie algebra B, or D, de-
pending on the parity of m, while if m = 0, osp(0|n) is the symplectic Lie algebra
Cq'The decomposition of osp(m|n) into even and odd parts is

osp(m|n)o =B, ®Cy ifm=2p+1,n=2q,
osp(m|n)o =D, ®C,; ifm =2p,n=2gq,
osp(m|n)y = Vi ® Vy,
where again V,, denotes the defining representation of so(m) and V,, the defining

representation of C,.
Next we have the Lie superalgebras in the strange series P(n) and Q(n).

Definition A.1.4. We define the strange series P(n) as

Pn) = {(é —lil’)} Cglln+1n + 1),

where A € sl(n + 1), B is symmetric and C skew-symmetric.
The strange series Q(n) is defined as follows. Set

=13 2))

sq(n) are the matrices in ¢(n) with tr(B) = 0and Q(n — 1) = psq(n) = sq(n)/k1>,,
1.€.,

O(n—1)= {(;} ﬁ) | B € sln}/klz,,.
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Again one can check that these are well-defined Lie superalgebras with the bracket
induced from gl(n|n).
We have

P(n)o =sl(n + 1), P(n); =Sym*(Vay1) & N(Vy4)).
Q) =slin+ 1), Q(n); =ad(sl(n + 1)),

where V41 and ad(sl(n + 1)) are respectively the defining representation and the
adjoint representations of sl(n + 1).

The simple finite-dimensional Lie superalgebras over k fall into several classes. To
introduce these classes we need a few more definitions.

Definition A.1.5. Let g be a Lie superalgebra (always finite-dimensional). We say
that g is simple if g is not abelian and it admits no non-trivial ideals. g is classical if
it is simple and g; is completely reducible as a gg-module, where the action is given
by the bracket. g is basic if it is classical and it admits a consistent, non-degenerate,
invariant bilinear form, that is to say, there exists a consistent, non-degenerate, bilinear
form (, ): g x g — g such that (X, [Y, Z]) = ([X, Y], Z).

Observation A.1.6. If { , ) is a bilinear invariant form on a simple Lie superalgebra
g, then ( , ) is either identically zero or non-degenerate. In fact if X € ker(, ), i.e., if
X issuch that (X,Y) =0forall Y € g, we have

0= (X,[Y,Z]) =([X,Y], Z).
Hence the kernel of ( , } is an ideal, hence it is all of g or zero.

The simple Lie superalgebras divide into two main types: the classical type, when
the action of g¢ on g; is completely reducible, and the Cartan type. We make a list
of such Lie superalgebras, referring the reader to [44] for all proofs regarding the
classification.

1 Classical type. The classical type subdivides further into type 1 and type 2. Type 1
classical superalgebras are those for which g; is not irreducible as go-module and
type 2 are those for which g7 is an irreducible go-module.

1.1 Classical type 1. The type 1 superalgebras are
A(m|n) :=slm + 1jn+ 1), m # n,
A(m|m) = psl(m + 1|m + 1),
C(n) :=osp(2]2n —2), P(n).
For these superalgebras g; decomposes into two components as a go-module so that

g admits a compatible Z-grading (where “compatible” in this case means with respect
to the Z,-grading):

g=g'®a’@q", q=q" =g '@®g"
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Notice that the upper indices refer to the Z-grading, while the lower indices to the
Z,-grading.
For A(m|n) and C(n) we have that g~! and g' are dual to each other; in fact,

A(m|n)o = slpt1 ®slpt1 Bk,
Amn)' = Viny1 ® V1, ® k.
A(mln)_l = Vr:H-l ® Vn+1 ®k,
Cn)o=Cur, C)' =Vu, C)™ ' =V, =V,
where V; always denotes the natural representation of the Lie algebra under consider-

ation and V; its dual.
For ¢ = P(n), g~ ' and g! are not dual to each other. We have

gl =Sym? Vo1, a '= A2V,

1.2 Classical type 2. The type 2 superalgebras are those for which g; is irreducible,
so that there is no compatible Z-grading. These Lie superalgebras are

B(m|n) = osp(2m + 1|2n),
D(m|n) = osp(2m|2n),
D2, L), F(4), G@3), Q).

D(2,1; ) is a family with a continuous parameter @ € k \ {0,—1}. Two elements
D(2,1;a), D(2,1; B) of this family are isomorphic if and only if @ and § lie in the
same orbit under the action of the group of order 6 generatedby o — —1—a, ¢ — 1/«
(see [44], 2.5).

We have gg = sl &sl, @sly, g1 = V2 ® Vo ® V,. Without going into detail
we want to remark that the bracket restricted to g; X g; depends on the parameter «,
hence different superalgebras D(2, 1; ) cannot be recognized by the structure of g;
as a go-module alone.

For the definition of the exceptional Lie superalgebras F(4) and G(3) see [44].

2 Cartan type. Let Sym(}') denote the symmetric algebra of the super vector space
V. If V has dimension m|n and we fix a basis, we can identify Sym(V) with 4 =
k[x1,...,Xm, &1,...,&,], the polynomial algebra with m even indeterminates and n
odd ones. We define W(m|n) = Der(A) as the superalgebra of derivations of A. In
general W (m|n) is infinite-dimensional, however when m = 0, it is finite-dimensional.
We write W(n) for W(0|n):

W =1 3 a6,

a,.jek
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Wn) = W(n)o & W(n);, where W(n)o corresponds to those elements with / odd,
while W(n); to those with / even. Define ®(n) as the associative superalgebra over
A generated by 6&q, ..., 0§, with relations 0&; A 0§; = —0&; A 0§ (i # j). This
is a superalgebra with grading induced by deg(6&;) = 1. Furthermore, W(n) acts on
©(n) by derivations. We define S (1) and S (n) as the subalgebras of W(n) annihilating
certain elements of ®(n) called volume forms. Namely,

S(n) :=4{D € W(n) | D(0&1 A--- A BOE,) = 0},
S) :=1{D e W(n) | D((1 + &2 ... E)OEL A+ A BE,) = O} for even n.

Finally, we define H (n) as the commutator of a subalgebra of W(n) preserving a certain
metric, i.e.,

H(n) = [H(n), H(n)] where H(n) :={D € W(n) | D(d€? + --- + d£3) = 0}.
We end our discussion on simple Lie superalgebras with a theorem:

Theorem A.1.7. Every simple finite-dimensional Lie superalgebra over k is isomor-
phic to one of the following:

(1) the classical Lie superalgebras, either isomorphic to a simple Lie algebra or to
one of the following classical Lie superalgebras:

A(m|n), B(mln), C(n), D(mln), P(n), Q(n),
for appropriate ranges of m and n,
F(4). G@B). DQ.l:a) forack\{0,—1};
(2) the Lie superalgebras of Cartan type:
W(n), Sn), Sn) forevenn, H(n).

In the next section we will discuss the structure of simple Lie superalgebras in more
detail with a particular attention to the families 4, B, C, and D.

A.2 Root systems

Similarly to the ordinary setting, for Lie superalgebras we have the notion of Cartan
subalgebras and the corresponding root decomposition.

Definition A.2.1. A subalgebra ) C g is a Cartan subalgebra if §) is a nilpotent,
self-normalizing Lie subalgebra of g. If & € f§j, we define the super vector space

go: ={X eg|[h, X] =a(h)X forall h € ho}.



238 A Lie superalgebras

If go # {0} for a € h\{0}, we say that « is a root and g, is its root space. We say
that a root « is even if g4 N go # {0}, and odd if go N g1 # {0}. Notice that with this
definition a root can be both even and odd; this can actually happen, as we shall see in
Example A.2.2. We denote by A the set of all roots.

In the same way as in the ordinary case, we have

g:b@zga-

€A

The set of roots A C b \ {0} is the union of even and odd roots: A = AgU Ay, where

Ag ={a € hg \ {0} | g« Ngo # {0}}, Ay ={a € by \ {0} | gu N g1 # {0}}.

If g is simple, we have ) = §o with the sole exception of Q(n). Furthermore, it can
happen that Ay = A1, as we shall see in the next example.

Example A.2.2. According to Definition A.1.4 we have

hl e 1’;1 _é

) he f o
@ =17 T caen

S oh f ha

As a super vector space we have that

q(2) = spang{hy, ha, h1,hase, f18, £},

where by a slight abuse of notation we denote a matrix with only two non-zero entries
by the corresponding letter above. Clearly, g(2)o = spang{hy,hz,e, f}and q(2); =
spang{h1,ha, e, f}. The space h = spang{hi,ha, h1, ha} is a Cartan subalgebra of
¢(2). One can readily check that we have two root spaces of dimension 1]1:

8o = span{e, e}, g-o = spani{f. [},
where a(h1) = 1, a(hy) = —1. Therefore,
g=bDgue Dg-a Ao=Ar

This somewhat awkward behaviour may suggest excluding Q(n) from the treat-
ment, however we believe that the right philosophy is to ask questions for all classical
Lie superalgebras. Before we proceed and give some examples of root systems, we
want to make some observations on the Cartan—Killing form.

Observation A.2.3. Let g be a classical Lie superalgebra. In analogy with the Cartan—
Killing form in the ordinary setting, define the bilinear form

(x,y) = str(ad(x) ad(y)),
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where x,y € g. As one can easily check, this form is symmetric and consistent.
However, quite differently from what happens in the classical setting, it is not always
non-degenerate, hence zero. In particular its restriction to a Cartan subalgebra of g
may be degenerate.
For example, on sl(m + 1|n + 1), if b is the Cartan subalgebra consisting of diagonal
matrices, we have
(x,y) =2(m —n)str(xy)

for x = diag(ai,...,am+n) and y = diag(a}.....qa,,,,) in h. When m = n the
form is identically zero. Furthermore, it factors to a form on the corresponding Cartan
subalgebra of psl(m|m), which is also identically equal to zero.

The fact that the Cartan—Killing form of a classical Lie superalgebra may be de-
generate prompts the definition of basic classical Lie superalgebras.

Definition A.2.4. A Lie superalgebra q is basic classical if g is simple, g is reductive,
and g admits a non-degenerate invariant symmetric consistent bilinear form.

For example, A(m|n), C(n), and B(m|n) are basic simple Lie superalgebras, while
P(n) is not. Notice that even though A(m|m) has a degenerate Cartan—Killing form,
there exists a non-degenerate invariant symmetric bilinear form on A(m|m).

The following table summarizes the classification of simple Lie superalgebras to-
gether with information about the existence of an invariant non-degenerate symmetric
bilinear form.

Simple Lie superalgebras
Classical Cartan type
Basic Strange
A(m|n), B(m|n), C(n), and D(m|n)
D(1,2;2), G(3), F(4) P(n), Q(n) | W(n), S(n), S(n), H(n)

We now give a brief description of the root systems for the basic classical Lie
superalgebras in the families A, B, C, D. As in the ordinary setting every root system
A admits a simple system I1 = {a1,...,a,} C A. The defining property of IT is that
every root in A is a linear combination of elements of IT with integral all non-positive,
or all non-negative, coefficients, and IT is minimal among such subsets of A. The
elements «; of I are called simple roots. Unlike the ordinary setting, the elements of
IT are not necessarily linearly independent, e.g., when g is of type A(m|m). So, once
we fix a simple system, we can write A = AT UA™, where A is the set of the positive
roots, that is the roots & = myo; + -+ + myotr, m; > 0, while AT is the set of the
negative roots, that is the roots « = njoq + -+ - + n,a,, n; < 0. From a representation
point of view, one may avoid the technicalities related to the superalgebras of type A
by replacing them by gl(m|m). In the remainder of this appendix we will not discuss
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the fine details distinguishing gl(m|m) from the rest of the superalgebras of type A.
The interested reader will be able to fill in the details or consult [44], [45] for the whole

story.

For all of the families A, B, C, D, the Cartan subalgebras are even ) = by, and
we can choose §) = b to be the subalgebra of diagonal matrices. For each family
we shall give the root system and a choice of a simple system among the various
possibilities. Then for such a choice, in the next section we shall build the Cartan
matrix and the Dynkin diagram associated with the simple system. For a complete
treatment, comprehending all of the simple systems, we refer the reader to [44], 2.5.2,
and [33], part 3.

A(m|n) = sl(m + 1|ln + 1) for m # n. Lete;,6; € h*, 1 <i <m+ 1,1 <
j < n + 1, defined as ¢;(diag(ay,...,adm+n+2)) = aij, i = 1,...,m + 1, and
Sj(diag(ai, ... .am+n+2)) = dmy1+;,j =1,....n + 1.
Root system:
A ={ei —€j, 8 — 81, £(& — )},
Ao = {ei —€j, 0 — &1},
Ay ={x(6 =)}, 1<i#j<m+1, 1<k#Il<n+1l

Simple root system:
N={a; =€ —€, 00 =€ —¢€3,..., Upt+1 = €m+1 — 01,
Um+2 =81 =02, ..., Umtn+1 = 8p — Spt1}-

For A(n|n),n > 1, theroot system and the simple root system are given by the same
formulas as above. It is useful to remember that the elements ¢;, §; are not linearly
independent. If m # n, there is one relation between them: €;+- - -+€,,+1 = §1+- -+
8n+1, while for m = n there are two relations: €1 +---+ €541 = 81 +---+8p4+1 = 0.

B(m|n) = osp(2m + 1|2n). The Cartan matrix is the subalgebra of the diagonal
matrices:

by ={h = diag(ay,...,am,—ay,...,—am,0,b1,...,by,—by,...,—by)}.

Define €;,§; € h* asfollows: forh € b, lete;(h) = a;,i =1,...,m,and§;(h) = b;,
j=1,...,n.
Root system, m # 0:

A() = {:l:éi + 6]', :|:€,', :|:8k + 51, :|:28k},
Ay ={Fe £8,£8), 1<i#j<m 1=<k#Il=n.

Root system, m = 0:

Ao = {£8k £ 81, £20}, Ay ={*8}, 1=k #Il=n.
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Simple root system, m # 0:
O={a; =6 —68,..., tn—1 = 81 — 6n, 0ty = 8y — €1,
Opt1 = €1 —€2,..., Umtn—1 = €Em—1 — €m, Amtn = €m}.
Simple root system, m = 0:
={a; =6 —62,..., ty—1 =81 — 6, An = p}.

C(n) = osp(2|2n — 2). The Cartan matrix is again the subalgebra of the diagonal
matrices:

f) = {h = diag(al,—al,bl,...,bn_l,—bl,...,—bn_l)}.

Define €1,681,...,8,—1 € §* as follows: for h € b, let €1(h) = ay, §1(h) = by, ...,
5n—1(h) = bn—l-
Root system:

Ag = {£20k, £0r £ 61}, A1 ={xe1 £}, 1=<k#l<n-1
Simple root system:

IMI={a; =€ —81.00=581—082,..., 0p—1 =8—2—8p—1, An = 26,_1}.

D(m|n) = osp(2m|2n). The Cartan matrix is again the subalgebra of the diagonal
matrices:

f) = {h = diag(al,...,am,—al,...,—am,bl,...,bn,—bl,...,—bn)}.

Define €1, ..., €m, 61, ..., 0, € b* as follows: for h € g, let €;(h) = ay, ...,
em(h) = am, 81(h) = by, ..., 6, (h) = by,
Root system:
Ao = {£e £ €5, £28, £8 £ 61},
Ay ={xe £6&}, 1<i#j<m 1<k#l=<n.

Simple root system:
IT = {Oll :81 _52,”-7 Ap—1 =8n—1 _8717 Qp =8n_€1a
Opnt1 = €1 —€2,..., Omin—1 = €Em—1 — €m, Omin = €m—1 + €m}.

We end this section with a summary of the properties of root systems for classical
Lie superalgebras. For the proofs we refer the reader to [44], Sections 2.5.3-2.5.4.

Proposition A.2.5. Let g be a classical Lie superalgebraandletg = H @Y, o Ga be
the root decomposition of g with respect to a Cartan subalgebra Y). Then the following
hold:
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(1) Ao N Ay = {0} unless g = Q(n).

(2) dim gy = 1 unless g = A(1]1), P(3), OQ(n).

(3) On g there is one and only one, up to a constant factor, non-degenerate invariant
symmetric consistent bilinear form ( , ), except for P(n) and Q(n) (where no
such form exists).

4) Ifg # A(1]1), P(n), Q(n), then (, ) determines a non-degenerate pairing of qo
with g—y. Furthermore, for every a € A there exists an element X, € gq such
that [Xo, X—o] = (Xg, X—g)ha, where hy € Y is determined by o.(h) = (hy, h),
Xo € Qo X—o € g

(5) —Ao = Ao, and for g # P(n), A1 = —A;.

(6) Let v € A and cao € A. Then ¢ = 1 unless @ € Ay and (o, ) # 0 when
c==xlorc==x2

A.3 Cartan matrices and Dynkin diagrams

Let us now turn to the construction of the Cartan matrix and the Dynkin diagram
associated to a classical Lie superalgebra g with a simple root system I1 = {«; };;. For
each simple root o; € I, fix elements e¢; € gq, fi € g—y and set h; = [e;, fi] € go.
Clearly h; is defined up to a constant. If o;(h;) # 0, we fix it by imposing that
a;(hi) = 2.

Definition A.3.1. The Cartan matrices A associated to the simple Lie superalgebra g
and the simple root system IT is defined as

A = (ajj) = (ai(hy)).

We can write the Cartan matrix for all the classical Lie superalgebras whose roots,
together with a choice of a simple system, we have described in the previous section.

e A(m|n). In the case of A(m|n) we can choose ¢; = E;;y1 and f; = E;j41,;
(where as usual E;; denotes an elementary matrix). One can check immediately
that h; = E;; — E,‘+1,i+1 fori # m + 1, while hy41 = [em+1, fm+1] =
em+1fm+1 + fmr1em+1 = Emtim+1 + Emi2,m+2. The Cartan matrix has

the form
2 -1 0 0 0 0
-1 2 -1 0 0 0
A= 2 -1 0 ,
0 -1 0 +1
0 o -1 2 -1
-1 2
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where the zero appears in row (m + 1) because ;41 (Am+1) = 0.

* B(m|n),m # 0.

2 -1 0 0 0 0
-1 2 -1 0 0 0
2 -1 0
A=1]0 -1 0 +1
0 o -1 2 -1
0 -1 2 -1
0 0 2 2
e B(O|n).
2 -1 0 0 0
-1 2 -1 0 0
A= :
0 -1 2 -1
0 o -2 2
* C(n).
O +1 0 ... 0 ... O
-1 2 -1 ... 0 ... O
A= :
0 -1 2 =2
0 o -1 2
e D(min).
2 -1 0 0 0 0
-1 2 -1 0 0 0
K ~1 0 +1 0
10 o -1 2 -1 0
0 -1 2 0
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As it happens in the classical theory, we can associate a Dynkin diagram to any
Cartan matrix (except for the case D(2, 1; oz)l) following the rules:

(1) Put as many nodes as simple roots.

(2) Connect the i-th node with the j-th node with |a;;a;;| links.

(3) The i-th node is white if «; is even, is black if «; is odd and a;; # 0 and it is
grey if ; is odd and a;; = 0.

(4) The arrow goes from the long to the short root.

Below we give a list of the Dynkin diagrams for the Lie superalgebras we have
described above with respect to the simple system we have written down. It is im-
portant to stress that, contrary to the ordinary setting, different Dynkin diagrams may
correspond to isomorphic Lie superalgebras. This is ultimately linked to the fact that

the Weyl group of g, defined as the Weyl group of go, does not provide “enough”
symmetries for the Lie superalgebra since it is a purely even object.

A(m|n) o—-:-: oO—e—=0O O
B(m|n),m >0 O—-- o—®&—O0—— - Oo=—=0
B(0|n) O O—0—=—0
Cn),n>2 —O—— - OO0

D(m|n) oO—: O—8&—O0—:-- ©<z

We leave it to the reader, as a simple exercise, to verify that these are indeed the
Dynkin diagrams associated to the Cartan matrices listed above.

A.4 Classification of finite-dimensional irreducible modules for
slz, osp(1]2), gl(1]1) and ¢(2)

In the theory of finite-dimensional representations for a classical Lie algebra g, the
representations of sl play a key role. This is due to the fact that, given a root «, the
root spaces g, and g_q corresponding to o generate a subalgebra of g isomorphic
to sl,. The conditions for the finite-dimensionality of an irreducible g-module are
essentially derived from the conditions for finite-dimensionality of all the sl,-modules
sitting inside the g-module. In the super category this is no longer true. Given a root
o of g, the root spaces g, corresponding to all roots proportional to « can generate

'As for D(2, 1; &) we invite the reader to consult [44], p. 55 for the convention that has to be used.
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different subalgebras of g. Subalgebras of this type were introduced by Penkov and
Serganova in [62]. More precisely, a line £ in by is defined as a one-dimensional real
subspace of h% such that £ N A # @. The corresponding line subalgebra g of g is
defined as the subalgebra of g generated by all root spaces g, for « € £. Penkov and
Serganova proved a theorem characterizing all possible line subalgebras of an arbitrary
Lie superalgebra, see [62]. One can check immediately that every line subalgebra of a
classical simple Lie superalgebra is isomorphic to one of the following: sl,, osp(1|2),
sl(1|1), ¢(2), or an odd one-dimensional nilpotent superalgebra. The last two occur
for g of type P or Q. Below is a list of all finite-dimensional irreducible modules of
sl,, osp(1]2), gl(1]1), and ¢(2) (the modules for sl(1|1) come from a straightforward
generalization from those for gl(1]1)).

The representations of the special linear Lie algebra sl,. The finite-dimensional
representations of sl, are well known, we just quote the theorem, referring the reader to
[75], Ch. 1V, for more details. Let sl = spany {h, e, f}, with [e, f] = h, [h,e] = 2e,
[h. f1==2f.

Theorem A.4.1. Let V be an irreducible finite-dimensional sly-module of dimension
n + 1. Then there exists a basis vy, . .., v, of V such that

hv, = —2i)v;, 0<i <n,
evg =0, evi=m—i+ Dv—y, 1<i<n,
fon=0, fui=(G+Dvi41, 0<i=<n-—1.

Conversely, for each positive integer n, there exists exactly one equivalence class of
irreducible representations of sly of dimension n + 1, defined by the action described
above.

The vector vg is called a highest weight vector and spans the one-dimensional

subspace of V' annihilated by e.

The representations of the orthosymplectic Lie algebra osp(1]2). Let us start with
an explicit description of this Lie superalgebra.

0 a B
osp(1]2) = B B | B esly p C gl(1]2).
—o
A basis is given by
0 00 0 00 0 0 O
e=|0 0 1}, f=[0 0 0}, A=]0 1 0],
0 00 010 0 0 —1
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0
0
—1

00
x=|10 , Y=
00

S O =

1 0
0 0},
00
where spang {e, f, h} = sl, and the other non-zero brackets are

[evy]:_x7 [f,x]=—y, [x,x]=2e, [y’y]:—zf’
[xvy]zh’ [h,x]:x, [h,y]=—y

The next proposition classifies the irreducible finite-dimensional representations of
osp(1]2).

Theorem A.4.2. Let V be an irreducible finite-dimensional osp(1|2)-module. Then V

has dimension 2n + 1 and there exists a basis vy, . . ., Uy, Wy, . . ., Wy—1 of V such that
hv; = (n —2i)v;, hw; = (n —1—2i)w;,
evi=m—1i+ Dvi—y, ew; ={m—i)wi—1,
fvi =@ + Dviya, Swi = + Dwitr,
Xv; = Wi—1, xw; = (n—1i)v;,
Yui = w;, xw; = —( + Dvj41,

where we have assumed that v_1 = w_1; = vy+1 = W, = 0. Up to a change of parity,
Vo = span{vy, ..., v,} and Vi = span{w, ..., W,—1} and they are irreducible sl,-
modules of dimension n 4+ 1 and n, respectively.

Conversely, for every odd positive integer 2n + 1, up to a change of parity, there
exists exactly one equivalence class of irreducible representations of osp(1|2) of di-
mension 2n + 1, defined by the action described above.

Proof. We sketch the proof leaving the details to the reader as an exercise. The parity
change in a super vector space commutes with actions. If v is the highest weight vector,
it could be vy € Vp or vy € V1, hence without loss of generality we may assume that
vo € Vp. Applying Theorem A.4.1 we conclude that evy = 0 and hvy = nvy for some
non-negative integer n. Now set

V; =$fiv0 forO0<i <n, w; =%fiyv0 forO0<i <n-1.
One can now verify that the basis of osp(1]2) acts on the set vy, ..., vy, Wo, .. ., Wy—1
as claimed and that this action provides V' = span {vy, ..., vy, Wy, ..., Wy—1} With a

structure of an irreducible osp(1]2)-module.
Schematically we have the following picture:

Uy i Vp—1 i Vs ...
i Wy—2 “e

V1 Wn—1

Vo
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and similarly

Vo

Un 4 Up—1 S Up—2 ...
S Wy—2 e

Vl Wp—1

|

The representations of the general linear supergroup gl(1|1). As a super vector
space we have

san=spef= (3 o= 1)< 9 - 9)

with brackets

[, x] =x, [ha,x]=—x, [h1,y]=—y, [h2,y]=),
[X,y]=h1+h2, [x,x]z[y,y]:O.

Theorem A.4.3. Let V be the irreducible representation of gl(1|1) with highest weight
(/\1 , Az) Then:

(1) If A1 + A2 # 0, V is 1|1-dimensional and spanned by v, the highest weight
vector, and yv.

Q) If A1 + A2 =0, V is one-dimensional.
Proof. Let v be the highest weight vector of V. We have

x(yv) = —yxv + [x, y]Jv = (h1 + h2)v = (A1 + A2)v
and
v =(1/2)[y,ylv =0, x%v=(1/2)[x,x]v =0,

which proves the theorem. For A; + A, # 0 the statement is illustrated by the diagram

X
—A

yvu V. (|

~—
y

The representations of ¢(2). The irreducible finite-dimensional modules over g =
¢(2) have a more complicated structure. Recall that A = {£a}, and each of g1y is
1|1-dimensional. Furthermore, ) = by + 5§ is 2|2-dimensional. If we choose the usual
basis {h1, h,} of by, we conclude that every finite-dimensional irreducible g-module
V has a highest weight (A1, A2). The highest weight space of V{3, 1) is an irreducible
hH-module, and it is no longer necessarily one-dimensional. We leave it to the reader
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to verify that for generic highest weight (A1, A5), the highest weight space V(;, 1,)
is an irreducible module of a (suitably chosen) Clifford algebra. In general it is of
dimension 1|1. Since g contains a subalgebra isomorphic to gl,, a necessary condition
for finite-dimensionality of V' is A; — A, to be a non-negative integer. Surprisingly, it
is not enough. The following theorem is proved in [63]:

Theorem A.4.4. Let A = (A1, Ay) be a weight of q(2) such that Ay — A, is a positive
integer or Ay = Ay = 0. There exists a unique (up to a change of parity) finite-
dimensional irreducible q(2)-module V(L) with highest weight A. The weights of
V(A) are (Al, /12), (Al -1, Az + 1), ey (Az, Al)

Conversely, every irreducible finite-dimensional q(2)-module V is isomorphic to
V(A) for some A as above.

For the proof as well as further study of ¢(n)-modules we refer the reader to the
work of Penkov, [63].

A.5 Representations of basic Lie superalgebras

Before starting our description of the finite-dimensional representations of basic Lie
superalgebras, we quickly review the classical theory of representations of Lie algebras.
Let g be a Lie algebra, §) a fixed Cartan subalgebra, A = AT U A~ the root system
and V a g-module. If u € §* we define weight space of weight u as the non-zero
vector space:
Vie={veV|h-v=pu(hvforall h € h}.
The elements in V), are called weight vectors.

The following theorem is crucial in understanding the finite-dimensional represen-
tations of a complex simple Lie algebra.

Theorem A.5.1. Let g be a simple Lie algebra and let V be an irreducible finite-
dimensional representation. Then we have the following.

(1) There exists a non-zero vector v™ such that it is a weight vector for some weight
A and XovT = 0 for all Xy, o > 0, where X is a root vector for the root a.
The weight A is called highest weight and v highest weight vector.

(2) We have dim V), = 1, and every weight has the form pu = A — ), o koo with
ko € Zsg for every a. Moreover V. = EBMEF)* V. (Every representation with
this property is called a weight representation.)

(3) The weight A and the span of v are uniquely determined.

(4) We have A(hy) € Zso, where hy is as in Proposition A.2.5; such a weight A is
called a dominant integral.

(5) Given any dominant integral weight A € §* there exists a unique irreducible
finite-dimensional module V in which A is the highest weight.
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Proof. See [71], p. 14. |

We now outline an approach to the representation theory of Lie algebras via induced
modules. This approach is alternative to the approach with generators and relations and
provides an elegant way to prove the existence of a finite-dimensional representation
associated to a dominant integral weight.

Let A € b* and define b+ := nt @ b to be the Borel subalgebra associated to
nT and b, where n is the Lie subalgebra generated by the positive roots, once we fix
a simple system. The weight A defines a one-dimensional representation k of b™ on
which b acts via A and n™ acts trivially:

(h+n)-v=»Ahyw, v=1¢ck, foralhechandnen™.
Definition A.5.2. We define the induced module
M) =Ind}, A = U(g) Que+) k-
M (A) is also called the Verma module associated to the weight A.

Observation A.5.3. The induced module M(A) =~ U(n~) as n -modules. The iso-
morphism is given by

Un™)—> M), ur—»u®l.

This follows immediately from the PBW theorem.

Proposition A.5.4. Let A € b*, {a1,...,a,} a simple system. Then we have:
(1) M(A) =P M(A),, i.e, M(Q) is a weight representation,
M), = Z XP o XPn @k

DlsesPn€Z >0, P10+ +Pnn=A—pL

2) MMy =10k, M(A) = Un")MA),, Umnt)M(A), = 0.
Proof. See [27], Ch. 7, Section 1. O

Observation A.5.5. If V is an irreducible finite-dimensional representation of a semi-
simple g, there exist a unique A € h* and a unique morphism ¢: M(A) — V with
¢(1 ® 1) = v. Hence every irreducible representation V' of g occurs uniquely as a
quotient of a Verma module.

Proposition A.5.6. (1) Any submodule F C M(M) is a weight submodule, i.e., F =
DFu Fu=FNMQ)y.
(2) Every proper submodule of M (L) is contained in

M@Q)4 =) M),
WFEA

(3) There exists K C M(A) largest proper submodule such that M(A)/K is irre-
ducible (when finite-dimensional M(1)/ K is isomorphic to the V(1) in Theorem A.5.1).
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Proof (Sketch). (1) is a direct check. (2) comes from the fact thatif ]| ® 1 € F, then
F = M()). For (3) take K as the sum of all proper submodules. For the complete
proof see [27], Ch. 7. O

We have described an alternative way to construct the representations V' (1). This is
the path taken by Kac in the construction of the irreducible representations of classical
Lie superalgebras and as we shall see the construction is very much the same as the
ordinary one.

Let g be a classical Lie superalgebra. Fix a Cartan subalgebra and a simple system
and let n be as above. Let bt = n' @ ) be a fixed Borel subalgebra and A € h*. As
before we have a one-dimensional representation of b¥:

(h+n)y-v=Ahw, v=1ek, heh nen’.

We define
M) =Ind}, A = U(g) Quep+) k-

Reasoning as in Proposition A.5.6, we have that M (1) contains a unique maximal
submodule K such that M(1)/K = V(A) is irreducible. Since change of parity is not
an isomorphism of g-modules, we will always assume that the highest weight space is
even, and all statements of uniqueness below are up to a change of parity.

Proposition A.5.7. Let the notation be as above.
(1) The vector v is the unique vector in M (L) (up to a constant) such that n+tv = 0.
(2) V(A1) = V(Ay) ifand only if A1 = A,.
(3) If V is a quotient of M()), then V has a weight decomposition

V=BV,

(4) Any finite-dimensional irreducible representation of g is isomorphic to V (L), for
some A.

The proof of this proposition is similar to the one in the ordinary setting and more
details can be found in [45].

We are ready for the main result on the representation of classical Lie superalgebras.

Let g be a basic Lie superalgebra. Fix a Cartan subalgebra and a simple system
IT={ai,...,a,}. Let hj = hy, as in Proposition A.2.5, i.e., (h;, h) = a(h).

Definition A.5.8. If A is in h* we define the numerical marks a; = A(h;).

Theorem A.5.9. Let the notation be as above. In particular we fix a simple root system
foreach Lie superalgebra as in Section A.2 or in [44]. Then V(1) is a finite-dimensional
representation if and only if :
(1) a; € Zso, i # s, where s = m + 1 for A(m|n), s = m for B(m|n), D(m|n)
and s =1 for C(n), F(4), G(3), D(2, 1; @).
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(2) k € Z>o where k is given by
* For B(O|n), k = (1/2)ap.
e For Bimin), m >0,k =an —an+1 — "+ — Amtn—1 — %am+n.
e For D(m|n), k = an — ans1 =+ — amyn—2 — 3@mtn—1 + Amtn)-
For D(2,1;a), k = (1 + o) ' (2a; — a» — aaz).
For F(4), k = (1/3)(2a; — 3a; — 4as — 2ay).
* ForG(3), k = (1/2)(a; — 2a, — 3as).

(3) Let b be an integer as follows:
| B(O|n) | B(m|n) | D(m|n) | D2, ;&) | F(4) | G(3)

b 0 | m | m | 2 | 4 ] 3
There are the following supplementary conditions if k < b:
* For B(m|n), ax4n+1 =+ = dm+4n = 0.
e For Dm|n), if k <m —1, agapy1 = = amyn =0, if k =m — 1,

Ak+n+1 = Am+n-
ForD(2,1;a),if k =0,a; = O0foralli;ifk =1, (az+1)a = £(az+1).

For F4),if k =0,k #1,a; =0forali;ifk =2a; = a4 =0;if
k=3,612=26l4+1.

ForG@3),ifk =0,k # la; =0;ifk =2, a» = 0.

Conditions (1) and (2) are very natural — these are simply the conditions for A to
be a dominant integral weight of go. Condition (3) is more interesting. One way of
understanding it is the following: V(1) is a finite-dimensional module if and only if it
is a highest weight module with respect to every Borel subalgebra of g. In the classical
setting all Borel subalgebras of a Lie algebra are conjugate via the elements of the
Weyl group W and, if b’ = wb for w € W, then Vp(1) = Vyp(wA). Furthermore,
the weight A is dominant and integral with respect to wb if and only if A is dominant
integral with respect to b. For Lie superalgebras it is no longer true that all Borel
subalgebras are conjugate. Penkov and Serganova introduced in [62] the so-called
“odd reflections” which transform Borel subalgebras and act on weights; these take
the place of the missing symmetries of the Weyl group, which is an even object and
for this reason does not contain enough reflections to act transitively on the set of
Borel subalgebras. The action on weights, however, is no longer a group action. In
the remainder of this section we present the main idea and illustrate it on a relevant
example.

Let b be a Borel subalgebra of g and let o be a simple root of b. Consider the
line £ = Ra N A, (see the definition of a line at the beginning of Section A.4). The
Borel algebra b determines a partition A = AT LU A™. Set £* = £ N A% and let
(ATY = (AT\L*) U LT, Let b’ be the Borel subalgebra of g corresponding to the
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partition A = (A1) L(A™)". If « is odd and the subalgebra generated by X, and X _,
is isomorphic to sI(1|1), the map b — b’ is the odd reflection along £ that we denote
by r¢. Notice that, if « is an even root, then b’ = s54b, s € W, otherwise b’ = r/b. If
Ve (1) is finite-dimensional, then V(1) = Vi (1) for some weight A/, (If « is even,
then ' = sqA.) We write A’ = ryA. The weight A’ is easily computable - it is simply
the lowest weight of the g¢ + h-module with highest weight A, where g* is the line
subalgebra corresponding to the line £ (see Section A.4). In the previous section we
described all irreducible modules over the possible line subalgebras g*. We can now
rephrase these results as follows.

Theorem A.5.10. Let { = Ra be a simple line of b C @, where g is a classical
simple Lie superalgebra. Assume that A € b is a weight such that the irreducible
at + B-module with highest weight A is finite-dimensional. Then r¢A = sqh if g¢ is
isomorphic to sla, osp(1]2), orsq(2). If g* is one-dimensional nilpotent, then rgh = .
If g* is isomorphic to sI(1|1), then

{x —a if Mhe) £ 0,
reA = i
A if A(hg) = 0.

We have now a stronger necessary condition for the finite-dimensionality of the
module V5(A). Namely, the weight r¢, r¢, ... r¢, A has to be dominant with respect to
the Borel subalgebra r¢, ry, ...r¢, b for any sequence of reflections r¢ , re,, ..., 7,
applied subsequently to b. This condition is also sufficient. We refer the reader to [62]
for a detailed proof. This statement provides an effective but not very efficient method
for determining the weights A for which V5 (1) is finite-dimensional. Serganova in [67]
describes a way of finding the minimal number of verifications necessary in the case
when g is a Kac—-Moody superalgebra. We will not give the detailed statement here.
Instead, we will use Theorem A.5.10 above to explain condition (3) of Theorem A.5.9
in the case when g is of type B(m|n).

Example A.5.11. We want to show that the conditions (1), (2), (3) in Theorem A.5.9
are necessary conditions in order to have finite-dimensional representations for the Lie
superalgebra B(m|n). Recall that the root system is (see Section A.2)

AO = {iéi :i:(gj, :|:25i,:i:€,' :EGJ', :|:6,'},
Al = {:i:&' :|:Ei, :|:8i}.

Let us choose a Borel subalgebra, i.e., a simple system

a1 =681 =82, ap =82 —03,...,00—1 = Sp—1 — bp,

Op =68y — €1, Opy] = €1 —€2,...,Ontm = €m.
Assume that we have a finite-dimensional representation of highest weight A:

A :/1«181 ++//Ln5n+kl€1 ++Am€m
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Let a; = A(h;) be the numerical marks. We have

a; = Wi — Mmi+1, 1=<i=<n-—1,
an = Un + A1,
anyj =Aj —Aj+1, 1 =j<m—1,

Amtn = 2Ay.
Since V(1) is a finite-dimensional B(m|n), representation, we have
M1 = 2> = Uy =20, Ay =A== Ay 20,
and these are integers or half integers. Hence
ar>0,a2>0,...,a,-1>0, ayt+1>0,a,42>0,..., dp4m >0

are non-negative and integral. This gives the condition (1) in Theorem A.5.9. Now
observe that

Mn = ap —Apy1 —Apy2 — = Apim—1 — (1/2)an4m.

The fact u, € Z>¢ gives condition (2). Now we want to see how to get condition (3).
In order to clarify the construction we work in B(2|1), but the reader can immedi-
ately see how easily this can be generalized to B(m|n).
In this case our weight A and our fixed Borel subalgebra b (i.e., simple system) are

A =181 + Aier + Arez, {81 —€1,€1 — €2, €2},

In the ordinary setting we have that the Weyl group acts transitively on the set of Borel
subalgebras, hence the weight w- A is automatically dominant and integral with respect
to the Borel subalgebra w - b. Here however, we have fewer symmetries since the Weyl
group is not a super object, but remains ordinary. In particular not all Borel subalgebras
are conjugate with respect to the Weyl group. We can compensate the lack of enough
symmetries of the Weyl group, by using odd reflections. In this way we can reach
every Borel subalgebra starting from a fixed one. For this reason we are going to use
an action of gl(1]1), whose representations we have studied in Section A.4.

Our goal is to use odd reflections to move the chosen Borel subalgebra to the one
with the associated simple system: {€; — €5, €3 — 81, 81}, while tracking down how the
weight A transforms. The dominant integral condition on the new weight will give us
the additional conditions (3).

Let us start with an odd reflection along the root §; — €;. This corresponds to a
gl(1]1) representation of highest weight A1 + ;. By Theorem A.4.3 we have only
two cases:

(1) A1+ p1 =0,1i.e.,A; = u; = 0 (since they are both positive), corresponding to
a 1-dimensional representation,
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(2) A1 + 1 # 0 corresponding to a 1|1-dimensional representation.

In case A1 + 1 = 0, we have that A does not change, while in case A; + 1 # 0,
A becomes A = A — (67 —€1) = (u1 — 1)§1 + (A1 + Deg + Aser.

We now apply another odd reflection: along §; — €. Again we are faced with two
possibilities as before. We are going to see what happens separately in the two cases
discussed above.

e Case Ay = 1 =0, A = 161 + A1€1 + Azen.
i) If A, = uy = 0, then A = 0, which is the trivial case.
i) If A+ # 0, wereach acontradictionsince Ay > A, > O0andA; = u; = 0.

e Case Ay + u1 #0, A = (u1 — D31 + (A1 + Deg + Azes.
iii) If A, + u; — 1 = 0, the weight A’ is unchanged and since u; — 1 > 0,
A+ 1 —1>0,wehave uy = 1,4, =0.
iv) If A5 + g — 1 # 0 from A’ we obtain a new weight A” = (u; — 2)8; +
(A1 + ey + (A2 + 1)e,. Hence we obtain the condition p; > 2.

Let us now take a closer look at condition (3) in Theorem A.5.9.

We have k = a1 —ay — %a3 =puyand b =m = 2. If k = py > 2 then there are
no extra conditions and we are in the last case.

If k = w1 < 2, then we are in one of the three previous cases, i.e., at some point
at least once we have a trivial gl(1]|1) representation occurring. If k = p; = 0 then
A=A =pu; =0,ie,a; =21 —Ar =a3 =21, =0. If k = 7 = 1 we see
as = 212 =0.

This proves only of course that the condition (3) is necessary. However, using
Theorem 10.5 in [67] we can conclude that it is also sufficient.

A.6 More on representations of Lie superalgebras

The aim of this short section is to mention some properties of superalgebras and their
representations which differ from the classical setting. We do not aim to give acomplete
and broad view of the subject and our references are extremely limited.

The structure of Lie superalgebras beyond the simple finite-dimensional ones ex-
hibits some unexpected properties. The first example of such a difference is the fact
that a semisimple Lie superalgebra, i.e., a superalgebra whose radical is trivial, is not
necessarily a direct sum of simple ones, see [44]. Another surprising fact, related to
Schur’s lemma below, is that the tensor product V; ® V5, of two irreducible modules
over g; and g, respectively is not necessarily irreducible as a module over g; & g».
Following the classical theory of Lie algebras, the simple finite-dimensional real Lie
superalgebras have been classified, [44].
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Not every simple finite-dimensional Lie superalgebra exhibits properties analogous
to the properties of Kac—Moody Lie algebras. Even the superalgebras that do have
such properties admit several Cartan matrices and corresponding Dynkin diagrams.
This feature of superalgebras has made the problem of identifying good classes of
infinite-dimensional Lie superalgebras non-trivial. Kac and Wakimoto introduced cer-
tain affine Lie superalgebras and wrote conjectural character formulas for their highest
weight modules. Then they showed how these character formulas imply denominator
identities which generalize Macdonald’s identities for affine Lie algebras. Despite the
significance of such identities, little progress has been made towards proving the re-
spective character formulas. Serganova in her recent paper [67] proposed a definition
of a Kac—Moody superalgebra which addresses the differences between superalgebras
and their ordinary counterparts. Apart from being an important foundational paper,
[67] is also an excellent review of the current state of the art results on Kac—Moody
superalgebras and initiates the study of their representations.

The representation theory of Lie superalgebras is much richer than the one of Lie
algebras and, despite the great progress made since the pioneering paper [45], many
important questions remain open. Kac noticed, [45], that unlike the ordinary case,
the category of finite-dimensional representations of a simple Lie superalgebra is not
semisimple. That is, not every finite-dimensional module is a direct sum of irreducible
modules. Kac also singled out a class of irreducible representations, the so-called typ-
ical representations, whose properties closely resemble the properties of irreducible
finite-dimensional modules over simple Lie algebras. Typical representations always
split in finite-dimensional representations and it is not difficult to determine their char-
acters, etc. The rest of the irreducible representations, the atypical ones, are far more
difficult and understanding even their characters is a very challenging problem. This
problem has now been solved for the cases of gl(m|n), g(n), and osp(m|2n). There
are two approaches.

The first one, geometric in nature, is a very sophisticated generalization of its
ordinary counter part. It took more than twenty years until a complete solution for
the above mentioned superalgebras was obtained. The main contributors towards this
approach were Penkov and Serganova who in the late 1980s and 1990s developed the
foundations of the theory and proved many particular cases. For gl(m|n) the character
formula was obtained by Serganova, [68], followed by a work of Penkov and Serganova
on the characters of ¢(n). Finally, Gruson and Serganova, [42], proved the character
formula for osp(m|2n). For more detail on this approach we refer the reader to [42].

The second approach uses super analogs of Schur and Howe duality to reduce the
problem of determining the characters of irreducible finite-dimensional representations
of the Lie superalgebras gl(m|n), q(n), and osp(m|2n) to a related problem about
representations of infinite-dimensional Lie algebras. The solution of the latter problem
is given in terms of the celebrated Kazhdan—Lusztig polynomials. This approach was
first introduced by Brundan for gl(m|n) and later developed further by, among others,
Brundan, Stroppel, Cheng, Lam, Wang, and Zhang. We refer the interested reader to
[21], and the references therein, for more detail on this approach.



256 A Lie superalgebras

Any detailed discussion of the intricacies of the representation theory of Lie super-
algebras is beyond the scope of this Appendix. However, we would like to illustrate
some features on the case of gl(m|n). In the ordinary setting, the Verma module M (1)
for dominant integral A has a unique finite-dimensional quotient. This is no longer true
for gl(m|n). If A is an atypical dominant integral weight, i.e., if V(1) is an atypical
finite-dimensional module, M(A) has more than one finite-dimensional quotient. In
fact, there is a universal finite-dimensional quotient K (A) called the Kac module K(1),
first introduced by Kac. The relationship between V(1) and K (1) somewhat resembles
the relationship between V(1) and M (A) for infinite-dimensional modules V(1) over a
simple Lie algebra. Hence the problem of finding the character of V(1) for atypical A
is somewhat close to the problem of finding the characters of the irreducible modules
in the category O of highest weight modules over Lie algebras.

A.7 Schur’s lemma

We end our brief treatment of representation theory with the super version of Schur’s
lemma, which is a fundamental result.

Theorem A.7.1 (Schur’s lemma). Let M be a subset of gl(m|n) acting in an irreducible
way on a super vector space V. Let C(M) be the subalgebra of gl(m|n) consisting of
the endomorphisms supercommuting with M:

C(M) :={a € gl(m|n) | [a,b] = 0forallb € M}.

Then one and only one of these two possibilities arises:
(1) C(M) = (1),

(2) dim Vp = dim Vi, C(M)g = (1), C(M); = (A), where A # 0 permutes Vy
and Vy and A% = 1.

Proof. Let F be an even endomorphism commuting with M. By the classical Schur’s
lemma, we have F = c¢I, where ¢ € k. Let F be an odd morphism commuting with
M. Then F2 is even, hence we apply the classical Schur lemma to obtain F? = cI.
If G is another such morphism, it follows that F'G is even, hence FG = cI. Thus
G = F~! = F up to a scalar. O

We now want to show that the two possibilities which arise in the super version of
Schur’s lemma, do really occur even in very simple examples. We want to stress the
fact that the hypothesis of irreducibility of the representation means that there are no
graded g-submodules of V.

In our example we shall take M = p(11), where p is a representation of the Heisen-
berg superalgebra n, which is an interesting object in itself, given its importance in
physics.



A.7 Schur’s lemma 257

Example A.7.2. Let us define the complex Heisenberg superalgebra nn with even (cen-

tral) generator e and odd generators ay, . .., an, b1, . . ., b,. The only non-zero brackets
are

[a,- s bl] =e.
LetV = A(&1,. .., &) denote the complex exterior algebra with generators &1, . . . , &,.

This is a super vector space, where the even part is generated by products of an even
number of &;’s while the odd part, by products of an odd number of the &;’s. We define
a representation p, of non A(&y,...,&,) in the following way:

ai-u=0gu, bj-u=oafu, e-u=oau,

where « is a fixed non-zero complex number. One can easily check that p, is well
defined, in other words, the brackets are preserved. We now want to show that p, is
irreducible and C(p(n)) the endomorphisms of V' supercommuting with the endomor-
phisms induced by this action are multiples of the identity. We will do this in the case
of n = 2, leaving the generalization to the reader as an exercise. For the irreducibility,
notice that the even and odd parts have dimension 2. Hence a proper invariant subspace
must have even or odd dimension equal to 1 and one can check immediately by direct
inspection that this is not possible.

Let ¢ € gl(V), V = A(&1,£2). By Schur’s lemma, in order to prove ¢ = AT it
is enough to prove that ¢ preserves parity. By contradiction assume that ¢ does not.

Again by Schur’s lemma,
0 B

where B and C are two by two invertible matrices and we have chosen the (graded)
basis 1, &1 A &, &1, €. By hypothesis we have

0g, (@(1)) = —¢(0¢, (1)) =0, g, (b11&1 + b21§2) = b1y = 0.

Similarly by commuting ¢ with d¢, one can see that b>; = 0. This gives us a contra-
diction since by Schur’s lemma, ¢ must be invertible.

Let us now turn to another example, which realizes the second possibility of Schur’s
lemma. Consider n’ = n @ (c) where the odd element ¢ satisfies

[n,c] =0, [c,c]=ce.

Consider the vector space V = A(£1.....&) ® k(e), where k(¢) = T (k%) /(e ®
€ —a/2), and T (k°") denotes the full tensor algebra over k of the super vector space
k1" with (canonical) basis €. As a super vector space k(€) = {a +be} = k'I'. Define
on V the action p):

o (MW ®v) = pg(Mu@v forallh en, p,(c)u@v)=(1Q¢€)(uQv).
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We leave it to the reader to check that this is a well-defined action and that it is irre-
ducible. If we take n = 2 we can directly check that the odd morphism

0 I
0= (5 )

commutes with the action p), for @ = 2, thus realizing (2) in Schur’s lemma.
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Categories

In this appendix we collect some basic facts on categories, sheafification of functors
and commutative algebra that are needed in our notes. All of this material is well
known; we have made an effort to make the appendix self-contained and to provide
precise references for those results that we are unable to prove here.

B.1 Categories

We want to make a brief summary of formal properties and definitions relative to
categories. For more details one can see for example [51].

Definition B.1.1. A category € consists of a collection of objects, Ob(€), and sets
of morphisms between objects. For all pairs A, B € Ob(€), we denote the set of
morphisms from A to B by Home (A4, B) so that, for all A, B, C € €, there exists an
association

Home (B, C) x Home (A, B) — Home (A4, C),

called the “composition law” (( f, g) — f o g), which satisfies the properties:
(i) the law “o” is associative,

(ii) for all A, B € Ob(€), there exists id4 € Home (A4, A) so that f oidgy = f for
all f € Home (A4, B) andid4 o g = g for all g € Home (B, A),

(iii) Home (A, B) and Home (A’, B’) are disjoint unless A = A’, B = B’, in which
case they are equal.

If a morphism f € Homg (A4, B) is invertible; in other words, there exists another
morphism g € Home (B, A) such that f o g and g o f are the identities, respectively,
in Home (B, B) and Home (A, A), we say that f is an isomorphism.

Once the category is understood, it is conventional to write A € € instead of
A € Ob(€) for objects. We may also suppress the “€” from Home and just write
Hom whenever there is no danger of confusion.

Essentially a category is a collection of objects which share some basic structure,
along with maps between objects which preserve that structure.

Examples B.1.2. (1) Let (sets) denote the category of sets. The objects are the sets,
and for any two sets A, B € Ob((sets)), the morphisms are the maps from A to B.
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(2) Let g denote the category of groups. Any object G € § is a group, and for any
two groups G, H € Ob(9), the set Homg (G, H) is the set of group homomorphisms
from G to H.

Definition B.1.3. A category €’ is a subcategory of category € if Ob(€’) C Ob(€)
and Homer (A4, B) C Home (A, B) for all A, B € €/, so that the composition law “o”
on €’ is induced by that on €.

Example B.1.4. The category 4 of abelian groups and group morphisms is a subcat-
egory of the category of groups §.

Definition B.1.5. Let €; and €, be two categories. Then a covariant resp. contravari-
ant functor F: €1 — €, consists of:

(1) amap F: Ob(€;) — Ob(€,) and

(2) a map (denoted by the same F) F: Home, (4, B) — Home, (F(A), F(B))
resp. F': Home, (4, B) — Home, (F(B), FF(A)) so that

(i) F(idA) = idF(A) and

) F(fog)=F(f)oF(g)resp. F(fog)= F(g)o F(f)forall A,B €
Ob(€)).

By “functor” we always mean covariant functor. A contravariant functor F: €; —
©, is the same as a covariant functor from €;” — ©,, where €;" denotes the opposite
category, i.e., the category where all morphism arrows are reversed.

Definition B.1.6. Let Fy, F> be two functors from €; to €,. We say that there is a
natural transformation of functors ¢: F; — F if for all A € €; there is a set of
morphisms ¢4 : Fi1(A) — F>(A) so that for any f € Homeg, (4, B) (B € €y), the
following diagram commutes:

Fi(A) 2> F(4)
Fy (f)l le(f) (B.1)
Fi1(B) 22+ F,(B).

The family of functions ¢4 is called functorial in A.

We say that two functors F, G : €; — €, are isomorphic if there exist two natural
transformations ¢: F — G and ¥ : G — F suchthat¢p oy =idand yy o = id. In
other words, F'(A) is isomorphic to G(A) via the two maps ¥4 and ¢4 for all objects
A in a functorial way, i.e., in such a way that the diagram (B.1) holds.

The functors from €; to €, for any two given categories together with their natural
transformations form a category.

The notion of equivalence of categories is important since it allows us to identify
two categories which are apparently different.
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Definition B.1.7. We say that two categories €; and €, are equivalent if there exist
two functors F': €, — €, and G: €, — ©€; such that FG = ide,, GF = idg,,
where ide denotes the identity functor of a given category, defined in the obvious way,
while F =~ F’ means that the two functors are isomorphic.

If F is a functor from the category €; to the category €, for any two objects A,
B € €4, by its very definition, F' induces a function (that we denoted previously
with F)
F4,p: Home, (A, B) — Home, (F(A), F'(B)).

Definition B.1.8. Let F' be a functor. We say that F is faithful if Fy, p is injective, we
say F is full if F4 p is surjective and we say that F' is fully faithful if F4 p is bijective.

Next we want to formally define what it means for a functor to be representable.
Let us first define the representation functors.

Definition B.1.9. Let € be a category, A a fixed object in €. We define the two
representation functors Hom*, Homy as

Hom?: €% — (sets), B > Home(B, A),
Homy: € — (sets), B+ Home(A4, B),

where (sets) denotes the category of sets. On the arrow f € Hom(B, C) we have

Hom?(f)¢ = ¢ o f. ¢ € Hom*(B), Homu(f)¥ = f oy, ¥ € Homu(B).

Definition B.1.10. Let F be a functor from the category € to the category of sets. We
say that F is representable by X € € ifforall A € €, F =~ Homy4 or F =~ Hom“.

We end our small exposition of categories by constructing the fibered product which
is very important in our supergeometric constructions especially in Chapter 10.

Definition B.1.11. Given functors 4, B, C from a category € to the category of (sets),
and given natural transformations f: A — C, g: B — C, the fibered product Ax¢c B
is the universal object making the following diagram commute:

T',

y\\ A Xc B T>
NV
N
B

g
_—

O

One can see that

(A xc B)(R) = A(R) xc(r) B(R) = {(a.b) € Ax B|f(a) = g(b);.
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If g is injective, that is, gg : B(R) C C(R), we have (Ax¢c B)(R) = f~1(B(R)).

The language of categories allows us to make (and prove) some sweeping gen-
eralizations about geometric objects without too much “forceful” computation. In
particular, it also allows us to generalize the notion of a “point” to a T-point; this
allows us to make more intuitive calculations with supergeometric objects. The main
categories we discuss in this exposition are the categories of C °°-supermanifolds, super
Lie groups (a subcategory of C *°-supermanifolds), superschemes, and superalgebraic
groups.

B.2 Sheafification of a functor

In this section we discuss the concept of sheafification of a functor in supergeometry.
Most of this material is known or easily derived from known facts. We include it here
for completeness and lack of an appropriate reference.

Hereafter we shall make a distinction between a superspace X and its functor of
points, that we shall denote by hx or, if X = Spec(A4), by h4.

We start by defining local and sheaf functors. For their definitions in the classical
setting see for example [23], p. 16, or [29], Ch. VL.

Definition B.2.1. Let F: (salg) — (sets) be a functor. Fix A € (salg). Let{ fi }ier C
Ao, ({ fitier) = Aoandlet;: A — Ay, dij: Af; — Ay, r; be the natural morphisms,
where Ay, 1= A[f;7']. We say that F is local if for any A € (salg) and for any family
{ai}ier, @i € F(Ay,) such that F(¢;;)(a;) = F(¢j;)(;) forall i and j, there exists
a unique @ € F(A) with F(¢;)(o) = o; for all possible families { f; };e; described
above.

We want to rewrite this definition in more geometric terms in order to show that
this is essentially the gluing property appearing in the usual definition of sheaf on a
topological space.

We first observe that there is a contravariant equivalence of categories between the
category of commutative superalgebras (salg) and the category of affine superschemes
(aschemes), i.e., those superschemes that are the spectrum of some superalgebra (see
Chapter 10 for more details). The equivalence is realized by A + Spec(A) and it is
explained in full details in Proposition 10.1.9. Hence a functor F : (salg) — (sets) can
also be equivalently regarded as a functor F: (aschemes)®” — (sets). With an abuse
of notation we shall use the same letter to denote both functors.

Let F be a local functor, regarded as F: (aschemes)® — (sets), and let F4 be
its restriction to the affine open subschemes of Spec(A). Then F4 is a B-sheaf in
the usual sense (see Chapter 2); we must just forget the subscheme structure of the
affine subschemes of Spec(A) and treat them as open sets in the topological space
Spec(A), their morphisms being the inclusions. Then Fy4 being a functor means that
it is a presheaf in the Zariski topology, while the property detailed in Definition B.2.1
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ensures the gluing of any family of local sections which agree on the intersection of
any two parts of an open affine covering.

We now want to give the definition of local functor in a more general setting, so
that it applies to the functor of points of supermanifolds and superschemes.

Definition B.2.2. Let F: (sspaces)® — (sets) be a functor. We say that F is local
or we also say it is a sheaf if it has the following property. For any superspace 7'
and any open covering {T;} of T let ¢;: T; — T, ¢;;: T; U T; — T; be the natural
morphisms. If we have a family o; € F(T;) such that F(¢;;)(e;) = F(¢ji)(cj), then
there exists a unique @ € F(T) with F(¢;)(¢) = «;.

One can readily check that this implies that, when F is restricted to the category of
the open sets of a fixed superspace, F' is a sheaf in the ordinary sense. As we already
noticed, if we restrict F' to the category of affine superschemes, this definition agrees
with the previous one.

We leave the following proposition as an exercise to the reader. It is very similar
to the proof in Chapter 10, Section 10.3.

Proposition B.2.3. If X is a superspace, its functor of points is local.

We now turn to the following problem. If we have a presheaf ¥ on a topological
space in the ordinary sense, we can always build its sheafification, which is a sheaf
F together with a sheaf morphism «: ¥ — ¥ . This is the (unique) sheaf, which is
locally isomorphic to the given presheaf and has the following universal property: any
presheaf morphism ¢p: ¥ — §, with § a sheaf, factors via @ (for more details on this
construction, see Chapter 2, Section 2.2). We now want to give the same construction
in our more general setting.

The existence of sheafification of a functor from the category of algebras to the
category of sets is granted in the ordinary case by [23], Ch. I, §1, no. 4, which is also
nicely summarized in [23], Ch. III, §1, no. 3. The proof is quite formal and one can
carry it to the supergeometric setting. We however prefer to introduce Grothendieck
topologies and the concept of site and to construct the sheafification of a functor through
them. In fact, as we shall see, very remarkably Grothendieck’s treatment is far more
general and it comprehends supergeometry. For more details we refer the reader to the
classical account by Grothendieck [38], [41] and the more modern treatment by Vistoli
[77].

Definition B.2.4. We call a category € a site if it has a Grothendieck topology, i.e., to
every object U € € we associate a collection of so-called coverings of U, that is, sets
of arrows {U; — U} such that the following holds:

(1) If V — U is an isomorphism, then the set {VV — U} is a covering.

(2) If {U; — U} is acovering and V — U is any arrow, then the fibered products
{U; xy V'} exist and the collection of projections {U; Xy V' — V'} is a covering.

(3) If {U; — V} is acovering and for each index i we have a covering {V;; — U;},
then the collection {V;; — U; — U} is a covering of U.
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The category of superschemes and its subcategory of affine superschemes are sites,
by taking for each object the collection of its (affine) coverings, as in the ordinary
setting. Similarly also the category of commutative superalgebras is also a site (for
the existence of fibered products in such categories and for more details on coverings
see Sections 10.3, 9.4). Such Grothendieck topologies, with an abuse of terminology,
are commonly referred to as Zariski topologies (one should prove that all of these
topologies are essentially equivalent). We shall not dwell upon the technicalities of
Grothendieck topologies, referring the reader to [77] where all the many subtleties are
discussed in the fullest detail.

Definition B.2.5. Let € be asite. A functor F : €°P — (sets) is called a sheaf if for all
objects U € €, coverings {U; — U} and families a; € F(U;), we have the following.
Let pi}: Ui xy U; — Us, pl%.: U; xy U; — Uj denote the natural projections and
assume that F(p};)(a;) = F(p;)(aj) € F(U; xy Uj) forall i, j. Then there exists
aunique a € F(U) whose pullback to F(U;) is a; for every i.

Again one can check that the functor of points of superschemes and supermanifolds
are sheaves in this more general setting for the corresponding sites.
We are ready for the sheafification of a functor in this very general setting.

Definition B.2.6. Let € be asite and let F': €% — (sets) be a functor. A shedfification
of F is a sheaf F: €% — (sets) with a natural transformation o: F — F such that:

(1) Forany U € € and £, 7 € F(U) such that ay (§) = ay (y) in F(U), there is a
covering {o; : U; — U} with F(0;)(§) = F(0;)(n) in F(U;).

(2) For any U € € and any £ € F(U), there is a covering {o;: U; — U} and
elements §; € F(U;) such that ay, (§;) = F(0;)(§) in F(U;).

The next theorem states the fundamental properties of the sheafification.

Theorem B.2.7 ([77], p. 42). Let € be a site, F : €°° — (sets) a functor.

D Ifﬁ is a shedfification of F witha: F — F, then any morphism y : F — G,
with G a sheaf, factors uniquely through F.

(2) F admits a sheafification F, unique up to a canonical isomorphism.

We shall use this construction for the following supergeometric categories: € =
(smflds), € = (sschemes), € = (aschemes), or equivalently €°P = (salg).

Observation B.2.8. Let F: €°° — (sets) be a functor, F its sheafification, where €
is one of the supergeometric categories specified above. Let A be an object of € and
F4 the restriction of the functor F' to the category of the open subobjects of A (see
above). Then F "4 1s the sheafification of F4 in the usual sense, that is, the sheafification
of F as a sheaf defined on the topological space underlying A. In particular, since a
sheaf and its sheafification are locally isomorphic, we have Fy , = ﬁA, p» 1.e., they
have isomorphic stalks (via the natural map «: F — F) at any point p and for all
objects A. To simplify the notation we shall drop the suffix A and write just F), instead
of Fy,p.
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Proposition B.2.9. Let F, G : (sspaces) — (sets) be local functors andleta: F — G
be a natural transformation. Assume that Fq =~ G4 via o, where F4 and G4 denote
the ordinary sheaves corresponding to the restrictions of F and G to the category of

open subspaces in A (morphisms given by the inclusions). Then o is an isomorphism,
hence F = G.

Proof. We can certainly write an inverse for g for every object A, the problem is to
see if it is well behaved on the arrows. However, this is true because « is a natural
transformation. O

The rest of this section is devoted to proving the following result.

Theorem B.2.10. Let F, G: (salg) — (sets) be two functors, with G a sheaf. Assume
that we have a natural transformation F — G, which is an isomorphism on local
superalgebras, i.e., F(R) = G(R) (via this map) for all local superalgebras R. Then
F = G. Inparticular, F = G if also F is a sheaf.

Lemma B.2.11. Let F: (salg) — (sets) be a functor. For p € Spec(A), let F, =
lim F(R), where the direct limit is taken for the rings R corresponding to the open
affine subschemes of Spec(A) containing p. Then F, = F(Ap).

Proof. By Yoneda’s lemma, we have
F, = ll_II)IF(R) = h_rr)lHom(hR, F) = Hom(hl-E;R, F) = Hom(hy,, F) = F(4p)
as h_r)n and Hom commute (see [51], p. 141) and 4, = h_r)n R (see [2], p. 47). O

Lemma B.2.12. Let A € (salg), p € Spec(Ao). Then Ap (the localization at p of A
as an Ag-module) is a local superalgebra, whose maximal ideal is m = (my, (A1) p),
where wmy is the maximal ideal in the algebra (Ao), = (Ap),.

Proof. From A = Ao @ Ay we get Ap = (Ao), ® (A41),, and clearly this is a
superalgebra with (4p), = (Ao),, (4p); = (A1), Now let us consider m :=
(mo, (Al)p) = mo + (A1),. By the above, m # A, = (Ao), ® (A1)p. Take x ¢ m:
then x = x¢ + x1 with xo € (Ao)p, X1 € (Al)p, SO X is invertible in (Ao)p - (Al)p
and x; is nilpotent, hence x is invertible. O

We are ready for the proof of Theorem B.2.10:

Proof of Theorem B.2.10. Assume first that F' and G are local. Since F(R) = G(R)
for all local algebras R, by Lemma B.2.11 this implies that F,, = G, for all p €
Spec(A) and all superalgebras A. Hence F4 =~ G4 by [43], Ch. II, Section 1.1. By
Proposition B.2.9, we have F =~ G (all isomorphisms have to be intended via the
natural transformation a: F — F ).

Now assume that F is not a sheaf. We havea: F — F — G by Theorem B.2.7.
If A € (salg), then by restricting our functors to the open affine sets in Spec(A4) we get
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Fy — EA — G4. By Observation B.2.8, F4 and ﬁA are locally isomorphic via ¢, so
=~ F4,p. By hypothesis, F(R) = G(R), so I, = G, by Lemma B.2.11, hence
=~ G,. Arguing as before, we obtain the result. |

ST

Along the same lines, the reader can prove the following proposition:

Proposition B.2.13. Let ¢: F — G be a natural transformation between two local
functors from (salg) to (sets). Assume that we know ¢g for all local superalgebras R.
Then ¢ is uniquely determined.

B.3 Super Nakayama’s lemma and projective modules

Let A be a commutative superalgebra.

Definition B.3.1. A projective A-module M is a direct summand of A" In other
words, it is a projective module in the classical sense respecting the grading: My C

AT My oA

Observation B.3.2. As in the classical setting, being projective is equivalent to the
exactness of the functor Hom(M, -).

We want to show that a projective A-module has the property of being locally free,
that is its localization M}, into primes p of Ay is free as an Ap-module. This result
allows us to define the rank of a projective module as it happens in the ordinary case.

We start with a generalization of Nakayama’s lemma.

Lemma B.3.3 (Super Nakayama lemma). Let A be a local supercommutative ring with
maximal homogeneous ideal m. Let E be a finitely generated module for the ungraded
ring A.

() If mE = E, then E = 0; more generally, if H is a submodule of E such that
EFE=wmFE+ H, then E = H.

(2) Let (v;)1<i<p be a basis for the k-vector space E /mE where k = A/m. Let
e; € E be above v;. Then the e; generate E. If E is a supermodule for the super ring
A, and v; are homogeneous elements of the super vector space E /W E, we can choose
the e; to be homogeneous too (and hence of the same parity as the v;).

(3) Suppose that E is projective, i.e., there is an A-module F suchthat E®F = AV,
where AN is the free module for the ungraded ring A of rank N. Then E (and hence
F) is free, and the e; above form a basis for E.

Proof. The proofs are easy extensions of the ones in the commutative case. We begin
the proof of (1) with the following observation: if B is a commutative local ring with 1t
a maximal ideal, then a square matrix R over B is invertible if and only if it is invertible
modulo un over the field B/u. In fact if this is so, det(R) ¢ u and so is a unit of B.
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This said, let u;, (1 <i < N) generate E. If E = mE, we can find m;; € m so that
u; = ) _;mjju; foralli. Hence, if L is the matrix with entries §;; — m;;, then

Ui

UN

It is now enough to prove that L has a left inverse P. Then multiplying the above from
the left by P, we getu; = O for all i and so E = 0. Itis even true that L is invertible.
To prove this, let us consider B = A/J4 where J4 is the ideal generated by A;. Since
J4 C m we have

A—>B=A/Jy >k =A/m.

Let Lp (resp. L) be the reduction of L modulo J4 (respectively modulo mt). Then B
is local and its maximal ideal is 1 /Jy4, where Ly is the reduction of L g mod mi/Jy4.
But B is commutative and L; = I, and so Lp is invertible. But then L is invertible.
If more generally we have E = H + mE, then E/H = wm(E/H)andso E/H =0,
which is to say that £ = H.

To prove (2), let H be the submodule of E generated by thee;. Then E = mE + H
andso £ = H.

We now prove (3). Clearly F is also finitely generated. We have kY = AN /mV =
E/mE®F/mF. Let (w;) be abasis of F//mF andlet f; be elements of F above w;.
Then by (2), the e;, f; form a basis of AN while the e; (resp. /;) generate E (resp. F).
Now there are exactly N of the ¢;, f;, and so if X denotes the (N x N)-matrix with
columns ey, ..., f1,..., then for some (N x N)-matrix ¥ over A we have XY = I.
Hence XpYp = I where the suffix “B” denotes reduction modulo B. However, B is
commutative and so Yp Xp = I. Thus X has a left inverse over A, which must be Y
so that YX = I. If there is a linear relation among the e; and the f;, and if x is the
column vector whose components are the coefficients of this relation, then Xx = 0.
But this implies that x = YXx = 0. In particular E is a free module with basis (e;).

O

We now wish to give a characterization of projective modules.
Theorem B.3.4. Let M be a finitely generated A-module, with A finitely generated
over Ag where Ag is noetherian. Then:
(1) M is projective if and only if M), is free for all p primes in Ay.
(2) M isprojective ifand only if M [ ;'] is free for all f;’s suchthat (f1,..., f) =
Ao.

Proof. (1) If M is projective, by part (3) of Nakayama’s lemma, we have that M), is
free since it is a module over the supercommutative ring A,.
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Now assume that M), is free for all primes p € Ag. Recall that
Hom y;—1y(M[U '], N[U™"]) = Homy (M, N)[U "]

for U a multiplicatively closed set in Ay. Recall also that given Ag-modules N, N’,
N", we have that 0 — N’ — N — N"is exact if and only if 0 — N, — N, — N,/
is exact for all primes p in Ag. So given an exact sequence 0 - N' — N — N”,
since M, is free, we obtain the exact sequence

0 — Hom(Mp, N,) — Hom(Mp, N,) — Hom(M,, N) — 0
for all the primes p. Hence by the previous observation,

0 — Hom(M, N"), - Hom(M, N), - Hom(M, N"), — 0
and
0 — Hom(M, Ny — Hom(M, N) — Hom(M, N"') — 0.

Thus M is projective.

(2) That M, is free for all primes p is equivalent to M[f;”!] being free for
(fi,..., fr) = Ap is a standard fact of commutative algebra and can be found in
[28], p. 623, for example. |

Definition B.3.5. Let M be a finitely generated projective A-module. We say that M
has rank r|s if M, = A" I for all primes p in A. In the light of the previous proposition
one can show that the rank is locally constant, that is, if M, = A" Is , then there exists
an open neighbourhood U of p € Spec A for which M, = A peU.

Remark B.3.6. As in the ordinary setting we have a correspondence between projec-
tive A-modules and locally free sheaves on Spec Ag. In this correspondence, given a
projective A-module M, we view M as an Ap-module and build a sheaf of modules
Opn on Ay. The global sections of this sheaf are isomorphic to M itself, and locally,
i.e., on the open sets Uy, = {p € Spec Ao|(f;) € p}. fi € Ao,

OmUys) = M[f7'].

More details on this construction in the ordinary setting can be found, for example, in
[43], Ch. II. As for its generalization to the super context, it is straightforward.

B.4 References

For a complete introduction to categories we refer the reader to [55], however a good
review of the main properties can also be found in [51]. As for the sheafification of a
functor we refer to [77] and of course to [38] by Grothendieck. Finally for the super
Nakayama lemma see [76] and for the ordinary setting [57].
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Fréchet superspaces

The purpose of this appendix is to provide a quick introduction to Fréchet spaces,
superspaces and supersheaves, that is crucial for the understanding of a few key su-
pergeometric facts detailed in Chapter 4, Section 4.5. We first give an overview of the
ordinary setting, by providing the definition of Fréchet space and summarizing the main
results of the theory. It is of course impossible to give a fair account of this subject in
a few pages and for this reason we have provided precise references. We then proceed
to describe in more detail the theory of Fréchet superspaces and supersheaves.

C.1 Fréchet spaces

We want to start with the classical definition of Fréchet space. We first recall some
preliminary topology definitions, referring the reader to [64], Ch. I, for all the results
and further reading on these topics.

Let R be our ground field.

Definition C.1.1. A topological vector space V is both a topological space and a vector
space such that the vector space operations are continuous. A topological vector space
is locally convex if its topology admits a basis consisting of convex sets (a set A is
convex if (1 —t)x +ty € Aforallx,y € Aand ¢t € [0, 1]).

We say that a locally convex topological vector space is a Fréchet space if its
topology is induced by a translation-invariant metric d and the space is complete with
respect to d, that is, all the Cauchy sequences are convergent.

There is an important characterization of Fréchet spaces that we are going to need
in the sequel. Let us start with the definition of seminorm and a proposition relating
seminorms and a translation-invariant metric.

Definition C.1.2. A seminorm on a vector space V is a real-valued function p such
that for all x, y € V and scalars a we have:

(1) p(x+y) = p(x)+ pO»y),
(2) plax) = la|p(x),
(3) p(x) = 0.

Notice that the difference between the norm and the seminorm comes from the last
property: we do not ask that if x # 0, then p(x) > 0, as we would do for a norm.
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Proposition C.1.3. If {p;}icny is a countable family of seminorms on a topological
vector space V, separating points (that is, if x # 0, there is an i with p;(x) # 0), then
there exists a translation-invariant metric d inducing the topology, defined in terms of
the {p;}:

=l pix—y)
D=2 -

Proof. See [64], p. 27. O

The next proposition characterizes Fréchet spaces, giving an effective method to
construct them using seminorms.

Proposition C.1.4. A ropological vector space V is a Fréchet space if and only if it
satisfies the following three properties:

e it is complete as a topological vector space;
* it is a Hausdorf{f space;

e its topology is induced by a countable family of seminorms {p; }ien, i.e., U C V
is open if and only if for every u € U there exists K > 0 and ¢ > 0 such that
{v| prlu—v) <eforallk < K} CU.

Definition C.1.5. We say that a sequence (x,) in V' converges to x in the Fréchet space
topology defined by a family of seminorms if and only if it converges to x with respect
to each of the given seminorms. In other words, x, — x if and only if p; (x, —x) — 0
for each i.

Two families of seminorms defined on the locally convex vector space V are said
to be equivalent if they induce the same topology on V.

To construct a Fréchet space, one typically starts with a locally convex topological
vector space V' and defines a countable family of seminorms {py} on V inducing its
topology and such that:

(I) if x € V and pg(x) = O for all k > 0, then x = O (separation property);

(II) if (xp) is a sequence in V which is Cauchy with respect to each seminorm, then
there exists x € V such that (x,) converges to x with respect to each seminorm
(completeness property).

The topology induced by these seminorms (as explained above) turns V into a
Fréchet space; property (I) ensures that it is Hausdorff, while the property (II) guaran-
tees that it is complete. A translation-invariant complete metric inducing the topology
on V can then be defined as above.

The most important example of Fréchet space, at least for the application we have
in mind, is the vector space C*°(U), the space of smooth functions on the open set
U C R” or more generally the vector space C°>°(M ), where M is a differentiable
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manifold. For each open set U C R” (or U C M), for each K C U compact and for
each multi-index /, we define

1]

k= s |(250)w| 7 eemw)

Each || - ||x,r defines a seminorm. The family of seminorms obtained by considering
all of the multi-indices / and the (countable number of) compact subsets K covering U
satisfies the properties (I) and (II) detailed above, hence makes C *°(U ) into a Fréchet
space. The sets of the form

{feCxW) IS —gllxr <&

with fixed g € C*°(U), K € U compact, and multi-index / are open sets and together
with their finite intersections form a basis for the topology.

All these constructions and results can be generalized to smooth manifolds, as we
now briefly outline.

Let M be a smooth manifold and let U be an open subset of M. If K is a compact
subset of U and D is a differential operator over U, then

pk.p(f) = sup [D(f)|

xekK

is a seminorm. The family of all the seminorms pg,p with K and D varying among
all compact subsets and differential operators respectively is a separating family of
seminorms endowing CyP(U) with the structure of a complete locally convex vector
space. Moreover there exists an equivalent countable family of seminorms, hence
C,y7 (U) is a Fréchet space. Let indeed {V;} be a countable open cover of U by open
coordinate subsets, and let, for each j, { K ; } be a countable family of compact subsets
of V; such that | J; K;; = V;. We have the countable family of seminorms

P.1 = sup ‘(%(f)) (). K ek,

inducing the topology. Notice that Cyp(U) is also an algebra: the product of two
smooth functions being a smooth function. It is thus natural in this context to introduce
the notion of Fréchet algebra.

Definition C.1.6. A Fréchet space V is said to be a Fréchet algebra if its topology
can be defined by a countable family of submultiplicative seminorms, i.e., a countable
family {g; }ien of seminorms satisfying

qi(fg) < qi(f)qi(g) foralli € N.

If we come back to our prototype of Fréchet space C °°(R"), one can check that it
is also a Fréchet algebra, the countable family of submultiplicative seminorms given
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by
4Kii (1) =27 sup \(a",' ().

xeK; pll|<j | \0X

We end this section with a definition of a Fréchet sheaf.

Definition C.1.7. Let ¥ be a sheaf of real vector spaces over a manifold M. ¥ is a
Fréchet sheaf if:

(1) for each openset U € M, ¥ (U) is a Fréchet space;

(2) for each open set U € M and for each open cover {U;} of U, the topology of
F (U) is the initial topology with respect to the restriction maps ¥ (U ) — F (U;),
that is, the coarsest topology making the restriction morphisms continuous.

As a consequence, we have that each restriction map ¥ (U) — F (V) (V C U) is
continuous.

A morphism of sheaves ¥ : ¥ — F” is said to be continuous if the map ¥ (U) —
F'(U) is continuous for each open subset U C M.

C.2 Fréchet superspaces

We are now ready to introduce the notion of Fréchet space in the super context.

Definition C.2.1. (1) We say that a super vector space V = V, @ V] is a super Fréchet
space if there exist two families of homogeneous seminorms { po; } and {pj;} defined
on Vp and V7, respectively, with respect to which Vj and V; are Fréchet spaces. We
will usually denote by p; a generic seminorm from one of the two families.

(2) Let A = Ao @ A; be a super Fréchet space with respect to the family of
seminorms {p; }iey. Suppose also that A is a superalgebra with multiplication m. We
say that A is a super Fréchet algebra if the topology is defined by an equivalent family
of submultiplicative seminorms {g; }: g;(ab) < gi(a)q;(b).

(3) Suppose now that ¥ is a sheaf such that # (U) is a super Fréchet algebra for
each U. We say that ¥ is a super Fréchet sheaf if for each open set U and for any
open cover {U;} of U the topology of ¥ (U) is the initial topology with respect to the
restriction maps ¥ (U) — F (Uj;).

We now turn to the example most interesting to us, namely the superalgebra of
sections on a supermanifold.

Let M = (|M|, Opr) be a supermanifold. Fix now an open subset U C |M |. For
each compact subset K C U and each differential operator D over U, define

pr.p(f) = SIEJEI(D(f))(X)I, f € Ou ).
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As before, one can readily check that each pg p defines a seminorm. The family
of seminorms obtained by considering all the differential operators and the compact
subsets K covering U endows s (U) with a Hausdorff locally convex topology (as
before), where the open sets that form a basis for the topology are

f€Ou)| px.p(f —g) <e},

with fixed g € Op(U), K € U compact, D € Diff(U), the differential operators on
U, and € > 0, together with their finite intersections.

In complete analogy with the ordinary setting one can prove the following propo-
sition.

Proposition C.2.2. Oy is a super Fréchet sheaf.

Before proving it we need some preliminary results that we collect in the next
lemma and proposition.

Lemma C.2.3. Let U be a chart with coordinates t*, 7 and let { f,,} be a sequence in
OmU):

fo =) S, fur € CR(U).
1

(1) {fu} is a Cauchy sequence in Op(U) if and only if the sequence { fur} is a
Cauchy sequence in C*°(U) for each I.
(2) Oy (U) is complete, moreover it is a super Fréchet algebra.

Proof. (1) Let K be a compact subset of U and let D = ) a,, 1% be a super

differential operator. We have

0
P (Y f187) = sup (Y ayssmasr D 1167) )
7 xeK i 7
< ;;rleaé(ay,l)PK,at'dy(fI),

which finishes the proof of (1).

(2) It is well known that Cy7 (U) is complete with respect to such a locally convex
topology (see, for instance, [73]).

In order to show that Oy (U) is a Fréchet space it is then enough to produce
a countable family of seminorms satisfying the properties detailed above. This is
obtained, as in the classical case, by considering the family {py - Yn,y,I, Where

each K, is a family of compact sets in U such that K, is contained in the interior of
Kn+1 and | K, = U (see [16], [26]).

We now show that Qs (U) is a Fréchet superalgebra. This follows considering the
family of seminorms

Jo.k, =2 max ( a_), a€N.

Pg. 3
lyl<e,|I] Kn: 5iv a07
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It is not difficult to check that the family {gq k,}a,» iS equivalent to the family

{rk,. A }n,y,1 and that they are submultiplicative. |

Proposition C.2.4. Let {U;} be an open cover of an open set U C |M |, let also {s,}
be a sequence in Oy (U).

(1) {sn} converges to s in Op (U) if and only if {s, |y, } converges to s|y, in Op (U;)
for each Uj;.

(2) {sn} is a Cauchy sequence in Op (U) ifand only if {sp|u, } is a Cauchy sequence
in Op (U;) for each U;.

(3) O (U) is complete for each open subset U.

(4) Oy (U) is a super Fréchet algebra for each open subset U.

Proof. (1) Clearly if {s,} — 0, then s, |y, — 0 for each i. Suppose vice versa that for
each integer i, s,|y; — 0 and let K be a compact subset of U. There exists a finite
open cover V; of K such that each I7J is compact and for each j there exists i such that
V; C U; (see [26]). Then (1) follows from the inequality

PK.D(sn) < E PKAT;.Dlg . (5n)-
- : J
j

(2) If {s,,} is a Cauchy sequence in Oy (U) and {U;} are charts covering U, then
there exists a family {sy, } such that s, |y, converges to sy, for each i. An easy check
shows that the various sy, glue together and define a section s in Oy (U). Clearly s,
converges to s.

(3) The fact that O/ (U) is complete follows by Lemma C.2.3, by considering a
countable open cover {U; } of U by open supercharts and points (1) and (2).

(4) The fact that Ops(U) is a super Fréchet algebra follows by considering the
family of seminorms

. o
dak;, =2 max (pg. o ),
o lyl<a,|I] Kin 5507

where {K; » }nen is a countable family of compact subsets covering U;. O

Proof of Proposition C.2.2. The fact that Qs (U) is a Fréchet algebra for each open
subset U is the content of the previous proposition. The fact that the topology of
O (U) is the initial topology induced by the restriction maps is the content of item
(1) of Proposition C.2.4. O

With such a topology, all the important geometrical operations that can be performed
on the sheaf turn out to be continuous. We have in fact the following proposition.

Proposition C.2.5. (1) If D is a super differential operator on M, then D : Oy (U) —
Oum (U) is continuous for each U.

Q) If yv: M — N is a supermanifold morphism, then ¥*: O(N) — O(M) is
continuous.
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Proof. (1) is clear because of the way the seminorms, hence the topology, are defined.

(2) Due to Proposition C.2.4 we can suppose that M and N are superdomains
with coordinates ¢/, #/ and x”, £°, respectively. We have to prove that if { f,} is a
sequence in @ (N) converging to zero, then the sequence {y*( f,)} converges to zero

in O(M), i.e., for all compact subsets K and all differential operators D = %,
.k (W*(fn)) tends to zero. Let a € Diffy(M ), the differential operators of degree

zero, namely a € O(M). Then

Pax (W () = sup @ v ) ) (&)
< (sup la()))(sup | £ (19|, (C2)
xekK xeK

and the result follows easily. If D = % with y denoting indifferently an even or odd
variable, then using the chain rule (4.4), we have

W) B )

po.x(Y*(fn)) 1= sup ( 3y oxr

xeK

and the result follows from equation (C.1). The case of a differential operator D = %

is treated similarly. |
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